
THE SCHWINGER ACTION PRINCIPLE
AND EFFECTIVE ACTION

This book is an introduction to the Schwinger action principle in quan-
tum mechanics and quantum field theory, with applications to a variety of
different models, not only those of interest to particle physics. The book
begins with a brief review of the action principle in classical mechan-
ics and classical field theory. It then moves on to quantum field theory,
focusing on the effective action method. This is introduced as simply as
possible by using the zero-point energy of the simple harmonic oscilla-
tor as the starting point. This allows the utility of the method, and the
process of regularization and renormalization of quantum field theory,
to be demonstrated with a minimum of formal development. The book
concludes with a more complete definition of the effective action, and
demonstrates how the provisional definition used earlier is the first term
in the systematic loop expansion.

Several applications of the Schwinger action principle are given,
including Bose–Einstein condensation, the Casimir effect, and trapped
Fermi gases. The renormalization of interacting scalar field theory is
presented to two-loop order. This book will interest graduate students
and researchers in theoretical physics who are familiar with quantum
mechanics.
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Preface

Then Jurgen mounted this horse and rode away from the plowed field wherein
nothing grew as yet. As they left the furrows they came to a signboard with
writing on it, in a peculiar red and yellow lettering.

Jurgen paused to decipher this.
‘Read me!’ was written on the signboard: ‘read me, and judge if you under-

stand! So you stopped in your journey because I called, scenting something
unusual, something droll. Thus, although I am nothing, and even less, there is no
one that sees me but lingers here. Stranger, I am a law of the universe. Stranger,
render the law what is due the law!’

Jurgen felt cheated. ‘A very foolish signboard, indeed! for how can it be ‘a law
of the universe’, when there is no meaning to it!’ says Jurgen. ‘Why, for any law
to be meaningless would not be fair.’

(James Branch Cabell)

The quantum theory of fields is now a mature and well-developed subject
with a wide range of applications to physical systems. The predominant
approach that is taught to students today is the Feynman path inte-
gral. There is another approach that receives much less attention due to
Schwinger, and his method is the main emphasis of the present book.

The intention of this book is to present the material in a manner that
is accessible to final-year undergraduates or beginning postgraduate stu-
dents. The prospective reader is expected to already have had an exposure
to classical mechanics, quantum mechanics, and statistical mechanics; the
present book is not to be viewed as an introduction to any of these sub-
jects. The assumed background is that found in a typical physics under-
graduate in the UK at the end of the third year. Some material that is
included here will already be familiar to a suitably prepared student and is
intended as a refresher. Other material goes beyond that typically taught
at the undergraduate level, but is presented in a way that leads on directly
from the more familiar material. The necessary mathematical background
is also typical of that found in the third-year physics undergraduate.
I have included some of the necessary background material in appendices

x



Preface xi

at the end of the book, particularly on some of the mathematical topics
that the physics student may not have seen, or met only in passing (like
the Γ-function, ζ-function, or how to sum series using contour integral
methods).

The idea for writing this book originated when I was invited to give
some lectures1 on quantum field theory at the 15th Symposium on The-
oretical Physics held in Seoul, Korea, in 1996. Because this was intended
to be a short course of lectures, rather than spend an inordinate amount
of time developing formal aspects of the subject, I chose to introduce the
energy ζ-function method at an early stage, and using the simple har-
monic oscillator as a basis, to concentrate on some simple applications of
one-loop quantum field theory at both zero and finite temperature. This
enables the basics of renormalization of interacting fields to be introduced
at an early stage without the full apparatus of perturbation theory being
brought to bear. Because of the limitations of the method (to one-loop
effects), although the initial chapters of the present book give the simpler
one-loop calculations, later chapters describe the development of the gen-
eral effective action in some depth. This can be done at the stage when
the student has already been exposed to the basic idea and seen it at
work in some simple applications.

I would like to thank Professor Choonkyu Lee who invited me to lec-
ture in Seoul, Korea; the act of preparing for these lectures led me to
think that a greatly expanded version could form the basis of an inter-
esting book. Some of the material in the first few chapters was used as
a basis for a series of lectures given to final-year undergraduates in the-
oretical physics at Newcastle, and the experience of giving the lectures,
with student feedback, led to some improvements in presentation. Sam
James managed to read through most of a draft version and pointed out
numerous typographical errors, inconsistencies, and poor explanations.
I am grateful to all my collaborators, past and present, for helping me to
understand the beauty of quantum field theory. As is becoming standard
practice, I will keep an up-to-date list of any errors that slip through the
proofreading on my website (www.staff.ncl.ac.uk/d.j.toms).

I would like to dedicate this book to my parents, without whose help
and support I would never have been able to reach the point of writing
the book, and especially to Linda without whom there would simply be
no point.

David J. Toms
Haydon Bridge, Northumberland, UK

1 See Toms (1997), or http://xxx.soton.ac.uk/pdf/cond-mat/9612003.





1
Action principle in classical mechanics

1.1 Euler–Lagrange equations

In classical mechanics we are usually interested in solving the equations
of motion of a point particle under the action of some prescribed force.
A method for doing this in a systematic way is given by Newton’s equa-
tion F = ma, where F is the force applied, m is the mass, and a is the
acceleration.1 Since the force is often a function of time t and the position
x of the particle (it may also depend on velocity in some cases), and the
acceleration a is given in terms of the vector x specifying the position of
the particle by a = ẍ, Newton’s equations of motion result in a set of
ordinary differential equations for the path x(t) followed by the particle.
The motion is completely specified if we give the position x(t0) = x0 and
the velocity ẋ(t0) = v0 at some initial time t0. (Other conditions on the
path are also possible. For example, we might specify the location of the
particle at two different times.)

It is usually assumed that the path of the particle can be described by
regarding x as a vector in the Euclidean space R

D, and typically we are
interested in the case D = 3. The components of x may be chosen to be
the Cartesian coordinates of the curve x(t) that describes the motion of
the particle parameterized by the time t. However, the choice of Cartesian
coordinates is totally arbitrary, and any coordinates may be used.2 This
basic principle of relativity is used almost without comment all the time.
Two independent observers looking at the same particle under the action

1 Here and throughout boldfaced text will be used to denote a vector.
2 The physics of the situation must be independent of this arbitrary choice of coordi-

nates.

1



2 Action principle in classical mechanics

of a given force and who adopt different choices of coordinates should
agree on the behaviour of the particle in any situation.3

We are often interested in a conservative force which can be derived
from a potential using F = −∇V . For such forces the work done on a
particle moving in the field of force between two points in space, x1 and
x2, is

Work(1 → 2) =
∫ x2

x1

F · dx = −(V2 − V1).

The work done is seen to depend only on the difference in potential
between the two endpoints of the path. If we assume Cartesian coordi-
nates, then Newton’s equation F = ma becomes

mẍ = −∇V (1.1)

when we use the definition of acceleration in terms of position, and write
the force in terms of the potential. If we take the dot product of both
sides of (1.1) with ẋ, we find

mẋ · ẍ = −ẋ · ∇V = − d

dt
V, (1.2)

if we assume for simplicity that the potential V has no explicit time
dependence. The result in (1.2) can be rearranged to read

d

dt

(
1
2
m ẋ · ẋ + V

)
= 0. (1.3)

The expression in braces in this last result may be identified as the total
energy of the particle. The two separate terms are

T =
1
2
mẋ · ẋ, (1.4)

giving the kinetic energy, and V giving the potential energy.
There is another way of formulating Newton’s laws which allows for a

generalization. Instead of forming the combination T + V , which repre-
sents the total energy, form

L = T − V, (1.5)

3 The motion of the moon does not depend on whether you live in London or in Oshawa,
or in how you choose to introduce a coordinate system to describe the motion.



1.1 Euler–Lagrange equations 3

which is called the Lagrangian. L is regarded as a function of the coordi-
nates x and the velocities ẋ, which are treated as independent variables.
We have

L(x, ẋ) =
1
2
m

D∑
i=1

(ẋi)2 − V (x) (1.6)

if we use (1.4) with the dot product between the velocities written out
explicitly in terms of the components.4 It is now easy to see that because
x and ẋ are viewed as independent variables, we have

∂L

∂xi
= −∂V

∂xi

∂L

∂ẋi
= mẋi.

It therefore follows that

0 =
∂L

∂xi
− d

dt

(
∂L

∂ẋi

)
(1.7)

for i = 1, . . . , D are completely equivalent to Newton’s equations of
motion. We call (1.7) the Euler–Lagrange equations.

It is worth describing what happens if Cartesian coordinates are not
used. First of all we would expect that the work done in moving a parti-
cle in a given force field should not depend on the choice of coordinates.
This is most easily achieved if the potential energy does not depend on
the coordinate choice. If we let q represent any set of coordinates, with
x being reserved for Cartesian coordinates, then we will require

V (x) = Ṽ (q). (1.8)

The tilde is necessary in this expression because the functional form of
the potential energy may be different for the new and the old coordinates.
For example, if x = (x, y) and we set q = (r, θ) with x = r cos θ and
y = r sin θ, then for V (x, y) = x2 + y2 we find x2 + y2 = r2 = Ṽ (r, θ).
Clearly, V (r, θ) = r2 + θ2 �= V (x, y). If V satisfies (1.8) it is said to be a
scalar function.

If we demand that the kinetic energy also be a scalar function of coor-
dinates, then we will be assured that the total energy will be a scalar,

4 We regard the components of the vector x in R
D as xi with i = 1, . . . , D.



4 Action principle in classical mechanics

and hence independent of the arbitrary coordinate choice. In Cartesian
coordinates we have

T =
1
2
m

D∑
i=1

(ẋi)2

=
1
2
m

D∑
i=1

D∑
j=1

δijẋ
iẋj. (1.9)

Here δij is the Kronecker delta, defined to be equal to 1 if i = j and
equal to 0 if i �= j. We regard xi = xi(q), simply expressing the Cartesian
coordinates x in terms of the general coordinates q. The velocity becomes

ẋi =
d

dt
xi(q(t)) =

D∑
j=1

∂xi

∂qj
q̇j. (1.10)

(We have just used the chain rule for partial differentiation to obtain the
last equality here.) Substitution of this expression into the result in (1.9)
for the kinetic energy gives

T =
1
2
m

D∑
i=1

D∑
j=1

δij

(
D∑

k=1

∂xi

∂qk
q̇k

)(
D∑

l=1

∂xj

∂ql
q̇l

)

=
1
2
m

D∑
k=1

D∑
l=1

gkl(q)q̇kq̇l, (1.11)

where we have defined

gkl(q) =
D∑

i=1

D∑
j=1

δij
∂xi

∂qk

∂xj

∂ql
. (1.12)

gkl(q) is called the metric tensor, and will be familiar to students of
differential geometry. (See Laugwitz (1965) for example.)

Due to the proliferation of summation signs, it proves convenient to
adopt the Einstein summation convention: any repeated index is summed
over the appropriate range of values, in this case 1, 2, . . . , D. For example,
we would write

ẋi =
D∑

j=1

∂xi

∂qj
q̇j

as

ẋi =
∂xi

∂qj
q̇j



1.2 Hamilton’s principle 5

using the Einstein summation convention. The understanding is that
because the index j occurs twice in

(
∂xi/∂qj

)
q̇j, it is summed over all

values 1, . . . , D.5 With this new notation we would then rewrite (1.11)
and (1.12) as

T =
1
2
m gkl(q)q̇kq̇l (1.13)

and

gkl(q) = δij
∂xi

∂qk

∂xj

∂ql
, (1.14)

respectively. Because the repeated indices are arbitrary labels in a sum-
mation they can be relabelled at will. This means, for example, that
gijq̇

iq̇j and gnmq̇nq̇m are both equivalent to gklq̇
kq̇l. The indices of sum-

mation are often referred to as dummy indices or dummy labels.

1.2 Hamilton’s principle

It is possible to reformulate classical mechanics in order to obtain the
Euler–Lagrange equations as a result of a principle of stationary action.
To do this we will define the action functional S[q(t)] as

S[q(t)] =
∫ t2

t1

dt L(qi(t), q̇i(t), t). (1.15)

Here L is the Lagrangian described in the previous section that, for gen-
erality, we allow to have an explicit dependence on time. We allow the
use of any coordinate choice here. The use of square brackets in this def-
inition is to symbolize that the action S is a functional, which can be
thought of as a function defined on a space of functions.6 Given some
path q(t), the action is just a real number. If P denotes the space of all
possible paths then we regard S : P → R. In contrast to normal functions,
the domain of a functional is an infinite dimensional space.7 Because of
the infinite dimensional nature of P, a rigorous treatment of functionals
involves some subtle concepts. In particular the notions of differentia-
tion and integration involve some thought. We will proceed in a heuristic
manner without full mathematical rigour, as is conventional in physics.

5 In contrast, the index i only occurs once in each term.
6 That is the domain of a functional is some space of functions. For the action the

domain is the space consisting of all possible particle paths for which the position of
the particle is given at the times t1 and t2.

7 Clearly there are an infinite number of paths connecting two points in space.



6 Action principle in classical mechanics

Hamilton’s principle states that the actual motion of a particle whose
Lagrangian is L is such that the action functional is stationary (i.e.
assumes a maximum or a minimum value). In order to see that this prin-
ciple is correct we must show that requiring the action to be stationary
results in the Euler–Lagrange equations, and conversely that if we impose
the Euler–Lagrange equations then the action functional is stationary.
The technique for accomplishing this involves the calculus of variations.
We will look at what happens to the action functional when the path is
varied slightly. We are regarding the endpoints of the path as fixed here,
although other choices are possible. Let q(t1) = q1 and q(t2) = q2 be
the positions of the particle at the initial time t1 and the final time t2
respectively. Let q(t) be the classical path that the particle follows, and
let q̄(t) be any path with the same two endpoints as the classical path.
Now form the difference

δq(t) = q̄(t) − q(t), (1.16)

which represents the deviation of q̄(t) from the classical path. Because
both paths q̄(t) and q(t) have the same endpoints, the deviation between
the two paths δq(t) must vanish at the initial and final times: δq(t1) =
δq(t2) = 0. The situation is pictured in Fig. 1.1.

We are aiming to show that the action is stationary for the classical
path. One way to do this is to assume that the difference δq(t) is small
and show that the action is unchanged to first order in the small quantity
δq(t). Evaluating the action (1.15) using the arbitrary path q̄(t) we find

q 

i(t)
q 

i(t)

qi(t)

qi(t)

q 

i(t1)

q 

i(t2)

δq 

i(t)

δq 

i(t)

–

–

Fig. 1.1 This demonstrates the relationship between the classical path qi(t)
(shown as a solid line), the arbitrary path q̄i(t) (shown as a dashed line), and
the deviation, or difference, δqi(t). The endpoints are held fixed, so that the
difference δqi(t) vanishes at times t1 and t2.



1.2 Hamilton’s principle 7

S[q̄(t)] =
∫ t2

t1

dt L(q̄i(t), ˙̄qi(t), t)

=
∫ t2

t1

dt L(qi(t) + δqi(t), q̇i(t) + δq̇i(t), t). (1.17)

The last equality has just used the definition in (1.16). The Lagrangian is
an ordinary function of qi(t) and q̇i(t), so may be expanded in an ordinary
Taylor series:

L
(
qi(t) + δqi(t), q̇i(t) + δq̇i(t), t

)
= L

(
qi(t), q̇i(t), t

)
+

∂L(qi(t), q̇i(t), t)
∂qi(t)

δqi(t) +
∂L(qi(t), q̇i(t), t)

∂q̇i(t)
δq̇i(t) + · · · . (1.18)

Note that the summation convention has been used here, and we have
only calculated terms in the expansion up to and including those linear
in δqi(t). There will be terms of quadratic and higher order in δqi in the
expansion (1.18), but we will not be concerned with them. Substitution
of (1.18) into (1.17) leads to

S[q̄(t)] = S[q(t)] +
∫ t2

t1

dt

(
∂L

∂qi
δqi +

∂L

∂q̇i
δq̇i

)
+ · · · . (1.19)

The second term in the integrand of (1.19) can be rewritten using the
identity

∂L

∂q̇i
δq̇i =

d

dt

(
∂L

∂q̇i
δqi

)
− d

dt

(
∂L

∂q̇i

)
δqi.

This results in

S[q̄(t)] = S[q(t)] +
∫ t2

t1

dt

[
∂L

∂qi
− d

dt

(
∂L

∂q̇i

)]
δqi +

∂L

∂q̇i
δqi

∣∣∣∣t2
t1

+ · · · ,

if we perform the integration over the total time derivative. Because δqi

vanishes at t1 and t2, the last term in the line above disappears and we
are left with

S[q̄(t)] = S[q(t)] +
∫ t2

t1

dt

[
∂L

∂qi
− d

dt

(
∂L

∂q̇i

)]
δqi, (1.20)

to first order in δqi. This is our main result.
If the Euler–Lagrange equations hold then (1.20) shows that S[q̄(t)] =

S[q(t)] demonstrating that the action is stationary. Conversely, if
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S[q̄(t)] = S[q(t)] then we must have the Euler–Lagrange equations hold-
ing.8 This has demonstrated Hamilton’s principle: The action is station-
ary if and only if the path satisfies the classical equation of motion. This
provides an elegant formulation of classical mechanics with the action
functional playing a key role.

1.3 Hamilton’s equations

For systems of the type considered in Section 1.1 the Euler–Lagrange
equations provide a set of second-order differential equations for the path.
With q ∈ R

D we have a set of D coupled equations. It is possible to
reformulate these equations as a set of 2D coupled first-order differential
equations, and this is the essential content of the Hamiltonian form of
classical mechanics, along with a physical interpretation of the procedure.

Define the momentum canonically conjugate to the coordinate qi by

pi =
∂L

∂q̇i
. (1.21)

pi is usually called just the canonical momentum. Note that for L given
by (1.6), p = mẋ is the normal definition for the momentum familiar
from elementary mechanics. The aim now is to eliminate the dependence
on the velocity components q̇i in favour of the components of canonical
momentum pi. This requires being able to solve the set of equations (1.21)
for q̇i in terms of qi and pi. The necessary and sufficient conditions for this
are given by the inverse function theorem which states that it is possible
to solve (1.21) for q̇i in terms of qi and pi if and only if det

(
∂pi/∂q̇j

)
�= 0.

A heuristic way to see this is to look at a small variation of (1.21) with
qi held fixed:

δpi =
∂2L

∂q̇j∂q̇i
δq̇j =

∂pi

∂q̇j
δq̇j.

It is only possible to solve this for δq̇j if the matrix ∂pi

∂q̇j is invertible. A sys-
tem which has det

(
∂pi/∂q̇j

)
= 0 is called singular. We will see examples

of singular systems later. For now assume a non-singular system.
Given a non-singular system we can eliminate all dependence on q̇i by

a Legendre transformation:

H(q,p, t) = piq̇
i − L(q, q̇, t). (1.22)

8 Formally, if S[q̄(t)] = S[q(t)] the integral in (1.20) must vanish for arbitrary δqi(t).
We can take δqi(t) to be zero everywhere except for an arbitrary time in the interval
[t1, t2]; thus, the quantity in the integrand of (1.20) appearing in braces must vanish
for all times between t1 and t2.
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H is called the Hamiltonian, and as the notation in (1.22) suggests, it is
regarded as a function of the independent variables q and p, along with a
possible time dependence. The Hamiltonian equations are obtained from
considering the derivatives of the Hamiltonian with respect to pi and qi.
To compute the derivative with respect to pi we use (1.22) and note that
apart from the explicit dependence on pi in the first term, pi only enters
through q̇. This leads to (relabelling the dummy index i in (1.22) to j
before differentiating with respect to pi)

∂H

∂pi
= q̇i + pj

∂q̇j

∂pi
− ∂L

∂q̇j

∂q̇j

∂pi

= q̇i, (1.23)

if it is noted that the second and third terms in the first line cancel upon
use of (1.21). To compute the derivative of H with respect to qi we note
that q and p are the independent variables, and that qi enters q̇j through
(1.21). This leads to (again relabelling the dummy index i in (1.22) to j)

∂H

∂qi
= pj

∂q̇j

∂qi
− ∂L

∂qi
− ∂L

∂q̇j

∂q̇j

∂qi

= − ∂L

∂qi
(by (1.21))

= − d

dt

(
∂L

∂q̇i

)
(by (1.7))

= −ṗi, (1.24)

where the last line has followed by using (1.21) again. The results con-
tained in (1.23) and (1.24) are called Hamilton’s equations. They are seen
to consist of a set of first-order differential equations as promised.

Suppose that L takes the standard form

L =
1
2
m gij(q)q̇iq̇j − V (q),

considered in Section 1.1. We can compute pi from (1.21) to be

pi =
∂L

∂q̇i
= m gijq̇

j.

It is easy to invert this result using the inverse metric gij defined by

gijgjk = δi
k,
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with δi
k the Kronecker delta (i.e. δi

k is zero unless the indices i and k
are equal, in which case it has the value 1). This gives

q̇i =
1
m

gijpj.

The Hamiltonian is now computed from (1.22) to be

H =
1

2m
gijpipj + V (q), (1.25)

which may be recognized as the sum of the kinetic and potential energies.
The Hamiltonian in this case represents the total energy.

In Section 1.2 we showed how the Euler–Lagrange equations could be
viewed as a consequence of Hamilton’s principle of stationary action. The
action functional was defined in (1.15). It is possible to modify the prin-
ciple of stationary action so that Hamilton’s equations (1.23) and (1.24)
result. This can be done easily if we note that from (1.22) we have L =
piq̇

i − H. If this is substituted into (1.15) we obtain

S[q,p] =
∫ t2

t1

dt
{
piq̇

i − H(q,p, t)
}

, (1.26)

with the action now regarded as a functional of both q and p. We can now
think of the action as a functional of a path in phase space parameterized
by the independent coordinates and momenta. To see that Hamilton’s
equations result from Hamilton’s principle of stationary action, perform
a variation of (1.26) with independent variations δq and δp. This gives

δS =
∫ t2

t1

dt

(
δpiq̇

i + piδq̇
i − ∂H

∂pi
δpi − ∂H

∂qi
δqi

)
. (1.27)

If the second term of (1.27) is integrated by parts, and it is noted that
δqi vanishes at times t1 and t2 since the endpoints of the path are held
fixed, it is easily seen that

δS =
∫ t2

t1

dt

[(
q̇i − ∂H

∂pi

)
δpi −

(
ṗi +

∂H

∂qi

)
δqi

]
. (1.28)

This result is sufficient to show that Hamilton’s equations follow directly
from Hamilton’s principle of stationary action.

Of course the formalism of Hamiltonian dynamics can be developed
much further,9 and we will consider one line of development in the next

9 The interested reader should consult Goldstein (1950) or Lanczos (1971) for more
details.
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section. For our purposes at this stage, we only need to introduce the
notion of Poisson brackets. Let F (q,p, t) be any function of the canonical
variables (q,p) with a possible explicit time dependence. If we compute
the total time derivative of F then

dF

dt
=

∂F

∂t
+

∂F

∂qi
q̇i +

∂F

∂pi
ṗi

=
∂F

∂t
+

∂F

∂qi

∂H

∂pi
− ∂F

∂pi

∂H

∂qi

where Hamilton’s equations (1.23) and (1.24) have been used in the
second line. The Poisson bracket is now defined by10

[F, H] =
∂F

∂qi

∂H

∂pi
− ∂F

∂pi

∂H

∂qi
. (1.29)

We can therefore write

dF

dt
=

∂F

∂t
+ [F, H]. (1.30)

Hamilton’s equations can now be written in terms of the Poisson
bracket as

q̇i = [qi, H], (1.31)
ṗi = [pi, H]. (1.32)

In addition, because qi and pi are regarded as independent variables we
have the fundamental Poisson bracket relations

[qi, qj] = 0 = [pi, pj] (1.33)

and

[qi, pj] = δi
j, (1.34)

among the canonical variables.

10 This definition also holds if the Hamiltonian H is replaced with any other function
of the canonical variables.
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1.4 Canonical transformations

1.4.1 Infinitesimal transformations and generating functions

We have already considered the transformation from Cartesian to gen-
eral coordinates in Section 1.1. If we adopt the Hamiltonian formulation
(rather than the Lagrangian formulation) of classical mechanics, then we
can consider the more general transformation from one set of canonical
variables (qi, pi) to another set (q′i, p′

i):

q′i = q′i(q, p, t), (1.35)
p′

i = p′
i(q, p, t). (1.36)

This transformation will lead to a transformation of the Hamiltonian
from H(q, p, t) to H ′(q′, p′, t). The requirement that the transformation
be canonical consists of demanding that the Hamiltonian equations of
motion (1.23) and (1.24) are obeyed in the transformed coordinates:

q̇′i =
∂H ′

∂p′
i

, (1.37)

ṗ′
i = −∂H ′

∂q′i , (1.38)

as well as in the original coordinates. If we use Hamilton’s principle to
derive these equations, then (1.37, 1.38) should follow from

0 = δS′[q′, p′] = δ

∫ t2

t1

[
p′

iq̇
′i − H ′(q′, p′, t)

]
. (1.39)

Since Hamilton’s equations in our original coordinates followed from

0 = δS[q, p] = δ

∫ t2

t1

[
piq̇

i − H(q, p, t)
]
, (1.40)

we can conclude that the integrands of (1.39) and (1.40) differ by no
more than a total time derivative of some function, called the ‘gener-
ating function’.11 However the form we choose to write this total time
derivative is up to us, and depends on which of the canonical variables we
choose to regard as independent. For our purposes the most important
case arises if we choose to take our generating function to depend on qi

and p′
i (other common choices are discussed in Goldstein (1950)). With

11 This must be true since a total time derivative integrates to a function which depends
only on the endpoints, which we hold fixed when computing the variation.
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our choice made, we regard q′i as dependent variables. If we integrate the
p′

iq̇
′i term in (1.39) by parts, we obtain

0 = δS ′ = δ

∫ t2

t1

dt
[

− ṗ′
iq

′i − H ′
]
. (1.41)

The integration by parts is done so that the velocity term involves our
choice of independent variables ṗ′

i rather than the dependent variables q′i.
The integrated term vanishes since the endpoints are fixed. The velocity
term of (1.40) involves the other dependent variables q̇i, so we can write

−ṗ′
iq

′i − H ′ = piq̇
i − H +

d

dt
G(qi, p′

i, t). (1.42)

G is called the generating function. The total time derivative of G can-
not affect the equations of motion since, as we have already discussed,
the endpoints are fixed under the variation of path. If we abbreviate
G(qi, p′

i, t) to simply G(t) in order to save a bit of writing, then (1.42)
results in

S ′ = S + G(t2) − G(t1). (1.43)

In this form, it is seen that a canonical transformation is interpreted as
the addition of a total time derivative to the Lagrangian. This addition
cannot affect the equations of motion.

To find out how the dependent variables are fixed by the above proce-
dure, we can compute the total time derivative of the generating function:

d

dt
G(qi, p′

i, t) =
∂G

∂t
+ q̇i ∂G

∂qi
+ ṗ′

i

∂G

∂p′
i

. (1.44)

The velocity terms in (1.42) involving q̇i and ṗ′
i must be independent.

Equating coefficients on both sides of (1.42) when we use (1.44) yields

q′i = −∂G

∂p′
i

, (1.45)

pi = −∂G

∂qi
, (1.46)

H ′ = H − ∂G

∂t
. (1.47)

In the special case where the generating function has no explicit time
dependence, (1.47) shows that H ′ = H; the Hamiltonian is invariant
under a time-independent canonical transformation. Invariance of the
Hamiltonian is not true in general though.
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The identity transformation results from the simple choice

G = −p′
iq

i, (1.48)

as is easy to verify from (1.45) and (1.46). If we choose the slightly more
general transformation

G(qi, p′
i, t) = −p′

if
i(q), (1.49)

then (1.45) and (1.46) become

q′i = f i(q), (1.50)

pi = p′
j

∂f j

∂qi
. (1.51)

This shows that the case of a simple transformation of coordinates, such
as the passage from Cartesian to polars for example, is a special case
of a canonical transformation. A transformation like (1.50) is sometimes
called a ‘point transformation’.

Having shown that (1.48) generates the identity transformation, we can
consider a canonical transformation defined by

G(qi, p′
i, t) = −p′

iq
i + δG(qi, p′

i, t), (1.52)

where δG is infinitesimal. In fact, the restriction to infinitesimal canoni-
cal transformations is not actually a restriction at all, because any finite
transformation can be built up out of successive infinitesimal ones.12 From
(1.45) we find

q′i = qi − ∂

∂p′
i

δG(qi, p′
i, t). (1.53)

From (1.46) we find

p′
i = pi +

∂

∂qi
δG(qi, p′

i, t). (1.54)

Because qi and pi only differ from q′i and p′
i by infinitesimal terms, if we

work to lowest order in small quantities, then we can replace p′
i in δG

by pi. This means that to lowest order in small quantities,

q′i = qi + δqi, (1.55)
p′

i = pi + δpi, (1.56)

12 This is most easily demonstrated by showing that the set of all canonical transfor-
mations forms a group, but we will not do this here.
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where

δqi = − ∂

∂pi
δG(qi, pi, t), (1.57)

δpi =
∂

∂qi
δG(qi, pi, t). (1.58)

This gives the general form of the infinitesimal canonical transformation
in terms of the generating function δG.

A special case occurs for the choice

δG(qi, pi, t) = −H(qi, pi, t)δt, (1.59)

where δt is an infinitesimal time. Using this expression for δG in (1.57)
and (1.58), we find

δqi =
∂H

∂pi
δt = q̇iδt, (1.60)

δpi = −∂H

∂qi
δt = ṗiδt, (1.61)

upon use of Hamilton’s equations. These last two results mean that
the Hamiltonian is responsible for generating a canonical transformation
which corresponds to the time development of the system. This cen-
tral role played by the Hamiltonian will be useful later when we discuss
quantum mechanics.

We can also consider what happens to any function of the canonical
variables under a canonical transformation. Under (1.35) and (1.36) we
will assume

A′(q′i, p′
i, t) = A(qi, pi, t). (1.62)

Specifically we are assuming that A transforms like a scalar under canon-
ical transformations. The change in the functional form of A is defined by

δA = A(q′i, p′
i, t) − A(qi, pi, t). (1.63)

If we restrict ourselves to an infinitesimal transformation, and work to
lowest order in small quantities, we have

δA = A(qi + δqi, pi + δpi, t) − A(qi, pi, t)

= δqi ∂A

∂qi
+ δpi

∂A

∂pi

= −∂δG

∂pi

∂A

∂qi
+

∂δG

∂qi

∂A

∂pi

= −[A, δG] (1.64)
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where we have used (1.57, 1.58) and the definition of the Poisson bracket
(1.29).

There is another issue related to Poisson brackets and canonical trans-
formations which arises; namely, does it matter which set of canonical
variables – (qi, pi) or (q′i, p′

i) – is used? It is easy to demonstrate that
the answer is no for infinitesimal transformations, and from our assertion
that considering infinitesimal transformations is not a restriction, it must
be the case that it does not matter which set of canonical variables is used
to calculate the Poisson bracket. A direct proof for an arbitrary canonical
transformation will be given in Section 1.4.3.

1.4.2 Hamilton–Jacobi equation

Canonical transformations play a pivotal role in the formal structure of
classical mechanics. This can be used to provide the basis for a very beau-
tiful approach. We will look for a canonical transformation such that in
the new canonical variables the Hamiltonian is identically zero: H ′ = 0.
If this is possible, then because (1.37) and (1.38) must hold, the new
canonical variables are constant in time. This presents a general solution
to Hamilton’s equations for any mechanical system! The catch with the
deceptive ease of this result is that in order for it to be useful, we must be
able to find the transformation from our initial canonical variables to the
new constant ones, and this is generally equivalent in difficulty to solving
the original Hamiltonian equations. Nevertheless, there is a beauty in the
elegance of this approach, called ‘Hamilton–Jacobi theory’. In addition,
there is an interesting parallel in quantum mechanics.

With the generating function G(qi, p′
i, t) defined as before, (1.47)

becomes

H(qi, pi, t) =
∂

∂t
G(qi, p′

i, t),

since we are requiring H ′(q′, p′, t) = 0. If we use (1.46), we can write this
last result as

H
(
qi,−∂G

∂qi
, t
)

=
∂

∂t
G(qi, p′

i, t). (1.65)

Given a Hamiltonian H this equation, called the Hamilton–Jacobi equa-
tion, provides us with a single partial differential equation for the gener-
ating function (noting that p′

i is constant). Classical mechanics is reduced
to a solution of this equation.

It is customary to define

S = −G, (1.66)
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and to call S Hamilton’s principal function. The reader might worry that
we have already used S to denote the action; however, it is easy to see
that there is a close connection between Hamilton’s principal function
and the action. If we differentiate G(qi, p′

i, t) with respect to time we have

d

dt
G(qi, p′

i, t) =
∂G

∂t
+

∂G

∂qi
q̇i +

∂G

∂p′
i

ṗ′
i

=
∂G

∂t
− piq̇

i,

using ṗ′
i = 0 and (1.46). Because of (1.65) we have

d

dt
G = H − piq̇

i = −L,

where L is the Lagrangian. Integrating both sides of this with respect to
time gives

G(t2) − G(t1) = −
∫ t2

t1

L dt.

This is in complete agreement with our earlier result in (1.43).

1.4.3 Symplectic form and invariance of Poisson brackets

The distinction between what we call coordinates qi and what we call
momenta pi becomes unimportant in the Hamiltonian formulation of clas-
sical mechanics. This should be evident from canonical transformations
which mix up coordinates and momenta. In fact it is possible to perform
a canonical transformation qi → pi and pi → −qi which effectively inter-
changes the role of coordinates and momenta. This motivates looking at
a more unified approach in which we define a phase space variable zα

with α = 1, 2, . . . , 2n by

zα = (q1, p1, q
2, p2, . . . , q

n, pn). (1.67)

Explicitly, we have

zα =
{

qi for α = 2i − 1, i = 1, . . . , n,
pi for α = 2i, i = 1, . . . , n.

(1.68)

The Hamiltonian equations of motion (1.23) and (1.24) become

ż2i−1 =
∂H

∂z2i
, (1.69)

ż2i = − ∂H

∂z2i−1 , (1.70)
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when written in terms of the phase space variable z. We now regard
H = H(zα, t).

The two equations (1.69) and (1.70) can be unified into the single
equation

żα = ωαβ ∂H

∂zβ
, (1.71)

if we define the 2n × 2n matrix ωαβ by

ω2i−1 2i = 1 = −ω2i 2i−1, (1.72)

with all other components zero. This definition makes ωαβ antisymmetric:

ωβα = −ωαβ. (1.73)

If we define the 2 × 2 matrix J by

J =
(

0 1
−1 0

)
, (1.74)

then ωαβ are the matrix elements of the matrix ω obtained by taking

ω =

⎛⎜⎜⎜⎝
J 0 · · · 0
0 J · · · 0
...

...
...

...
0 · · · 0 J

⎞⎟⎟⎟⎠ . (1.75)

In this form it is easy to see that

ω2 = −I2n, (1.76)

where I2n is the 2n × 2n identity matrix.
It is possible to view (1.71) as the Euler–Lagrange equation resulting

from the Lagrangian Lc defined by

Lc(z, ż, t) =
1
2
żαωαβzβ − H(z, t). (1.77)

We use the subscript c to denote that this is in the canonical formalism.13

ωαβ is identically equal to ωαβ with the index placement made for con-
sistency with the Einstein summation convention. The proof that (1.71)
is the Euler–Lagrange equation for Lc follows from defining

Sc[z(t)] =
∫ t2

t1

dt Lc(z, ż, t), (1.78)

13 We will establish the relationship between Lc and the normal Lagrangian L in a
moment.
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and using Hamilton’s principle. If we write out (1.77) in detail by splitting
up the indices as in (1.68), we have

Lc(z, ż, t) =
1
2
ż2iω2i 2i−1z

2i−1 +
1
2
ż2i−1ω2i−1 2iz

2i − H(z, t)

= −1
2
ṗiq

i +
1
2
q̇ipi − H(q, p, t)

= L(q, q̇, t) − d

dt

(
1
2
piq

i

)
. (1.79)

The canonical Lagrangian Lc is observed to differ from the usual
Lagrangian by a total time derivative.

Any dynamical variable A(q, p, t) can be regarded as a function A(z, t)
of z and t in this new phase space formalism. By computing the total
time derivative of A(z, t) we have

d

dt
A(zα, t) =

∂A

∂t
+

∂A

∂zα
żα

=
∂A

∂t
+

∂A

∂zα
ωαβ ∂H

∂zβ
. (1.80)

This agrees with our previous definition (1.30) in terms of Poisson brack-
ets if we take

[A, B] =
∂A

∂zα
ωαβ ∂B

∂zβ
, (1.81)

for any two dynamical variables A and B.
A canonical transformation can be regarded as a transformation from

zα to z′ α = z′ α(z, t) leaving Hamilton’s equations invariant. From the
viewpoint of Hamilton’s principle of stationary action, this will be guar-
anteed if

L′
c(z

′, ż′, t) = Lc(z, ż, t) − d

dt
G (1.82)

for some generating function G. From (1.77) we find

1
2
ż′ α ωαβ z′ β − H ′(z′, t) =

1
2
żα ωαβ zβ − H(z, t) − dG

dt
.

Rearrangement of this last result gives

dG =
1
2
(
dzα ωαβ zβ − dz′ α ωαβ z′ β

)
+ (H ′(z′, t) − H(z, t)) dt. (1.83)

Because z′ is a function of both z and t, we have

dz′ α =
∂z′ α

∂zγ
dzγ +

∂z′ α

∂t
dt. (1.84)
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Substitution of (1.84) back into (1.83) gives us

dG =
1
2

(
ωαβ zβ − ∂z′ γ

∂zα
ωγβ z′ β

)
dzα

+
(

H ′(z′, t) − H(z, t) − 1
2

∂z′ α

∂t
ωαβ z′ β

)
dt. (1.85)

If we regard G as a function of zα and t, then

dG =
∂G

∂zα
dzα +

∂G

∂t
dt. (1.86)

Comparing the coefficients of dzα and dt between (1.85) and (1.86) leads
to the conclusions

∂G

∂zα
=

1
2

ωαβ zβ − 1
2

∂z′ γ

∂zα
ωγβ z′ β, (1.87)

∂G

∂t
= H ′(z′, t) − H(z, t) − 1

2
∂z′ α

∂t
ωαβ z′ β. (1.88)

The last equation (1.88) determines the transformed Hamiltonian in
terms of the original one. The first condition (1.87) allows us to derive
an important result. To do this, we begin by noting that the generating
function should satisfy the condition

∂2G

∂zβ∂zα
=

∂2G

∂zα∂zβ
, (1.89)

if it is to be a smooth function, that we demand. Differentiating (1.87)
with respect to zβ results in

∂2G

∂zβ∂zα
=

1
2

ωαβ − 1
2

∂2z′ γ

∂zβ∂zα
ωγδ z′ δ − 1

2
∂z′ γ

∂zα
ωγδ

∂z′ δ

∂zβ
. (1.90)

Using this result in (1.89), along with the same expression with the indices
α and β interchanged, and noting that because the transformation z → z′

is assumed to be smooth,

∂2z′ γ

∂zβ∂zα
=

∂2z′ γ

∂zα∂zβ
,

we have simply

ωαβ − ∂z′ γ

∂zα
ωγδ

∂z′ δ

∂zβ
= ωβα − ∂z′ γ

∂zβ
ωγδ

∂z′ δ

∂zα
.
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Because ωαβ is antisymmetric (see (1.73)), it is easily shown from this
last result upon relabelling indices that

∂z′ γ

∂zα
ωγδ

∂z′ δ

∂zβ
= ωαβ. (1.91)

This is the condition that the canonical transformation must satisfy. Such
a transformation is called a symplectic transformation, and the matrix ω
is referred to as a symplectic matrix. It is straightforward to show from
(1.87) and (1.88) that

∂2G

∂t∂zα
=

∂2G

∂zα∂t
, (1.92)

if (1.91) holds.
Having gone this far, it is now easy to prove that the Poisson bracket of

any two functions of the canonical variables is invariant under a canonical
transformation. To do this, we first write (1.91) in an equivalent form. Let

Jα
β =

∂z′ α

∂zβ
, (1.93)

and (
J−1)α

β =
∂zα

∂z′ β
. (1.94)

J is regarded as a 2n × 2n matrix whose elements are made up of the
partial derivatives of the transformation. The determinant of J gives the
Jacobian of the transformation. We can write (1.91) as

Jγ
α ωγδ Jδ

β = ωαβ, (1.95)

It is easier to dispense with the index notation and write (1.95) in matrix
form as

JT ω J = ω, (1.96)

where JT is the transpose matrix.14 If we take the inverse of (1.96) we
obtain

J−1 ω−1 (JT
)−1

= ω−1.

However, because of (1.76) we can see that the inverse of ω is simply
the negative: ω−1 = −ω. If we use ω−1 = −ω in the previous result it is
easily seen that

J−1 ω
(
J−1)T = ω, (1.97)

14 The introduction of the transpose is necessary because the indices in the first factor
on the left-hand side of (1.95) are not in the correct order for a matrix multiplication.
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or reverting back to index notation,

∂zα

∂z′ γ
ωγδ ∂zβ

∂z′ δ
= ωαβ, (1.98)

using (1.94). We write the indices on ω as shown for consistency with
the summation convention.

Now suppose that Ai(z, t), where i = 1, . . . , N are any functions of the
canonical variables transforming like

Ai(z, t) = A′
i[z

′(z, t), t], (1.99)

under a canonical transformation. We can compute the Poisson bracket
between any two of them using either the original coordinates zα or the
transformed coordinates z′ α. Using the transformed coordinates, we have
from (1.81)

[A′
1, A

′
2]

′ =
∂A′

1

∂z′ α
ωαβ ∂A′

2

∂z′ β
. (1.100)

Using the chain rule for partial derivatives on the right-hand side of
(1.100), along with the assumption (1.99), we find

[A′
1, A

′
2]

′ =
∂A1

∂zγ

∂zγ

∂z′ α
ωαβ ∂zδ

∂z′ β

∂A2

∂zδ
. (1.101)

The symplectic property (1.98) allows us to reduce the middle three terms
on the right-hand side of (1.101) to give

[A′
1, A

′
2]

′ =
∂A1

∂zγ
ωγδ ∂A2

∂zδ

= [A1, A2], (1.102)

where the definition (1.81) of the Poisson bracket has been used. This
proves that the Poisson bracket of any two functions of the canonical
variables is invariant under a canonical transformation.

1.5 Conservation laws and symmetries

1.5.1 Noether’s theorem

There is a general systematic way to discuss symmetries of a classi-
cal mechanical system using the action and Hamilton’s principle. This
approach proves very useful when we consider continuous matter distri-
butions, as in field theory. Because this is our intention, we will be slightly
more general here than we need to be. The two subsections after this one
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will show how the general framework we develop here can be applied to
non-relativistic and relativistic particle mechanics respectively.

Our first task will be to define the transformation describing the sym-
metry. We will consider only an infinitesimal transformation and allow it
to depend on a set of r infinitesimal parameters δεA, with A = 1, . . . , r.
These parameters characterize the transformation and could include
angles of rotation or a translation of axes for example, although we need
not specify them at this stage. We will also allow the time coordinate to
transform, since we will later wish to link invariance under such a trans-
formation to energy conservation. Let the infinitesimal transformation be

t′ = t + δt = t + λA(t)δεA, (1.103)

q′i(t′) = qi(t) + Φi
A[t, qi(t)]δεA. (1.104)

Here λA(t) and Φi
A(t, qi) are sets of functions specific to, and defining, a

given transformation.15

The next task is to state with precision what we mean by a symmetry of
the system. A symmetry of the system will be defined as a transformation
of the time and generalized coordinates whose infinitesimal form is given
by (1.103) and (1.104) and which leaves the equations of motion invari-
ant. Under the transformation (1.103) and (1.104), the action functional
will change from S[q(t)] to

S[q′(t′)] =
∫ t′2

t′1

dt′ L
[
t′, q′i(t′), q̇′i(t′)

]
. (1.105)

Upon application of Hamilton’s principle of stationary action, from
which the equations of motion follow, S[q(t)] and S[q′(t′)] must give rise
to the same equations of motion. A sufficient condition for this to be
true occurs when S[q(t)] = S[q′(t′)], meaning that the action is invariant
under the transformation. While this may be the case for certain classes
of transformations, it is not a general requirement for invariance of the
equations of motion; that is, invariance of the action is not a necessary
condition for invariance of the equations of motion. This also becomes
obvious if we recall that we can freely add a total time derivative to the
Lagrangian without affecting the equations of motion, because they fol-
low upon variation with respect to qi(t) with qi(t) fixed at the initial and
final times. The general condition for S[q′(t′)] and S[q(t)] to give rise to
the same equations of motion is that

S[q′(t′)] = S[q(t)] + F2 − F1, (1.106)

15 Examples will be given in the next two subsections.
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where F2(F1) depends only on the final (initial) time. When we vary
(1.106) with the endpoints held fixed, we will have δS[q′(t′)] = δS[q(t)],
and therefore will obtain the same equations of motion.

If we set δεA = 0 in (1.103) and (1.104), this will correspond to the iden-
tity transformation (since nothing will change) and accordingly F2 − F1
in (1.106) must vanish. We therefore expect F2 − F1 to depend linearly
on δεA to lowest order in the infinitesimal parameters. We will define a
set of quantities ΔA by

F2 − F1 =
∫ t2

t1

dt
d

dt

{
ΔA[t, qi(t)]δεA

}
. (1.107)

A necessary and sufficient condition for a transformation to have a form-
invariant action is for ΔA = 0. Given a transformation (1.103) and (1.104)
we can calculate ΔA from (1.106) and (1.107). We will see an application
of this in Section 1.5.2. For the remainder of the section we proceed quite
generally.

Our next task is to relate S[q′(t′)] to S[q(t)] under the transformation
(1.103) and (1.104). We will work to first order in the small quantities δεA.
If we change variables from t′ to t in the integral of (1.105) we will find

S[q′(t′)] − S[ q(t)] =
∫ t2

t1
dt
{dt′

dt
L
[
t + δt, q′i(t + δt), q̇′i(t + δt)

]
−L

[
t, qi(t), q̇i(t)

] }
. (1.108)

The change of time variable in S[q′(t′)] is motivated by the desire to write
both terms on the left-hand side of (1.108) under the same integral.

Our objective is to expand the integral of (1.108) to first order in δεA,
and show that the result can be expressed as a total time derivative.
When the result is used back in (1.106) with (1.107), this will lead to a
set of conserved quantities.

From (1.103) we find

dt′

dt
= 1 + λ̇A(t)δεA. (1.109)

For later use we also record

dt

dt′
� 1 − λ̇A(t)δεA, (1.110)
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since dt
dt′ =

(
dt′

dt

)−1
and we expand to first order in δεA. Using (1.109) in

(1.108) results in

S[q′(t′)] − S[q(t)] �
∫ t2

t1

dt
{

L
[
t + δt, q′i(t + δt), q̇′i(t + δt)

]
+λ̇A(t)δεAL

[
t, qi(t), q̇i(t)

]
−L

[
t, qi(t), q̇i(t)

] }
. (1.111)

The middle term has been obtained by noting that to first order in δεA,

δεAL
[
t + δt, q′i(t + δt), q̇′i(t + δt)

]
� δεAL

[
t, qi(t), q̇i(t)

]
, (1.112)

as should be obvious from (1.103) and (1.104).
The next step is to Taylor expand the first term in the integrand

of (1.111). Expansion of the first two arguments of the Lagrangian fol-
lows quite simply from (1.103) and (1.104). We therefore only need to
find out how the velocity term transforms under (1.103) and (1.104). By
definition,

q̇′i(t′) =
d

dt′
q′i(t′)

=
dt

dt′
d

dt
q′i(t + δt)

�
[
1 − λ̇A(t)δεA

] d

dt

{
qi(t) + Φi

A[t, qi(t)]δεA
}

� q̇i(t) + Φ̇i
AδεA − λ̇AδεAq̇i(t), (1.113)

if we use (1.110) and (1.104).16 Expanding out the first term
on the right-hand side of (1.111) using (1.103), (1.104), and
(1.113) gives

S[q′(t′)] − S[q(t)] �
∫ t2

t1

dt δεA

[
λA

∂L

∂t
+ Φi

A

∂L

∂qi
+ λ̇AL

+
(
Φ̇i

A − λ̇Aq̇i
) ∂L

∂q̇i

]
. (1.114)

where we do not write out the arguments of the functions for brevity.

16 Note that Φ̇i
A = (d/dt) Φi

A[t, qi(t)] is the total time derivative, not just the partial
derivative.
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The final step is to show that the integrand in (1.114) can be expressed
as a total time derivative. To this end, first note that

d

dt

(
λAL − λAq̇i ∂L

∂q̇i

)
= λ̇AL + λA

(
∂L

∂t
+ q̇i ∂L

∂qi
+ q̈i ∂L

∂q̇i

)
− λ̇Aq̇i ∂L

∂q̇i
− λAq̈i ∂L

∂q̇i
− λAq̇i d

dt

(
∂L

∂q̇i

)
= λ̇AL + λA

∂L

∂t
− λ̇Aq̇i ∂L

∂q̇i
, (1.115)

if we use the Euler–Lagrange equations to simplify. Secondly,

d

dt

(
Φi

A
∂L

∂q̇i

)
= Φ̇i

A

∂L

∂q̇i
+ Φi

A
d

dt

(
∂L

∂q̇i

)
= Φ̇i

A
∂L

∂q̇i
+ Φi

A

∂L

∂qi
, (1.116)

again simplifying by using the Euler–Lagrange equations. The identities
established in (1.115) and (1.116) may be used in (1.114) with the result

S[q′(t′)] − S[q(t)] �
∫ t2

t1

dt δεA d

dt

(
λAL − λAq̇i ∂L

∂q̇i
+ Φi

A

∂L

∂q̇i

)
. (1.117)

If we use the definition of the canonical momentum in (1.21) and the
Hamiltonian in (1.22), this allows us to express

S[q′(t′)] − S[q(t)] �
∫ t2

t1

dt δεA d

dt

(
Φi

Api − λAH
)
. (1.118)

Using this result back in (1.106), with F2 − F1 given in (1.107), yields

0 =
∫ t2

t1

dt
d

dt

[
δεA

(
Φi

Api − λAH − ΔA

)]
. (1.119)

This proves that

G(t) = δεA(Φi
Api − λAH − ΔA), (1.120)

is a constant of the motion. Since the infinitesimal parameters are arbi-
trary and independent, we have a set of N conserved quantities given by

GA(t) = Φi
Api − λAH − ΔA. (1.121)

This is the essential content of Noether’s theorem: For any continuous
symmetry of the system there is a conserved quantity (i.e. a conser-
vation law). Note that the theorem as proven does not apply to any
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transformation which cannot be expressed in the form of (1.103) and
(1.104). This includes all discrete symmetries, such as a reflection of coor-
dinates for example, since discrete symmetries cannot be written in a
form infinitesimally close to the identity.

1.5.2 Non-relativistic particle

We will now apply the general formalism of the previous subsection to
the case of a system of non-relativistic interacting particles. Assume that
the Ith particle has mass mI and position vector xI(t) at time t with
respect to some origin of coordinates which can be arbitrary. Take the
Lagrangian to be

L (t,xI(t), ẋI(t)) =
N∑

I=1

1
2

mI ẋ2
I(t) − V (t,xI(t)) . (1.122)

Here V (t,xI(t)) is the potential, which we assume depends at most on
the time and position of the particles. The action is

S [xI(t)] =
∫ t2

t1

dt

{
N∑

I=1

1
2

mI ẋ2
I(t) − V (t,xI(t))

}
, (1.123)

from which the equations of motion

mIẍI(t) = −∇IV (t,xI(t)) (1.124)

may be found by using Hamilton’s principle. (∇I denotes the gradient
with respect to xI .)

We will first look at invariance under a translation in time and show
how this is related to the conservation of energy. Let

t′ = t + δε, (1.125)
x′

I(t
′) = xI(t), (1.126)

with δε infinitesimal. Comparison with (1.103) shows that

λA = 1, (1.127)

Φi
A = 0. (1.128)

It is easy to see from (1.123) that

S [x′
I(t

′)] − S [xI(t)] � −
∫ t2

t1

dt δε
∂V (t,xI(t))

∂t
, (1.129)

if (1.125) and (1.126) are used.
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From the discussion leading up to (1.106) and (1.107), we will only
have (1.125) and (1.126), a symmetry of the equations of motion if the
integrand of (1.129) can be expressed as a total (rather than a partial)
time derivative. This can happen in two cases. The first is if V has no
dependence on the coordinates xI(t), so that the only time dependence
in V is an explicit dependence. A consequence of this is that V does
not affect the equations of motion (1.124) and the particles do not inter-
act, which is equivalent to taking V = 0. We may therefore specialize to
V = V (xI(t)) only, since V = 0 is a special case of this. If the poten-
tial has no explicit time dependence, then the right-hand side of (1.129)
vanishes and we have

ΔA = 0. (1.130)

The action is therefore form-invariant in this case. It is obvious from the
equations of motion (1.124) that they are only invariant under (1.125)
and (1.126) if ∂

∂tV = 0.
It is now a simple consequence of our general result (1.121) to link

invariance of the system of particles under an infinitesimal time trans-
lation to conservation of energy (just use (1.127), (1.128), (1.130) in
(1.121)). A necessary condition for conservation of energy to hold is that
the Lagrangian, and hence the Hamiltonian, have no explicit dependence
on the time. Admittedly, this is rather a long-winded and cumbersome
way to deduce the conservation of energy; nevertheless, it is gratifying
to see how it arises from the general framework embodied in Noether’s
theorem.

We turn next to invariance under an arbitrary translation of the spatial
coordinates specified by

t′ = t, (1.131)
x′

I(t
′) = xI(t) + δε. (1.132)

Note that this corresponds to a translation of the origin of the coor-
dinate system, so that the positions of all particles get shifted by the
same amount. This will only be a symmetry of the equations of motion
(1.124) if the potential is translationally invariant.17 The most important
case where this occurs is for potentials which only depend on the relative
distances between the particles:

V = V (t, |xI − xJ |) . (1.133)

17 It can have an explicit time dependence in this case.
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This includes particles under Newtonian gravity, and charged particles
with Coulomb interactions. Because |x′

I − x′
J | = |xI − xJ | under a trans-

lation of the coordinate axes, for potentials of the form (1.133) it is
easy to verify that the action is form-invariant, with ΔA vanishing as in
(1.130) again.

Using λA = 0 and ΦI = δε we find the conserved quantity

G(t) = δε ·
(

N∑
I=1

pI

)
, (1.134)

showing that the total momentum of the system is constant. This pro-
vides a link between an invariance under translational symmetry and the
conservation of momentum.

The next case we will look at is a symmetry transformation consisting
of an infinitesimal rotation of the coordinate axes. To make things as
simple as possible, we will adopt Cartesian coordinates in three spatial
dimensions, and pick the axis of rotation to be the z-axis. The situation
is pictured in Fig. 1.2.

x′
I = xI cos δε + yI sin δε � xI + δε yI , (1.135)

y′
I = yI cos δε − xI sin δε � −δε xI + yI , (1.136)

z′
I = zI , (1.137)
t′ = t. (1.138)

We again have λA = 0 since the time coordinate is unchanged. For
potentials of the form (1.133), because the rotation of coordinates does
not affect the relative distances between particles, the transformation

x' 
2

x'1

x 

2

x1

ε

Fig. 1.2 This shows the transformation obtained by a rotation of coordinate
axes by a finite angle ε about the z-axis in three spatial dimensions. We have
called x = x1 and y = x2 here. The infinitesimal rotation is obtained by setting
ε = δε.
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will be a symmetry of the equations of motion, and the action will
be form-invariant: ΔA = 0 again. From (1.120) the conserved quantity
corresponding to invariance under (1.135)–(1.138) is

G(t) =
N∑

I=1

δε
(
yIp

1
I − xIp

2
I

)
(1.139)

= −δε L3, (1.140)

where L3 is the z-component of the total angular momentum, and we
denote the x and y components of linear momentum by superscripts 1
and 2 respectively. Thus invariance under a rotation about the z-axis cor-
responds to conservation of the z-component of the angular momentum.
It should be obvious from this that invariance under a rotation about an
arbitrary axis will be linked to the conservation of angular momentum
about that axis.

One final symmetry transformation we wish to discuss is invariance
under Galilean transformations. This corresponds to the transformation

t′ = t, (1.141)
x′

I(t
′) = xI(t) − tδε, (1.142)

which represents relative motion between two sets of coordinate axes with
constant relative velocity δε, taken to be infinitesimal. For potentials of
the form (1.133), this will be a symmetry of the equations of motion
(1.124). The Galilean symmetry gives us our first case where the action
is not invariant under the transformation. It is easy to see, working to
first order in δε, that

S[x′
I ] − S[xI ] � −

∫ t2

t1

dt
N∑

I=1

mI δε · ẋI . (1.143)

Noting that

P =
N∑

I=1

mI ẋI (1.144)

is just the total momentum of the system, we see that the action is only
form-invariant if P = 0, which is not the case in general. However the
right-hand side of (1.143) can be expressed as a total time derivative, and
from comparison with (1.107) we have

ΔAδεA = −
N∑

I=1

mI δε · xI . (1.145)



1.5 Conservation laws and symmetries 31

The right-hand side of this expression has an interpretation as well, since

xcm =
1
M

N∑
I=1

mI xI (1.146)

is the position of the centre of mass of the system. Here M =
∑N

I=1 mI

is the total mass of the system. We can write

ΔAδεA = −Mδε · xcm. (1.147)

The conserved quantity under a Galilean transformation follows from
(1.120) as

G(t) = −
N∑

I=1

t δε · pI + Mδε · xcm

= δε · G,

where

G(t) = Mxcm − tP. (1.148)

If we use the constancy of P as implied by invariance under spatial trans-
lations, this shows that invariance under Galilean transformations implies
that the centre of mass moves with constant velocity given by

Vcm =
P
M

. (1.149)

Recognizing that ΔA �= 0, meaning that the action is not form-invariant
under a Galilean transformation, is crucial in obtaining the correct con-
servation law. In the special case where V = 0, meaning that we have a
system of free particles, it is easy to evaluate the action (1.123) exactly
and verify this. This is because (1.124) implies that the velocity of each
particle is constant, so we find

S =
N∑

I=1

mI |xI(t2) − xI(t1)|2
2(t2 − t1)

. (1.150)

This is manifestly invariant under a time translation, spatial translation,
and rotation of axes, but not under a Galilean transformation, since

x′
I(t2) − x′

I(t1) = xI(t2) − xI(t1) − (t2 − t1)δε.

Using

|x′
I(t2) − x′

I(t1)|2 � |xI(t2) − xI(t1)|2 − 2(t2 − t1)δε · [xI(t2) − xI(t1)] ,

it is easy to reproduce (1.143).
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1.5.3 Relativistic particle

In non-relativistic mechanics the Lagrangian L has always been taken as
the difference between the kinetic and the potential energies. However,
this may not always be the case as we will now see. We will consider the
relativistic free particle in this section. A brief review of special relativity
can be found in Appendix 2.

One way to proceed is to use the relativistic expressions for the energy
and momentum which are

E = γ mc2, (1.151)
p = γ mv, (1.152)

where

γ =
(

1 − v2

c2

)−1/2

, (1.153)

and m is the particle rest mass. We expect that the Hamiltonian for a
free particle should be the total energy E, so that

H = γ mc2 =
(
p2c2 + m2c4)1/2

(1.154)

where the second equality is obtained by solving (1.152) and (1.153) for
v = |v| in terms of p = |p|. The Lagrangian can be defined in terms of H
by the usual Legendre transformation

L = p · v − H

= γ mv2 − γ mc2

= −mc2
(

1 − v2

c2

)1/2

. (1.155)

Naively, we would have expected that L should equal the relativis-
tic kinetic energy T = (γ − 1)mc2, and it is clear that this is not the
case here. Note however that if v << c, then L in (1.155) becomes
L � −mc2 + 1

2mv2. Apart from the constant rest mass energy term, we
recover the non-relativistic result for the Lagrangian in this limit.

Another way to arrive at (1.155) is to require that

pi =
∂L

∂ẋi
, (1.156)

where pi are the components of the relativistic momentum which we have
defined in (1.152). Integration of (1.156) leads to (1.155), up to an additive
constant of integration. Since this constant of integration cannot affect
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the equation of motion, we can fix it how we like, and recover (1.155) by
choosing it to vanish.

Given the Lagrangian (1.155) we can form the action functional in
the usual way

S =
∫ t2

t1

dt L = −mc2
∫ t2

t1

dt

(
1 − v2

c2

)1/2

. (1.157)

Recalling the definition of the proper time interval

dτ = dt

(
1 − v2

c2

)1/2

, (1.158)

it is observed that

S = −mc2
∫ τ2

τ1

dτ. (1.159)

Hamilton’s principle states that the motion of the particle is such that
the proper time is stationary.

It is possible to obtain other equivalent forms for the action of a rel-
ativistic particle. If we use the definition of the proper time in terms of
the coordinate differentials

c2dτ2 = ημνdxμdxν, (1.160)

then we can choose

cdτ = [ημνdxμdxν]1/2
. (1.161)

Now let λ be any parameter along the particle’s worldline, so that we can
write xμ(λ) for the worldline.18 Then we have

cdτ =
[
ημν

dxμ

dλ

dxν

dλ

]1/2

dλ, (1.162)

and we see that (1.159) may be expressed as

S = −mc

∫ λ2

λ1

dλ

[
ημν

dxμ

dλ

dxν

dλ

]1/2

. (1.163)

In this form the action is seen to be invariant under an arbitrary change
λ → λ′ of the worldline parameter.19 Variation of (1.163) with respect

18 We assume that there is a 1-1 relationship between λ and τ .
19 If we choose λ = τ we recover (1.159).
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to xμ(λ), keeping the endpoints of the path fixed, results in the Euler–
Lagrange equation

d

dλ

{[
ημν

dxμ

dλ

dxν

dλ

]−1/2
dxσ

dλ

}
= 0. (1.164)

If we now identify λ = τ and use (1.160), this reduces to

d2xσ

dτ2 = 0, (1.165)

which is the equation of motion for a relativistic free particle.
There is another form for the action which is frequently used because

it does not have the square root present in (1.163):

S̃ = −1
2
m

∫ λ2

λ1

dλ ημν
dxμ

dλ

dxν

dλ
. (1.166)

This form for the action differs from (1.163) and is no longer invariant
under an arbitrary change λ → λ′ of the worldline parameter. When
using this form, the understanding is that we vary the path first with λ
arbitrary, and then set λ = τ at the end, so that (1.165) is regained.

We will now look at the invariance of the equations of motion for a
relativistic free particle and the associated conservation laws. Instead of
looking at time and spatial translations separately, in the spirit of special
relativity we will look at

x′μ(λ) = xμ(λ) + δεμ. (1.167)

The worldline parameter λ is analogous to the time in the non-relativistic
case of Section 1.5.2, and we keep it fixed here.20 Because dx′μ = dxμ

under (1.167), the action (1.163) is form-invariant, and we have ΔA = 0.
The conserved quantity corresponding to invariance under the spacetime
translation (1.167) is seen to be

G(λ) = δεμ ∂L

∂ (dxμ/dλ)
. (1.168)

With the Lagrangian in (1.163) we find

∂L

∂ (dxμ/dλ)
= −mc

[
ηαβ

dxα

dλ

dxβ

dλ

]−1/2

ημν
dxν

dλ
. (1.169)

20 It is easy to see that under the infinitesimal translation λ′ = λ + δε, Noether’s
theorem applied to (1.163) does not give any new conservation law.
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Identification of λ = τ reduces the right-hand side to give

∂L

∂ (dxμ/dλ)
= −mημν

dxν

dλ
. (1.170)

It is conventional to define the 4-velocity Uμ by

Uμ =
dxμ

dτ
, (1.171)

and the 4-momentum Pμ by

Pμ = mUμ. (1.172)

The conservation of 4-momentum is therefore linked to the invariance
under a spacetime translation. Note that

P 0 = m
dx0

dτ

= mc
dt

dτ
= γ mc (1.173)
= E/c, (1.174)

where E = γ mc2 is the total energy of the particle. The spatial compo-
nents of the 4-momentum are

P i = m
dxi

dτ

= m
dt

dτ

dxi

dt
= γ mvi (1.175)

corresponding to the relativistic momentum in (1.152). Thus conservation
of both energy and momentum are subsumed in the single conservation
law for 4-momentum.

For the non-relativistic particle we showed that conservation of angu-
lar momentum was linked to invariance under rotations of the axes. The
analogous symmetry here is invariance under Lorentz transformations.
The general form for the Lorentz transformation is

x′μ = Lμ
νxν, (1.176)

with

ηαβ = Lμ
αLν

βημν. (1.177)
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We will specify an infinitesimal Lorentz transformation by

Lμ
ν = δμ

ν + δεμ
ν, (1.178)

where δεμ
ν are the infinitesimal parameters of the transformation. Sub-

stitution of (1.178) into (1.177) leads to

ηαβ = (δμ
α + δεμ

α) (δν
β + δεν

β) ημν

� δμ
αδν

βημν + δμ
αδεν

βημν + δεμ
αδν

βημν

= ημν + δεν
βηαν + δεμ

αημβ, (1.179)

if we work only to first order in δεμ
ν. We may use the definition of the

metric tensor as an index lowering operator to write δεμ
αημβ as δεβα.

This leaves us with

0 = δεαβ + δεβα, (1.180)

from (1.179). If we regard δεαβ as the components of a matrix, (1.180)
shows that this matrix is antisymmetric. In the spacetime with D spatial
dimensions (so the spacetime is (D+1)-dimensional), there are 1

2D(D+1)
independent parameters (corresponding to the number of independent
components of a (D + 1) × (D + 1) antisymmetric matrix). The fact that
δεαβ is antisymmetric will prove important later on.

Our symmetry transformation is therefore

x′μ = xμ + δεμ
νxν, (1.181)

corresponding to an infinitesimal Lorentz transformation. The action is
invariant under this transformation in either the form (1.163) or (1.166).
Thus we have ΔA = 0 in the expression of Noether’s theorem. (We also
have λA = 0 here.) The conserved quantity under the transformation
(1.181) is, from (1.120) and (1.170),

G(τ) = −δεμ
νxνPμ

=
1
2
δεμνLμν (1.182)

where

Lμν = xμP ν − xνPμ. (1.183)

We can conclude that Lμν is a conserved quantity. It is important to
use the fact that δεαβ = −δεβα here meaning that only the antisymmet-
ric part of xνPμ in G(τ) contributes to the summation over the dummy
indices in (1.182).

If we compare the conserved quantity (1.183) with the analogous
expression (1.139, 1.140) for the conservation law under spatial rotations
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for the non-relativistic case, there is seen to be a similarity. In fact if
we take μ and ν in (1.183) to be spatial indices (as opposed to a time
index), then Lij = xiP j − xjP i is precisely the relativistic expression for
the angular momentum.21 The L0i component is clearly

L0i = ct P i − xi E

c
, (1.184)

using x0 = ct, P 0 = E/c. We already know that E and P i are constant,
so the constancy of L0i shows that

dxi

dt
= c2 P i

E
(1.185)

which relates the velocity to the momentum and energy. If we use (1.173)
and (1.175), it is easily seen that (1.185) holds. There is a resemblance
between the conserved quantity (1.184) and the result we found for
the non-relativistic particle corresponding to a symmetry under Galilean
transformations (see (1.148)). This can be furthered if we consider a sys-
tem of relativistic particles. To avoid confusion with spatial indices, we
will again label the different particles with capital Latin letters. Sup-
pose we have N particles of rest of masses mI with spatial positions xi

I ,
with I = 1, 2, . . . , N labelling the different particles. Invariance under an
arbitrary spacetime translation22

x′μ
I = xμ

I + δεμ, (1.186)
shows that

Pμ =
N∑

I=1

Pμ
I (1.187)

is conserved, where Pμ
I is the 4-momentum of the Ith particle. Invariance

under an infinitesimal Lorentz transformation

x′μ
I = xμ

I + δεμ
νxν

I , (1.188)
leads to

Lμν =
N∑

I=1

Lμν
I (1.189)

21 For D different from 3, the angular momentum is specified by a tensor, rather than
a vector. For D = 3 there are three independent components L12, L23, and L31

which can be identified as three components of a vector, corresponding to the vector
cross-product x × P.

22 x0
I = ct is independent of I since we are recording the particle positions at a given

time for a single observer.
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as the conserved quantity, where

Lμν
I = xμ

I P ν
I − xν

IPμ
I , (1.190)

is the angular momentum tensor for the Ith particle as in (1.183). Now

L0i =
N∑

I=1

(
ctP i

I − xi
I

EI

c

)
(1.191)

is constant. We can define something like the centre of mass in the
non-relativistic case by

xi
cm =

1
E

N∑
I=1

xi
IEI . (1.192)

(Note that E =
∑N

I=1 EI is the total energy.) It is more correct to call
xi

cm the centre of energy here, rather than the centre of mass. With this
definition we find

L0i = ct P i − E

c
xi

cm (1.193)

to be constant. Using the constancy of the total energy E and the total
momentum P i we obtain

dxi
cm

dt
= c2 P i

E
. (1.194)

This is the relativistic generalization of (1.149). Note that if vI << c,
where vI is the speed of the Ith particle, then

E =
N∑

I=1

mIc
2
(

1 − v2
I

c2

)−1/2

� Mc2,

where M is the total rest mass of the system. The relativistic result,
following from invariance under infinitesimal Lorentz transformations,
therefore reduces to (1.149) in the non-relativistic limit.23

Notes

The material presented in this chapter provides only a bare outline of
the basics of classical mechanics needed for an understanding of field

23 Note that the centre of energy reduces to the centre of mass if vI << c.
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theory. There are many excellent textbooks on classical mechanics, but
my two favourites are Goldstein (1950) and Lanczos (1971). A particu-
larly good discussion of the Hamilton–Jacobi equation is given in Lanczos
(1971). Our treatment of invariance of the Poisson bracket under canoni-
cal transformations in Section 1.4.3 does not make use of the introduction
of Lagrange brackets as an alternative to Goldstein (1950) and Lanczos
(1971). A good reference for Noether’s theorem is Hill (1951).
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Action principle in classical field theory

2.1 Continuous systems

So far we have been concerned with a single point particle moving in
some potential. The extension to a system of point particles is fairly
obvious since for non-interacting particles the energy is additive. This
means that in the absence of interactions the total Lagrangian, or Hamil-
tonian, is obtained simply by summing over the individual Lagrangians
or Hamiltonians. If Li is the Lagrangian for the ith particle on its own,
then L =

∑
i Li, with a similar result for the Hamiltonian. In classical

field theory we are concerned with a continuous distribution of mass
and energy. For example, the electromagnetic field of a point charge (the
Coulomb field) extends over all space. We can describe such a system
using a Lagrangian or Hamiltonian framework. To begin with, our initial
model will be a one-dimensional vibrating string.

Consider a string of total length � with ends fixed at x = 0 and x = �.
Assume that the string undergoes a small displacement from equilibrium
in such a way that the tension in the string remains constant. Focus atten-
tion on a small element of string of length ds at a given time t. By taking
ds arbitrarily small, the small segment of string can be considered as a
straight line segment. Let ψ(x, t) and ψ(x+dx, t) be the displacements of
the two ends of the segment at the given time t. The situation is pictured
in Fig. 2.1.

The Pythagorean theorem gives

ds =
{

dx2 + [ψ(x + dx, t) − ψ(x, t)]2
}1/2

�
{

1 +
[
∂ψ(x, t)

∂x

]2}1/2

dx, (2.1)

if we expand ψ(x + dx, t) � ψ(x, t) + [∂ψ(x, t)/∂x]dx and work to first
order in the small quantity dx.

40
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ds

x + d xx

ψ (x, t)

ψ (x + d x, t)

Fig. 2.1 This depicts the displacement of an infinitesimal element of string. For
small displacements of the string from equilibrium the motion will be transverse
to the direction of the length. If dx is the length of a small element when the
string is at rest, ds represents the length of the stretched element.

The kinetic energy of the element of string is

dT =
1
2
dm

(
∂ψ

∂t

)2

, (2.2)

where dm is the mass of the element and ∂ψ/∂t is its velocity.1 Let
dm = ρ(x)dx with ρ(x) the mass per unit length. The total kinetic energy
of the string is obtained by adding up the contribution from each little
element over the whole length of the string:

T =
∫ �

0

1
2
ρ(x)

[
∂ψ(x, t)

∂t

]2
dx. (2.3)

The potential energy may be evaluated by considering the work done
against the tension τ in increasing the length of the string from dx to ds.
This results in an increase in potential energy of

dV = τ(ds − dx)

= τ

⎧⎨⎩
[
1 +

(
∂ψ

∂x

)2
]1/2

− 1

⎫⎬⎭ dx (using (2.1))

� 1
2
τ

(
∂ψ

∂x

)2

dx, (2.4)

1 Because we are only assuming small displacements of the string from the equilibrium
position, the velocity should be perpendicular to the x-axis.
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if we expand in powers of the small displacement ψ. The total potential
energy is obtained by integrating the infinitesimal contribution in (2.4)
over the whole length of the string:

V =
∫ �

0

1
2
τ

(
∂ψ

∂x

)2

dx. (2.5)

The Lagrangian is therefore given as the difference between the kinetic
energy (2.3) and the potential energy (2.5):

L = T − V =
∫ �

0
dx

1
2

[
ρ

(
∂ψ

∂t

)2

− τ

(
∂ψ

∂x

)2
]

. (2.6)

We will now use Hamilton’s principle to show that we obtain the wave
equation.

The action functional is, using the basic definition (1.15) along with
(2.6),

S[ψ] =
∫ t2

t1

dt L =
1
2

∫ t2

t1

dt

∫ �

0
dx

[
ρ

(
∂ψ

∂t

)2

− τ

(
∂ψ

∂x

)2
]

, (2.7)

which is regarded as a functional of the string displacement ψ(x, t). If
we vary S with respect to ψ, we have

δS = S[ψ + δψ] − S[ψ],

=
∫ t2

t1

dt

∫ �

0
dx

[
ρ
∂ψ

∂t
δ

(
∂ψ

∂t

)
− τ

∂ψ

∂x
δ

(
∂ψ

∂x

)]
. (2.8)

Here δψ represents the variation in the displacement of the string and we
work to first order in δψ. We will require that

δψ(x, t1) = 0 = δψ(x, t2), (2.9)

which expresses that the initial and final displacements of the varied
string configuration are the same as the original string, and also that

δψ(0, t) = 0 = δψ(�, t), (2.10)

to ensure that the varied displacement of the string has the same two
endpoints as the original displacement. In order to work out δ (∂ψ/∂t)
we note that it is just the difference in velocity between the varied
displacement ψ + δψ and the original displacement ψ. Thus we have

δ

(
∂ψ

∂t

)
=

∂

∂t
(ψ + δψ) − ∂

∂t
ψ

=
∂

∂t
δψ. (2.11)
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A similar procedure applied to the partial derivative of ψ with respect to
x gives

δ

(
∂ψ

∂x

)
=

∂

∂x
δψ. (2.12)

Using (2.11) and (2.12) in (2.8) results in

δS =
∫ t2

t1

dt

∫ �

0
dx

(
ρ
∂ψ

∂t

∂

∂t
δψ − τ

∂ψ

∂x

∂

∂x
δψ

)
.

If we integrate by parts and use (2.9) and (2.10) we obtain

δS =
∫ t2

t1

dt

∫ �

0
dx

(
−ρ

∂2ψ

∂t2
+ τ

∂2ψ

∂x2

)
δψ. (2.13)

Since this must vanish for arbitrary δψ (apart from the restrictions in
Eqs (2.9) and (2.10)), we find the equation of motion

ρ
∂2ψ

∂t2
= τ

∂2ψ

∂x2 . (2.14)

This can be recognized as the one-dimensional wave equation.
The generalization from one to many spatial dimensions is straight-

forward. Let Σ be any bounded region of R
D (i.e. Σ is any region of

D-dimensional Euclidean space which has a boundary). If we let dσx rep-
resent the volume element for Σ, which if we used Cartesian coordinates
would be simply dσx = dDx, then we define

S[ψ] =
1
2

∫ t2

t1

dt

∫
Σ

dσx

[
ρ

(
∂ψ

∂t

)2

− τ |∇ψ|2
]

. (2.15)

The physical interpretation of this action is that it represents a vibrating
membrane fixed on the boundary of the region Σ with ψ the displace-
ment of the membrane from equilibrium. It is not difficult to show that
Hamilton’s principle leads to the wave equation in D spatial dimensions:

ρ
∂2ψ

∂t2
= τ∇2ψ. (2.16)

2.2 Lagrangian and Hamiltonian formulation for continuous
systems

In this section we wish to develop the general procedure for dealing with
continuous systems described by a field variable ψ(t,x). Instead of deal-
ing with a Lagrangian, it is sometimes more convenient to deal with a
Lagrangian density L defined by
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S =
∫ t2

t1

dt

∫
Σ

dσx L. (2.17)

Again we are using Σ to denote any region of R
D, possibly with bound-

ary, and dσx to be the volume element for this region. The relationship
between the Lagrangian L(t) and Lagrangian density L(t ,x) is

L(t) =
∫

Σ
dσx L(t ,x). (2.18)

For example, for the one-dimensional string whose Lagrangian was
given in (2.6) we have Σ given by the closed line interval 0 ≤ x ≤ �, with
� the equilibrium length of the string. The boundary of Σ in this case
consists of the two points representing the ends of this interval: x = 0
and x = �. The Lagrangian density is

L =
1
2
ρ

(
∂ψ

∂t

)2

− 1
2
τ

(
∂ψ

∂x

)2

.

for the one-dimensional string.
In general we will be interested in a Lagrangian density L which

depends on ψ, ∂ψ/∂t and ∇ψ, so that

S[ψ] =
∫ t2

t1

dt

∫
Σ

dσx L
(

ψ,
∂

∂t
ψ, ∇ψ

)
. (2.19)

The Lagrangian density may also have an explicit dependence on the time
or the spatial coordinates but we do not indicate this explicitly. There are
many cases of physical interest in which the Lagrangian density depends
upon more than just the first time or spatial derivatives of ψ, but as this
is not the case usually dealt with in quantum field theory we will not
consider this further here.

If we vary (2.19) with respect to ψ we find

δS =
∫ t2

t1

dt

∫
Σ

dσx

[
∂L
∂ψ

δψ +
∂L
∂ψ̇

δψ̇ +
∂L

∂(∂iψ)
δ(∂iψ)

]
. (2.20)

Here ∂i is shorthand for the partial derivative with respect to xi. We
may use δψ̇ = (∂/∂t)δψ and δ(∂iψ) = ∂iδψ as in (2.11) and (2.12). After
performing an integration by parts using the facts that δψ is fixed on the
boundary of the region Σ and that the initial and final configurations are
fixed (see (2.9) and (2.10) for the one-dimensional string), we find

δS =
∫ t2

t1

dt

∫
Σ

dσx

{
∂L
∂ψ

− ∂

∂t

(
∂L
∂ψ̇

)
− ∂i

[
∂L

∂(∂iψ)

]}
δψ. (2.21)
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Hamilton’s principle of stationary action leads to the Euler–Lagrange
equation

0 =
∂L
∂ψ

− ∂

∂t

(
∂L
∂ψ̇

)
− ∂i

[
∂L

∂(∂iψ)

]
. (2.22)

It is easily verified that when this result is applied to the one-dimensional
string the wave equation (2.14) is regained.

In order to apply the Hamiltonian formalism we must be able first to
define the notion of momentum for a continuous field variable. By com-
plete analogy with the definition (1.21) in point particle mechanics define

π(x, t) =
∂L

∂ψ̇(x, t)
, (2.23)

to be the momentum canonically conjugate to ψ. As in Section 1.3, we will
assume that we are able to solve this for ψ̇(t,x) in terms of ψ(t,x), the
spatial derivatives ∇ψ(t,x) of ψ, and π(t,x). The Hamiltonian density
H(t,x) may be defined by

H(t,x) = π(t,x)ψ̇(t,x) − L(t,x). (2.24)

This, like (1.22) for point-particle mechanics, involves a Legendre trans-
formation. We can regard the Hamiltonian density as a function of ψ(t,x),
∇ψ(t,x), and π(t,x).

The action functional in Hamiltonian form reads

S[ψ, π] =
∫ t2

t1

dt

∫
Σ

dσx

[
π(t,x)ψ̇(t,x) − H(t,x)

]
. (2.25)

As was the case for the Hamiltonian form of point-particle classical
mechanics in Section 1.3, the action is regarded as a functional of the
basic variable ψ and its conjugate momentum π which are treated inde-
pendently. With H depending on ψ, ∇ψ, and π, taking the variation of
(2.25) with independent variations ψ and π, we find

δS =
∫ t2

t1

dt

∫
Σ

dσx

[
δπψ̇ + πδψ̇ − ∂H

∂ψ
δψ − ∂H

∂π
δπ − ∂H

∂(∂iψ)
δ(∂iψ)

]
.

After the usual integrations by parts, setting the terms multiplying the
variations δψ and δπ separately to zero results in

ψ̇ =
∂H
∂π

, (2.26)

π̇ = −∂H
∂ψ

+ ∂i

[
∂H

∂(∂iψ)

]
. (2.27)
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These two equations are the Hamiltonian equations of motion for a theory
described by a continuous field variable, and are the direct generalization
of (1.23) and (1.24) for point-particle mechanics.

Before proceeding with a final development it may be helpful to illus-
trate the formalism for the one-dimensional string considered earlier. The
Lagrangian density is

L =
1
2
ρ(ψ̇)2 − 1

2
τ(ψ′)2, (2.28)

where we have abbreviated ψ′ as the partial derivative of ψ with respect
to x. It is easy to see that

∂L
∂ψ

= 0,
∂L
∂ψ̇

= ρψ̇,
∂L
∂ψ′ = −τψ′.

The Euler–Lagrange equation follows directly from (2.22) as

0 = −ρ
∂2ψ

∂t2
+ τ

∂2ψ

∂x2 ,

which is recognized as the one-dimensional wave equation in agreement
with (2.14) found earlier. The momentum π conjugate to ψ is

π =
∂L
∂ψ̇

= ρψ̇,

from the definition (2.23). This is easily solved for ψ̇ = π/ρ. The Hamil-
tonian density H is found using (2.24) and eliminating ψ̇ in favour of π.
The result of this is

H =
1
2ρ

π2 +
1
2
τ

(
∂ψ

∂x

)2

, (2.29)

which can be recognized as the energy density of the string. Finally we
may compute the Hamiltonian equations of motion using (2.26) and (2.27)
to be

ψ̇ =
∂H
∂π

=
1
ρ
π,

π̇ = −∂H
∂ψ

+
∂

∂x

(
∂H
∂ψ′

)
= τ

∂2ψ

∂x2 . (2.30)

These two equations, which are first order in time derivatives, are equiv-
alent to the wave equation (2.14).
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Many cases we will deal with involve relativistic field theories; that is,
field theories invariant (or covariant) under the Lorentz spacetime trans-
formations of special relativity. The basic concepts of special relativity
needed for this book are summarized in Appendix 2. For such theories
we can obtain the Lagrangian formulation in a relativistically covariant
manner. Let xμ where μ = 0, 1, 2, . . . , D be the spacetime coordinates of
Minkowski spacetime. Here x0 = ct. It is convenient to adopt units in
which the speed of light c = 1, so that x0 = t. This means that time is
measured in units of length with 1 second of time corresponding to about
3 × 108 m. Factors of c in any expression can always be restored later by
dimensional analysis. Let ϕI(t,x) where I = 1, 2, . . . , N denote a set of N
real-valued field variables. The Lagrangian density L is taken to depend
on ϕI and the spacetime derivatives ∂μϕI :

L = L
[
ϕI(x), ∂μϕI(x)

]
. (2.31)

Here we are using the standard notation ∂μ = ∂/∂xμ. The argument x
of ϕI stands for the complete set xμ of all spacetime coordinates. The
action functional is

S[ϕI(x)] =
∫ t2

t1

dt

∫
Σ

dσxL
[
ϕI(x), ∂μϕI(x)

]
. (2.32)

L may have an explicit dependence on x, but we do not indicate this. The
action, like the Lagrangian density, should be real. In addition, under the
Lorentz transformations of special relativity it should transform like a
scalar. Application of Hamilton’s principle of stationary action to (2.32)
leads to, after manipulations that should now be familiar,

0 =
∂L

∂ϕI(x)
− ∂μ

{
∂L

∂[∂μϕI(x)]

}
. (2.33)

These are the Euler–Lagrange equations in covariant form, which could
have been deduced from (2.22). The momentum conjugate to ϕI is defined
by

πI(x) =
∂L

∂ϕ̇I(x)
, (2.34)

exactly as in (2.23). The Hamiltonian density H is

H(x) = πI(x)ϕ̇I(x) − L(x). (2.35)

Note that we are using the summation convention here with the repeated
index I summed over the range 1, 2, . . . , N . We will elaborate on the case
of relativistic field theory in the next section, and illustrate the formalism
with examples.
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2.3 Some examples

2.3.1 Real scalar field

Let ϕ(x) be a real-valued function of the spacetime coordinates. By defin-
ing ϕ(x) to be a scalar field we mean that under a Lorentz transformation
characterized by

x′μ = Lμ
νxν + aμ, (2.36)

where Lμ
ν and aμ are constants, we have

ϕ′(x′) = ϕ(x). (2.37)

This means that when the field is written in terms of the new coordi-
nates x′μ to obtain ϕ′(x′), the field is identical to the original value ϕ(x)
expressed in terms of the original coordinates xμ. This is the simplest
possibility for a transformation of the field. Our sign convention for the
metric tensor is that in Cartesian coordinates

ημν = diag(+1,−1,−1, . . . ,−1), (2.38)

where by diag we mean a diagonal matrix with the components indi-
cated in (2.38) down the diagonal and zero components elsewhere. A brief
review of special relativity can be found in Appendix 2.

The Lagrangian density for a real scalar field ϕ(x) will be defined to be

L =
1
2
ημν∂μϕ∂νϕ − 1

2
m2ϕ2 − U(ϕ), (2.39)

where m is a constant and U(ϕ) is some function of ϕ, usually taken
to be a polynomial. The constant m is called the ‘mass of the field’, an
interpretation which will be justified later. If we use the explicit form of
ημν given in (2.38) it is seen that

L =
1
2
ϕ̇2 − 1

2
|∇ϕ|2 − 1

2
m2ϕ2 − U(ϕ). (2.40)

Comparing this Lagrangian density with that for the vibrating string in
(2.15) it can be seen that the real scalar field theory is a relativistic gen-
eralization of the string. L as expressed in (2.39) is manifestly invariant
under a Lorentz transformation (i.e. L′(x′) = L(x)).

The Euler–Lagrange equations are easily evaluated using (2.33). If we
note that

∂L
∂(∂μϕ)

= ημν∂νϕ and
∂L
∂ϕ

= −m2ϕ − U ′(ϕ),
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we find the equation of motion

0 = −m2ϕ − U ′(ϕ) − ημν∂μ∂νϕ.

It is conventional to define the d’Alembertian, or wave operator, � by

� = ημν∂μ∂ν =
∂2

∂t2
− ∇2. (2.41)

The equation of motion for the real scalar field can be written in terms
of the d’Alembertian as

0 = (� + m2)ϕ + U ′(ϕ). (2.42)

If the potential U(ϕ) is set to zero, we obtain the Klein–Gordon equation

0 = (� + m2)ϕ, (2.43)

which describes a free scalar field. The momentum conjugate to ϕ follows
from the general definition in (2.34). Using (2.40) for L we find

π =
∂L
∂ϕ̇

= ϕ̇. (2.44)

The Hamiltonian density may be computed from (2.35) to be

H =
1
2
π2 +

1
2

|∇ϕ|2 +
1
2
m2ϕ2 + U(ϕ). (2.45)

2.3.2 Complex scalar field

Let Φ(x) denote a complex-valued function of the spacetime coordinates
which transforms like a scalar under the Lorentz transformation (2.36).
Explicitly we have Φ′(x′) = Φ(x). Because Φ(x) is a complex number we
can always decompose it into its real and imaginary parts. Define

Φ(x) =
1√
2

[ϕ1(x) + iϕ2(x)] , (2.46)

where ϕ1(x) and ϕ2(x) are independent real scalar fields representing the
real and imaginary parts of Φ. The factor of 1/

√
2 in (2.46) is a normal-

ization factor included for later convenience. If we ignore the potential
term U(ϕ) in the real scalar field Lagrangian density considered in (2.39),
a natural choice for the Lagrangian density for the complex scalar field is

L = L1 + L2,
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where L1 and L2 are the Lagrangian densities for real scalar fields ϕ1
and ϕ2:

L1,2 =
1
2
ημν∂μϕ1,2∂νϕ1,2 − 1

2
m2ϕ2

1,2.

When written in terms of the complex field Φ, it is easy to show that

L = ημν∂μΦ∗∂νΦ − m2Φ∗Φ. (2.47)

Note that by choosing the mass term m2 to be the same for both the real
and imaginary parts ϕ1 and ϕ2 we ensured that the Lagrangian density
was real. The factor of 1/

√
2 in (2.46) meant that no numerical factors

occurred in the terms of (2.47).
When computing the Euler–Lagrange equations we can treat δΦ and

δΦ∗ as independent variations. This is because the real and imaginary
parts of Φ can be varied independently. From (2.47) we find

∂L
∂Φ∗ = −m2Φ and

∂L
∂(∂μΦ∗)

= ημν∂νΦ,

which gives

(� + m2)Φ = 0. (2.48)

In a similar way

∂L
∂Φ

= −m2Φ∗ and
∂L

∂(∂μΦ)
= ημν∂νΦ∗,

which gives

(� + m2)Φ∗ = 0. (2.49)

These two equations of motion could also have been obtained from the
fact that ϕ1 and ϕ2 each satisfy the Klein–Gordon equation (2.43).

The momentum conjugate to Φ is

Π =
∂L
∂Φ̇

= Φ̇∗. (2.50)

The momentum conjugate to Φ∗ is

Π∗ =
∂L
∂Φ̇∗

= Φ̇. (2.51)

The Hamiltonian density is

H = ΠΦ̇ + Π∗Φ̇∗ − L
= Π∗Π + (∇Φ∗) · (∇Φ) + m2Φ∗Φ. (2.52)
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2.3.3 Schrödinger field

The Schrödinger equation is (with � = 1)

− 1
2m

∇2Ψ + V (x, t)Ψ = i
∂

∂t
Ψ. (2.53)

Here V (x, t) represents an arbitrary potential which may be time depen-
dent. The Schrödinger field Ψ is a complex valued function of t and x.
As for the complex scalar field, we can treat Ψ and its complex conjugate
Ψ∗ as independent when performing variations. A suitable Lagrangian
density which gives rise to (2.53) and its complex conjugate under inde-
pendent variations of Ψ and Ψ∗ is

L =
i

2

(
Ψ∗Ψ̇ − Ψ̇∗Ψ

)
− 1

2m
(∇Ψ∗) · (∇Ψ) − V Ψ∗Ψ, (2.54)

which is manifestly real (i.e. L∗ = L).
The momentum canonically conjugate to Ψ is

Π =
∂L
∂Ψ̇

=
i

2
Ψ∗. (2.55)

The momentum canonically conjugate to Ψ∗ is

Π∗ =
∂L
∂Ψ̇∗

= − i

2
Ψ. (2.56)

This situation is quite unlike the case for the complex relativistic field.
Here Π and Π∗ are just simple multiples of the basic field variables Ψ and
Ψ∗. This should not be surprising for the reader who has understood the
passage from the Lagrangian to Hamiltonian description. The momen-
tum was introduced as a device for obtaining equations of motion which
were first order in time. However the Schrödinger equation is already first
order in time. We will see that a similar situation occurs for the Dirac
field, describing a relativistic electron, in Section 2.8.

The Hamiltonian density is

H = ΠΨ̇ + Π∗Ψ̇∗ − L
=

i

2

(
Ψ∗Ψ̇ − Ψ̇∗Ψ

)
− L

=
1

2m
(∇Ψ∗) · (∇Ψ) + V Ψ∗Ψ. (2.57)

The Hamiltonian is

H(t) =
∫

Σ
dσxH =

∫
Σ

dσxΨ∗
(

− 1
2m

∇2 + V

)
Ψ, (2.58)
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if we perform an integration by parts. In wave mechanics this is inter-
preted as the expectation value of the Hamiltonian operator. Thus, wave
mechanics can be viewed as an example of a classical field theory.2

2.3.4 The Maxwell field

The usual form for Maxwell’s equations of electromagnetism is (in SI
units)

∇·E =
1
ε0

ρ, (2.59)

∇·B = 0, (2.60)

∇ × E = − ∂

∂t
B, (2.61)

∇ × B = μ0J +
1
c2

∂

∂t
E, (2.62)

where ε0μ0 = c−2. These equations are valid for free space in the presence
of the sources ρ (the charge density) and J (the current density). We will
choose units, as usual, with c = 1, which implies ε0μ0 = 1. In addition it
is advantageous to adopt Heaviside–Lorentz rationalized units in which
ε0 = 1 and μ0 = 1. This removes all dependence on the constants ε0 and
μ0 from the Maxwell equations.

Rather than dealing directly with E and B, a Lagrangian description
is simpler if the potentials Φ and A defined by

E = −∇Φ − ∂

∂t
A, (2.63)

B = ∇ × A, (2.64)

are used. These potentials may be combined into a 4-vector Aμ = (Φ,A).
In a similar way we may form a 4-vector Jμ = (ρ,J) which is called the
current density 4-vector. By lowering the spacetime index using Aμ =
ημνAν, with our choice of metric (2.38) we have Aμ = (Φ,−A), and sim-
ilarly Jμ = (ρ,−J). A second-rank antisymmetric tensor Fμν, called the
‘field-strength tensor’, may be defined by

Fμν = ∂μAν − ∂νAμ. (2.65)

2 Using the word classical to describe wave mechanics may lead to some confusion.
From the viewpoint of quantum field theory, because the wave function is a function,
rather than an operator, wave mechanics is a classical field theory. To avoid this con-
fusion, proceeding from classical mechanics to wave mechanics is sometimes called
‘first quantization’, and proceeding from wave mechanics to quantum field theory
(where the wave function becomes a field operator) is called ‘second quantization’.
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In terms of the original E and B fields the components of Fμν are easily
seen to be

Fμν =

⎛⎜⎜⎝
0 E1 E2 E3

−E1 0 −B3 B2
−E2 B3 0 −B1
−E3 −B2 B1 0

⎞⎟⎟⎠ . (2.66)

The contravariant components are found using Fμν = ημαηνβFαβ. The
Maxwell equations (2.59)–(2.62) may be summarized as

∂νFμν = −Jμ, (2.67)

(and the definition of Fμν in (2.65)).
An important point is that the potential Aμ is not uniquely defined

by a given electromagnetic field. This is clear from the definition (2.65)
where it can be seen that A′

μ is given by

A′
μ = Aμ + ∂μθ, (2.68)

and Aμ give rise to the same field-strength Fμν for any function θ. This
is an example of a gauge transformation which will be discussed in more
detail later.

So far we have been concerned with the theory of electromagnetism in
the usual three-dimensional space. It is possible to define a theory of elec-
tromagnetism in an arbitrary dimension in a straightforward and simple
manner by adopting (2.65) and (2.67) as the definition of the theory. As
in three spatial dimensions, we can call F0i the components of the electric
field vector. The components Fij with i �= j define the magnetic field.
In D spatial dimensions Fij is a D × D antisymmetric tensor, and it is
not possible to describe the magnetic field as a vector for general D. (For
example, if D = 2 then Fij has only a single independent component F12,
since the other non-zero component F21 = −F12. But a vector in D = 2
has two independent components, not one.) Only for D = 3 can the mag-
netic field be described by a vector field. This is easy to see by considering
the number of independent components of Fij. (The components of the
vector can be identified with F32, F13, and F21 when D = 3.)

The classical action functional for the electromagnetic field may be
taken to be

S[A] =
∫ t2

t1

dt

∫
Σ

dσx

(
−1

4
FμνFμν − JμAμ

)
. (2.69)

It is easy to show that (2.67) is recovered if S[A] is varied with respect
to Aμ with the definition (2.65) used. It can be noted from (2.66) that
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FμνFμν = −2(E2 −B2). It also follows that under the gauge transforma-
tion (2.68)

S[A′] = S[A] −
∫ t2

t1

dt

∫
Σ

dσxJμ∂μθ.

If the last term above is integrated by parts we find

S[A′] = S[A] +
∫ t2

t1

dt

∫
Σ

dσxθ∂μJμ.

Since Jμ is the 4-current density, ∂μJμ = 0 is guaranteed by the conser-
vation of charge. The classical action functional (2.69) is therefore gauge
invariant.3

2.4 Functional differentiation and Poisson brackets for field
theory

In the classical mechanics of a point particle we described the motion
using a generalized coordinate qi(t). In field theory we used ϕI(x). We can
therefore think of the following correspondence between point-particle
mechanics and classical field theory:

qi(t) ⇐⇒ ϕI(t,x), (2.70)
i ⇐⇒ (I,x). (2.71)

In addition we had a metric tensor, which for Cartesian coordinates was
δij. If we take the correspondence between indices in (2.71) seriously, then
there should be a counterpart of the metric tensor in field theory. Because
one of the labels on the right-hand side of (2.71) involves the continu-
ous spatial coordinate x, we need to use the Dirac delta distribution in
place of the Kronecker delta. We will define the Dirac delta distribution
δ(x,x′) by ∫

Σ
dσx′δ(x,x′)f(x′) = f(x), (2.72)

for any function f(x) defined on Σ. Because the left-hand side of (2.72)
involves an integral of f(x) over the whole of Σ, and the right-hand side
involves only the value of f(x) at the single point x, we can think of
δ(x,x′) as being zero everywhere except at the single point x = x′. It is
in this sense that the Dirac delta distribution is the analogue of the Kro-
necker delta for continuous variables. Strictly speaking, δ(x,x′) is only

3 In curved spacetime, or if non-Cartesian coordinates are used in flat spacetime, it is
easy to show that the covariant divergence of Jμ is obtained.
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defined when it occurs inside an integral, although in physics we often
write it alone. We have been careful not to use the terminology ‘function’
to describe δ(x,x′), since it is not really a function at all, but rather is
an object referred to as a distribution. We will add the correspondence

δij ⇐⇒ δIJδ(x,x′) (2.73)

to (2.70) and (2.71).
There are many ways to represent the Dirac delta distribution. One of

the most useful for field theory involves the use of Fourier transforms.
Take the case Σ = R

D here and use Cartesian coordinates so that dσx =
dDx. The Fourier transform of the function f(x) is defined to be f̃(p)
where

f(x) =
∫

dDp

(2π)D
eip·xf̃(p). (2.74)

The inverse Fourier transform is

f̃(p) =
∫

dDx′ e−ip·x′
f(x′). (2.75)

If we now substitute for f̃(p) in (2.74) using (2.75) we obtain

f(x) =
∫

dDp

(2π)D
eip·x

∫
dDx′ e−ip·x′

f(x′)

=
∫

dDx′
[∫

dDp

(2π)D
eip·(x−x′)

]
f(x′).

Comparison of this result with the definition of the Dirac delta dis-
tribution in (2.72), noting dσx′ = dDx′, shows that we may identify

δ(x,x′) =
∫

dDp

(2π)D
eip·(x−x′). (2.76)

This result agrees with our intuitive feeling for δ(x,x′) since for x �= x′

we would expect that the exponential function in (2.76) should oscillate
equally between positive and negative values when integrated over all
momentum space, and the result should average to zero; when x = x′

the right-hand side of (2.76) is seen to be infinite. This gives us all of the
properties of the Dirac delta distribution we need for now.

In point-particle mechanics, the independence of the generalized coor-
dinates can be expressed by

∂qi

∂qj
= δi

j. (2.77)
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Because qi depends on time, this result should hold at any fixed time.
We wish to know the analogue of (2.77) in field theory. To obtain this
we need to know how to differentiate a function with respect to another
function. This is called ‘functional differentiation’.

First of all consider the case where ϕi and ψi are simply the compo-
nents of vectors in a finite dimensional vector space. Taylor’s theorem
gives

f(ϕ + ψ) = f(ϕ) + ψi ∂f(ϕ)
∂ϕi

+ · · · , (2.78)

for any continuous function f(ϕ). In order to obtain the analogue of this
for functionals, we can use our correspondence in (2.71) between i and
(I,x). The index i in the second term on the right-hand side of (2.78)
is summed over all values; thus, using our correspondence between i and
(I,x), we will obtain a sum over I and over x. The analogue of summing
over x is an integral, motivating

F [ϕ(t,x) + ψ(t,x)] = F [ϕ(t,x)] +
∫

Σ
dσx′ψI(t,x′)

δF [ϕ(t,x)]
δϕI(t,x′)

+ · · · ,

(2.79)
as the analogue of (2.78) for functionals. We retain the summation con-
vention on the index I which is a normal sum over the components of ϕI .
We will call δF [ϕ(t,x)]/δϕI(t,x′) the functional derivative of F [ϕ]. The
terms denoted by + · · · in (2.79) involve quadratic and higher powers of
ψI . A more elegant definition which removes these higher-order terms is
obtained by writing

lim
ε→0

F [ϕ(t,x) + εψ(t,x)] − F [ϕ(t,x)]
ε

=
∫

Σ
dσx′ψI(t,x′)

δF [ϕ(t,x)]
δϕI(t,x′)

.

(2.80)
The process of taking the limit removes all of the higher-order terms in
the Taylor expansion. It should be clear that the left-hand side can be
written in the equivalent form

d

dε
F [ϕ(t,x) + εψ(t,x)]

∣∣∣∣
ε=0

.

Because the functional derivative is defined under an integral sign, it
would be expected to be a distribution in general.

We will look at some explicit examples of functional differentiation.
First of all take F [ϕ(t,x)] = ϕJ(t,x). It is obvious that F [ϕ + εψ] =
F [ϕ] + εψJ(t,x). In this case (2.80) gives us∫

Σ
dσx′ψI(t,x′)

δϕJ(t,x)
δϕI(t,x′)

= ψJ(t,x).
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By comparing this with the definition of the Dirac delta function we can
read off

δϕJ(t,x)
δϕI(t,x′)

= δJ
Iδ(x,x′). (2.81)

This makes sense from (2.77) given our earlier correspondences in (2.70),
(2.71) and (2.73) between point-particle mechanics and field theory.

We may also wish to work out functional derivatives of functionals
which involve different time arguments. This is easily accommodated. We
would define∫ t2

t1

dt′
∫

Σ
dσx′ψI(t′,x′)

δF [ϕ(t,x)]
δϕI(t′,x′)

= lim
ε→0

F [ϕ(t,x) + εψ(t,x)] − F [ϕ]
ε

(2.82)

=
d

dε
F [ϕ(t,x) + εψ(t,x)]

∣∣∣∣
ε=0

. (2.83)

In particular we find

δϕI(t,x)
δϕJ(t′,x′)

= δI
Jδ(t, t′)δ(x,x′). (2.84)

We cannot simply set t = t′ to regain our previous result in (2.81) due to
the distributional nature of the functional derivative.

Consider the special case of the action functional. We can compute

S[ϕ + εψ] =
∫ t2

t1

dt

∫
Σ

dσxL (ϕ + εψ, ∂μϕ + ε∂μψ)

=
∫ t2

t1

dt

∫
Σ

dσx

[
L(ϕ, ∂μϕ) + εψI ∂L

∂ϕI
+ ε∂μψI ∂L

∂(∂μϕI)
+ · · ·

]
= S[ϕ] + ε

∫ t2

t1

dt

∫
Σ

dσxψI

{
∂L
∂ϕI

− ∂μ

[
∂L

∂(∂μϕI)

]}
+ · · · ,

where in the second line we expanded the Lagrangian density to order ε,
and in the third line we performed an integration by parts. The definition
(2.83) now shows that

δS[ϕ(x)]
δϕI(x)

=
∂L

∂ϕI(x)
− ∂μ

{
∂L

∂[∂μϕI(x)]

}
. (2.85)

Note that although the action was defined in terms of the Lagrangian den-
sity by an integral, the distributional nature of the functional derivative



58 Action principle in classical field theory

has ‘pulled off’ the integral sign. Hamilton’s principle and the Euler–
Lagrange equations can be neatly summarized as

δS[ϕ(x)]
δϕI(x)

= 0. (2.86)

The principle of stationary action states that the first functional deriva-
tive of the action vanishes, completely analogously to stating that a
function f(x) is stationary when f ′(x) = 0.

The Lagrangian (as opposed to the Lagrangian density) is defined by

L(t) = L[ϕI(t,x), ϕ̇I(t,x)] =
∫

Σ
dσxL

[
ϕI(t,x), ∂μϕI(t,x)

]
.

By following an analysis similar to that which led to (2.85), except that
the definition in (2.80) is used because we perform the differentiation with
respect to fields occurring at the same time t as enters L(t), we find

δL(t)
δϕI(t,x)

=
∂L(t,x)
∂ϕI(t,x)

− ∂j

{
∂L(t,x)

∂[∂jϕI(t,x)]

}
, (2.87)

δL(t)
δϕ̇I(t,x)

=
∂L(t,x)
∂ϕ̇I(t,x)

. (2.88)

The Euler–Lagrange equations can therefore be written in the form

0 =
δL(t)

δϕI(t,x)
− ∂

∂t

[
δL(t)

δϕ̇I(t,x)

]
. (2.89)

In this form the Euler–Lagrange equations for classical field theory resem-
ble those for point-particle mechanics except that functional derivatives,
rather than normal derivatives, occur.

The field momentum was defined in (2.34) to be

πI(t,x) =
∂L(t,x)
∂ϕ̇I(t,x)

=
δL(t)

δϕ̇I(t,x)
, (2.90)

if we use (2.88). The Hamiltonian follows from (2.35) as

H(t) =
∫

Σ
dσxπI(t,x)ϕ̇I(t,x) − L(t), (2.91)

since the Hamiltonian is just the spatial integral of the Hamiltonian den-
sity. H(t) may be regarded as a functional of ϕI and πI . We can now
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compute the functional derivatives of H(t) with respect to ϕI and πI .
The derivative with respect to ϕI is

δH(t)
δϕI(t,x)

=
∫

Σx

dσx′πJ(t,x′)
δϕ̇J(t,x′)
δϕI(t,x)

− δL(t)
δϕI(t,x)

−
∫

Σ
dσx′

δL(t)
δϕ̇J(t,x′)

δϕ̇J(t,x′)
δϕI(t,x)

. (2.92)

The presence of the last term requires some explanation. We are regard-
ing πI and ϕI as the independent variables in the Hamiltonian formalism,
whereas we have ϕI and ϕ̇I as the independent variables in the Lagrangian
formalism. The definition of πI gives an implicit relation for ϕ̇I as a func-
tional of ϕI and πI . The last term in (2.92) therefore accounts for the
dependence in L(t) of ϕ̇I on ϕI . More formally we could say that the last
term is really the chain rule for functional differentiation. In any case,
the first term in (2.92) is seen to cancel with the third term and we are
left with

δH(t)
δϕI(t,x)

= − δL(t)
δϕI(t,x)

= − ∂

∂t

[
δL(t)

δϕ̇I(t,x)

]
(by (2.89))

= −π̇I(t,x), (2.93)

where in the last line we have used the definition (2.34) of the field
momentum. In a similar way, if we differentiate the Hamiltonian with
respect to the momentum we find

δH(t)
δπI(t,x)

= ϕ̇I(t,x) +
∫

Σ
dσx′πJ(t,x′)

δϕ̇J(t,x′)
δπI(t,x)

−
∫

Σ
dσx′

δL(t)
δϕ̇J(t,x′)

δϕ̇J(t,x′)
δπI(t,x)

= ϕ̇I(t,x). (2.94)

The results in (2.93) and (2.94) express the Hamiltonian equations of
motion for field theory in a form resembling those for point-particle
mechanics, except that functional derivatives occur.

The final development we wish to discuss in this section is the defi-
nition of a Poisson bracket for field theory. We can use the correspon-
dence between field theory and point-particle mechanics discussed at the
beginning of this section to motivate the definition

[F (t), G(t)] =
∫

Σ
dσx

[
δF (t)

δϕI(t,x)
δG(t)

δπI(t,x)
− δF (t)

δπI(t,x)
δG(t)

δϕI(t,x)

]
. (2.95)
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Here F (t) and G(t) represent any two functionals of the canonical vari-
ables πI and ϕI evaluated at the same time. In particular, it is easy to
show that the Hamiltonian equations of motion may be written as

[ϕI(t,x), H(t)] = ϕ̇I(t,x), (2.96)
[πI(t,x), H(t)] = π̇I(t,x). (2.97)

The Poisson bracket relations between the canonical variables are

[ϕI(t,x), πJ(t,x′)] = δI
Jδ(x,x′), (2.98)

and

[ϕI(t,x), ϕJ(t,x′)] = 0 = [πI(t,x), πJ(t,x′)]. (2.99)

2.5 Noether’s theorem

In Section 1.5 we discussed the relationship between symmetries of a
point-particle system and conservation laws. The essential features were
found from the results of Noether’s theorem. The principal aim of this
section is to consider the analogous development for classical field theory.

For relativistic field theory in Minkowski spacetime we will always have
a set of conserved quantities because we will always demand that the the-
ory be invariant under the Lorentz transformations of special relativity.
In general, we might be interested in other more abstract symmetries,
such as gauge invariance. As in Section 1.5, we will only consider an
infinitesimal transformation which depends on r infinitesimal parameters
δεA, with A = 1, . . . , r. For example, a Lorentz transformation in four-
dimensional spacetime is characterized by ten parameters: three veloci-
ties, representing the uniform relative motion of the three spatial axes;
three angles, representing the relative rotation of the three spatial axes;
and four parameters representing a translation of the spacetime coordi-
nates. If the set of infinitesimal transformations forms a group, as it does
in the case of the Lorentz transformations, then there is no loss of gener-
ality in considering only infinitesimal ones because a finite transformation
can always be built up from repeated infinitesimal ones.

In the case of particle mechanics we had the transformation of the time t
and generalized coordinates qi(t) specified in (1.103) and (1.104). For field
theory, we must consider our fields depending on spacetime coordinates
xμ, not just time, so we generalize (1.103) to

xμ → x′μ = xμ + δxμ = xμ + λμ
A(x)δεA. (2.100)
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λμ
A(x) is a set of functions that characterize the transformation. The

fields will be chosen to be a set of N real fields ϕI(x) with I = 1, . . . , N .
In place of (1.104) we will take

ϕI(x) → ϕ′I(x′) = ϕI(x) + ΦI
A[x, ϕI(x)]δεA, (2.101)

for some functions ΦI
A[x, ϕI(x)]. We will abbreviate ΦI

A[x, ϕI(x)] to
simply ΦI

A(x) in what follows, but take care to remember that there
is a dependence on the fields. If the spacetime coordinates change as in
(2.100), then there are two main reasons why the fields must transform.
First of all there is the obvious fact that the fields have an explicit depen-
dence on the spacetime coordinates. Secondly, the transformation can
mix up different components of the fields. This happens, for example,
for a vector field if we perform a rotation of coordinates. It sometimes
proves convenient to distinguish the first type of transformation from the
second, although we will not need to do that here.

As before, we will define a symmetry of the system to be a transfor-
mation of the form (2.100), (2.101) which leaves the equations of motion
invariant. Under the transformation (2.100), (2.101) the action functional
S[ϕI(x)] transforms to

S[ϕ′I(x′)] =
∫ t′2

t′1

dt′
∫

Σ′
dσx′L

[
ϕ′I(x′), ∂ ′

μϕ′I(x′), x′] . (2.102)

We require S[ϕ′I(x′)] and S[ϕI(x)] to give rise to the same equations of
motion. In the case of particle mechanics, this corresponded to the action
functionals S[ϕ′I(x′)] and S[ϕI(x)] differing by terms which depended
only on the initial and final times (see (1.106)). This in turn corresponded
to the freedom to add a total time derivative to the Lagrangian. In the
case of field theory, the integration extends over spacetime, so the natu-
ral generalization of adding a total time derivative to the Lagrangian is
to add the spacetime divergence of a vector field Λμ to the Lagrangian
density. We will show that this does not affect the equations of motion.

Let

L′ = L + ∂μΛμ, (2.103)

and consider the altered action

S′ = S +
∫ t2

t1

dt

∫
Σ

dσx∂μΛμ. (2.104)

If we write out ∂μΛμ explicitly, we have

∂μΛμ =
∂

∂t
Λ0 + ∂iΛi. (2.105)
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The last term in (2.105) can be recognized as �∇·�Λ in vector notation. We
can use Gauss’ theorem of vector calculus to express the volume integral
of �∇ · �Λ as a surface integral:∫

Σ
dσx ∂iΛi =

∫
∂Σ

dax niΛi. (2.106)

Here ∂Σ denotes the boundary of the spatial region Σ, dax is the element
of area on ∂Σ, and ni is the unit vector in the outwards normal direction
to ∂Σ.4 We can also write∫

Σ
dσx

∂

∂t
Λ0 =

d

dt

∫
Σ

dσx Λ0,

from which we get∫ t2

t1

dt

∫
Σ

dσx
∂

∂t
Λ0 = F (t2) − F (t1), (2.107)

with

F (t) =
∫

Σ
dσx Λ0(t,x). (2.108)

Combining the results of (2.104), (2.106), and (2.107) shows that

S′ = S + F (t2) − F (t1) +
∫ t2

t1

dt

∫
∂Σ

dax niΛi (2.109)

gives the change in the action functional corresponding to altering the
Lagrangian density as in (2.103). If we now apply Hamilton’s principle
of stationary action, with the assumption (as before) that the fields are
fixed at the initial and final times, as well as on the boundary of the
region of integration, it is clear from (2.109) that S′ and S will give rise
to the same equations of motion.

If we return to our requirement that S[ϕ′] in (2.102) gives rise to the
same equations of motion as S[ϕ] under the transformation (2.100) and
(2.101), we can conclude that

S[ϕ′] = S[ϕ] +
∫ t2

t1

dt

∫
Σ

dσx ∂μ

{
Δμ

A[x, ϕI(x)]δεA
}

, (2.110)

4 If Σ is compact, as in the case of a box in flat space with periodic boundary conditions
on the fields, then ∂Σ is the empty set, and the right-hand side of (2.106) vanishes.
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for some function Δμ
A[x, ϕI(x)]. This is the field theory counterpart to

(1.106) and (1.107). If Δμ
A = 0, then the action functional will be form-

invariant, but from our discussion above this is not a necessary require-
ment for invariance of the equations of motion.

All that we have to do now is follow through an analysis similar to that
in Section 1.5.1. Begin by changing variables from (t′,x′) in (2.102) to
(t,x) giving

S[ϕ′] − S[ϕ] =
∫ t2

t1

dt

∫
Σ

dσx

{
JL[ϕ′I(x + δx),

∂xν

∂x′μ ∂νϕ′I(x + δx), x + δx]

−L[ϕI(x), ∂μϕI(x), x]
}

, (2.111)

where

J = det
(

∂x′μ

∂xν

)
(2.112)

is the Jacobian of the coordinate transformation we have just performed.
Note that we have used the chain rule to write

∂ ′
μϕ′I(x′) =

∂xν

∂x′μ ∂νϕ′I(x + δx), (2.113)

and that because we have changed variables from x′μ to xμ, we must write
the arguments of the functions appearing in the integrand in terms of xμ

and not x′μ. The aim now is to expand the integrand of (2.111) to first
order in δεA, and to write the result as the divergence of a vector field.

We first evaluate the Jacobian (2.112). If we rewrite (2.100) as

x′μ = xμ + δxμ,

with δxμ = λμ
A(x)δεA, then J = det(δμ

ν + ∂νδxμ). To lowest order in
δxμ we have simply J = 1. In order to compute the first-order change in
J we can use the identity

detA = etr ln A, (2.114)

which is valid for any matrix A which can be expressed in upper trian-
gular form.5 Using this identity we find

J = etr ln(δμ
ν+∂νδxμ)

� etr(∂νδxμ) (by expanding ln in a Taylor series to first order)
= e∂μδxμ

� 1 + ∂μδxμ, (2.115)

where the last line has resulted from expanding the exponential.

5 It is easy to prove (2.114) if A is a symmetric matrix by diagonalization of A.
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An alternate way to compute the Jacobian makes use of the definition
of the determinant of a matrix. Consider J = det(I + εM) where M is
any n × n matrix, and ε is any infinitesimal parameter. The definition of
the determinant gives

J = σi1 ··· in(δ1i1 + εM1i1) · · · (δnin
+ εMnin

), (2.116)

where σi1··· in = +1(−1) if i1 · · · in is an even (odd) permutation of 1 · · ·n
and is zero otherwise. The repeated indices i1 · · · in are summed over
1, . . . , n. Expanding (2.116) to linear order in ε results in

J = σi1···in(δ1i1 · · · δnin + εM1i1δ2i2 · · · δnin + εδ1i1M2i2 · · · δnin

+ · · · + εδ1i1 · · · δ(n−1)in−1Mnin) + · · ·
= σ1···n + ε(M1i1σ

i12 ···n + M2i2σ
1i23···n + · · ·

+Mninσ12···(n−1)in) + · · · .

If we use σ1···n = 1 and σi12···n = 0 unless i1 = 1 it is then easy to see
that

J = 1 + ε(M11 + M22 + · · ·Mnn) + · · ·
= 1 + ε trM + · · · . (2.117)

If we apply this to J = det(δμ
ν + ∂νδxμ) we again find (2.115).

We must now expand L
[
ϕ′I(x + δx), (∂xν/∂x′μ)∂νϕ′I(x + δx), x + δx

]
to first order in δxμ. The first and third arguments of L are given directly
by (2.100) and (2.101) respectively. Only the middle argument needs any
discussion. If we differentiate (2.100) with respect to xν we find

∂x′μ

∂xν
= δμ

ν + ∂νδxμ.

Because ∂xν/∂x′μ is the inverse of ∂x′μ/∂xν, and we only work to first
order in δxμ, it should be clear that

∂xν

∂x′μ � δν
μ − ∂μδxν (2.118)

to this order. Combining (2.118) with (2.101) shows that

∂xν

∂x′μ ∂νϕ′I(x+δx) � ∂μϕI(x)+∂μ(ΦI
AδεA)−∂μ(λν

AδεA)∂νϕI(x) (2.119)

to first order in δεA. Utilizing (2.115) and (2.119) along with (2.100) and
(2.101) to expand the integrand in (2.111) to first order in δεA shows that
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S[ϕ′] − S[ϕ] �
∫ t2

t1

dt

∫
Σ

dσx

{
∂μ(λμ

AδεA)L + ΦI
AδεA ∂L

∂ϕI

+λμ
AδεA ∂L

∂xμ
+
[
∂μ(ΦI

AδεA) − ∂μ(λν
AδεA)∂νϕI

] ∂L
∂(∂μϕI)

}
. (2.120)

Here L is now understood to be L
[
ϕI(x), ∂μϕI(x), xμ

]
. The first term on

the last line of (2.120) represents the derivative of L with respect to its
third argument only.

We now look at the terms in the integrand of (2.120) that depend on
ΦI

A, and note that

ΦI
AδεA ∂L

∂ϕI
+ ∂μ(ΦI

AδεA)
∂L

∂(∂μϕI)
= ∂μ

[
ΦI

AδεA ∂L
∂(∂μϕI)

]
, (2.121)

if we use the Euler–Lagrange equations. The terms in (2.120) that involve
λμ

AδεA can also be written as a divergence upon use of the Euler–Lagrange
equations:

∂μ(λμ
AδεA)L + λμ

AδεA ∂L
∂xμ

− ∂μ(λν
AδεA)∂νϕI ∂L

∂(∂μϕI)

= ∂μ

[
λμ

AδεAL − λν
AδεA∂νϕI ∂L

∂(∂μϕI)

]
. (2.122)

The results of (2.121) and (2.122) when used in (2.120) give rise to

S[ϕ′I(x′)] − S[ϕI(x)] �
∫ t2

t1

dt

∫
Σ

dσx∂μ(Λμ
AδεA), (2.123)

where

Λμ
A = ΦI

A

∂L
∂(∂μϕI)

+ λν
A

[
δμ
ν L − ∂νϕI ∂L

∂(∂μϕI)

]
. (2.124)

Finally, by using (2.123) back in (2.110) we find

0 =
∫ t2

t1

dt

∫
Σ

dσx∂μ

(
Λμ

AδεA − Δμ
AδεA

)
. (2.125)

This is the direct counterpart of (1.119). Using the divergence theorem,
assuming that either ∂Σ is empty, or else that the fields satisfy boundary
conditions leading to the vanishing of the surface term, we conclude that

G(t) =
∫

Σ
dσx δεA(Λ0

A − Δ0
A) (2.126)
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is independent of time (G(t2) = G(t1) for any two times t1 and t2). With
δεA chosen to be constant, this gives a set of conserved Noether charges
defined by

QA =
∫

Σ
dσx(Λ0

A − Δ0
A) (2.127)

=
∫

Σ
dσx

[
λ0

AL + (ΦI
A − λν

A∂νϕI)
∂L
∂ϕ̇I

− Δ0
A

]
=
∫

Σ
dσx

[
λ0

AL + (ΦI
A − λν

A∂νϕI)πI − Δ0
A

]
(2.128)

if we use (2.124) and the definition of the canonical momentum (2.23).
In the special case where the symmetry transformations correspond to
inhomogeneous Lorentz transformations, the usual requirement is that
the Lagrangian density is invariant. This requires Δμ

A = 0, simplifying
the conservation law.

2.6 The stress–energy–momentum tensor

If the Lagrangian density has no explicit dependence on the spacetime
coordinates, then the spacetime translation

x′μ = xμ + δεμ (2.129)

will be a symmetry of the equations of motion leaving the action invari-
ant. We may therefore take Δμ

A = 0 here. Comparison of (2.129) with
(2.100) shows that the index A in our general treatment is a spacetime
index, say α, and that

λμ
α = δμ

α. (2.130)

Also, fields should transform like scalars under (2.129), meaning that

ϕ′I(x′) = ϕI(x). (2.131)

Comparison with (2.101) allows us to conclude that

ΦI
α = 0 (2.132)

for a spacetime translation. The conserved Noether current corresponding
to the symmetry (2.129) follows from (2.124) as

tμα =
∂L

∂(∂μϕI)
∂αϕI − δμ

αL. (2.133)
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It obeys

∂μtμα = 0 (2.134)

as a consequence of Noether’s theorem.6 We have chosen to define tμα =
−Λμ

α to facilitate the identification of the conserved charges given below.
The conserved Noether charges follow from (2.127) as

Qα =
∫

Σ
dσxt0α. (2.135)

If we take α = 0, it follows from (2.133) that

t00 =
∂L
∂ϕ̇I

ϕ̇I − L

= πIϕ̇
I − L

= H

is the Hamiltonian density. Thus the Noether charge Q0 = H is the
Hamiltonian. With α = i (corresponding to a spatial index) we have

t0i = πI∂iϕ
I . (2.136)

The conserved charge is

Qi =
∫

Σ
dσxπI∂iϕ

I . (2.137)

Since this corresponds to invariance under a translation in space, we will
identify Qi with the linear momentum.

tμα, as defined in (2.133), is called the ‘canonical stress–energy–momen-
tum tensor’.7 The stress–energy–momentum tensor plays a central role
in Einstein’s theory of general relativity, acting as a source term in the
gravitational field equations (see Weinberg (1972) for example). However,
it is not tμα which plays this role, but rather a modified version of it. The
basic problem with using tμα is that it is not symmetrical in general; that
is, tμα �= tαμ. Einstein’s theory of general relativity requires the source
term to be symmetrical. Even without appealing to the authority of Ein-
stein’s general relativity, there are problems if tμα is not symmetrical. One
of these problems comes about if we compute tμα for Maxwell’s theory of

6 This can also be verified directly from (2.133) by differentiation and use of the
Euler–Lagrange equations.

7 Sometimes it is called the ‘stress–energy’, or ‘energy–momentum’, or simply the
‘stress tensor’.
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electromagnetism (see Section 2.3.4). If we take L = −(1/4)FμνFμν and
ϕI ↔ Aμ, a simple calculation shows that

tμα =
1
4
δμ
αFνσF νσ − Fμν∂αAν. (2.138)

The problem with (2.138) is that the last term on the right-hand side
is not invariant under the gauge transformation (2.68). The canonical
stress–energy–momentum tensor is therefore not gauge-invariant and can-
not represent a physical quantity. The second problem will come to
light when we consider invariance under Lorentz transformations. This
provides sufficient motivation to look for a symmetrical stress–energy–
momentum tensor.

If we lower the index μ in (2.133), it is easily seen that the first term
on the right-hand side is not manifestly symmetric. The most obvious
thing to do whenever we encounter such a situation is to make the object
symmetrical by hand, by defining

t̃μα =
1
2
(tμα + tαμ). (2.139)

This is clearly symmetric, but no longer satisfies a conservation law

∂μt̃μα = 0, (2.140)

required for the existence of conserved charges.8 We must find a sym-
metrical form for tμα without sacrificing the conservation law (2.134). A
way to do this was discussed by Belinfante (1939).9 Belinfante’s method,
which we will follow, is reviewed in Wentzel (1949).

Suppose that we consider the infinitesimal Lorentz transformation
defined in (1.178) with δεμν = −δενμ as in (1.180). The Lagrangian den-
sity will be required to be invariant under this transformation. From
(2.101), the fields obey10

δϕI(x) = ϕ′I(x′) − ϕI(x)
= ΦI

μν(x)δεμν. (2.141)

Because of the antisymmetry of δενμ = −δεμν, we can take

ΦI
νμ = −ΦI

μν (2.142)

8 It also will not cure the gauge-dependence problem we found in (2.138).
9 Rosenfeld (1940) showed how to obtain a symmetrized tensor in general relativity.

10 Our index A on the parameters δεA must now refer to a pair of spacetime indices.
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without any loss of generality.11 Noting that δxμ = δεμ
νxν we see, by

comparison with (2.100), that we have

λμ
αβδεαβ = δεμ

νxν. (2.143)

Relabelling indices on the right-hand side to match those on the left-hand
side, and noting that λμ

αβ = −λμ
βα, by the same argument as we used

leading up to (2.142), we find

λμ
αβ =

1
2

(
δμ
αηβν − δμ

βηαν

)
xν. (2.144)

The conserved Noether current follows from (2.124) as

Δμ
αβ = ΦI

αβ

∂L
∂(∂μϕI)

+ λν
αβ

[
δμ
ν L − ∂νϕI ∂L

∂(∂μϕI)

]
. (2.145)

If we use the definition (2.133), and for convenience define

Hμ
αβ = ΦI

αβ

∂L
∂(∂μϕI)

, (2.146)

we can write (2.145) as

Δμαβ = Hμαβ +
1
2
(xαtμβ − xβtμβ), (2.147)

after raising the indices α and β. Because we require the Lagrangian
density to be Lorentz-invariant, we must have

∂μΔμαβ = 0 (2.148)

as a consequence of Noether’s theorem. From (2.147), this requires

0 = ∂μHμαβ +
1
2
(tαβ − tβα). (2.149)

The result (2.149) is the crucial identity needed to construct a symmet-
rical stress–energy–momentum tensor. It is obvious that tαβ is symmetric
if and only if ∂μHμαβ = 0. This turns out to be the case for a scalar field,
but not for general fields. (For scalar fields we have ϕ′I(x′) = ϕI(x) by
definition, which results in ΦI

αβ = 0, and hence Hμ
αβ = 0.)

11 This is because if ΦI
μν has a part which is symmetrical under the interchange of

μ and ν, this symmetrical part would make no contribution to (2.141) due to the
antisymmetry of δεμν .
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Define a new tensor Tαβ by

Tαβ = tαβ + ∂μGμαβ (2.150)

for some Gμαβ to be determined. Require Tαβ to be symmetric

Tβα = Tαβ, (2.151)

and conserved,

∂αTαβ = 0. (2.152)

Since we already know that ∂αtαβ = 0 from (2.150), we must have

∂α∂μGμαβ = 0, (2.153)

if (2.152) is to hold. The simplest way to ensure (2.153) is to require12

Gμαβ = −Gαμβ. (2.154)

Demanding (2.151) requires

0 = tαβ − tβα + ∂μ(Gμαβ − Gμβα).

From (2.149) we find

0 = −2∂μHμαβ + ∂μ(Gμαβ − Gμβα),

leading us to choose13

Gμαβ − Gμβα = 2Hμαβ. (2.155)

All that remains is for us to solve for Gμαβ and verify that our solution
obeys (2.154) and (2.155).

To solve (2.155) we can use the following procedure. Write down the
same equation with the indices (μαβ) replaced with (αβμ):

Gαβμ − Gαμβ = 2Hαβμ. (2.156)

Now write down (2.156) with the indices (αβμ) replaced with (βμα):

Gβμα − Gβαμ = 2Hβμα. (2.157)

12 It is easy to see that this antisymmetry condition implies (2.153) because ∂α∂μ =
∂μ∂α is symmetric.

13 Note that because Hμβα = −Hμαβ , this is a consistent choice.
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Add together (2.155) and (2.156), and subtract off (2.157):

Gμαβ − Gμβα + Gαβμ − Gαμβ − Gβμα + Gβαμ = 2(Hμαβ + Hαβμ − Hβμα).

The left-hand side may be simplified using (2.154) to leave

Gμαβ = Hμαβ + Hαβμ − Hβμα

= Hμαβ + Hαβμ + Hβαμ, (2.158)

where in the last line we have used Hβμα =−Hβαμ.14 We therefore have
constructed a symmetric, conserved tensor Tαβ given in terms of the
canonical one tαβ by

Tαβ = tαβ + ∂μ(Hμαβ + Hαβμ + Hβαμ). (2.159)

It is possible to show that the conserved Noether charges defined in
(2.135) are not affected by whether we use tαβ or Tαβ. First of all, taking
α = β = 0 in (2.159) we find

T00 = t00 + ∂μ(Hμ00 + H00μ + H00μ)

= t00 + 2∂μH00μ

= t00 + 2∂iH00i. (2.160)

We have used the antisymmetry property Hμαβ = −Hμβα to conclude
that Hμ00 = 0 here. The second term on the right-hand side of (2.160)
takes the form of a spatial divergence. This means that when we integrate
over Σ to form Q0, we can assume that this term vanishes. We also have

T0i = t0i + ∂μ(Hμ0i + H0iμ + Hiμ0)
= t0i + ∂0(H00i + H0i0 + Hi00) + ∂j(Hj0i + H0ij + Hij0)
= t0i + ∂j(Hj0i + H0ij + Hij0) (2.161)

where the second term of the middle line vanishes identically using Hi00 =
0 and H00i = −H0i0. This shows that T0i and t0i differ by a spatial
divergence which vanishes upon integration over Σ to form Qi.

Finally we will look at the conserved Noether charges arising from
the current (2.147), and which correspond to invariance under Lorentz
transformations. We define15

Jαβ = 2
∫

Σ
dσxΔ0αβ. (2.162)

14 As a check, it is simple to show that the result in (2.158) does satisfy (2.154) and
(2.155).

15 The factor of 2 is inserted here to remove the factor of 1/2 which occurs in (2.147)
to facilitate the physical interpretation of the charges.
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To obtain the last line, we have used G00β = 0 which follows from (2.154)
to note that the term in the summation over ν in the first line with ν = 0
vanishes. Based on our previous experience with particle mechanics, we
would expect Jαβ to be related to the angular momentum tensor. Because
the symmetric stress–energy–momentum tensor plays a more important
role than the canonical one, we will define

Iμαβ =
1
2
(xαTμβ − xβTμα). (2.163)

This tensor is easily seen to be conserved,

∂μIμαβ = 0, (2.164)

by virtue of the properties (2.151) and (2.152).
If we can show that I0αβ differs from Δ0αβ by no more than a spatial

divergence, this will be sufficient to conclude that Iμαβ and Δμαβ give
rise to the same Noether charges (2.162). To do this, first use (2.150)
to find

Iμαβ =
1
2
(xαtμβ − xβtμα) +

1
2
xα∂νGνμβ − 1

2
xβ∂νGνμα.

Next, use (2.147) to obtain

Iμαβ = Δμαβ − Hμαβ +
1
2
xα∂νGνμβ − 1

2
xβ∂νGνμα.

We can rewrite the last two terms on the right-hand side to give

Iμαβ = Δμαβ − Hμαβ +
1
2
∂ν(xαGνμβ − xβGνμα)

−1
2
(Gαμβ − Gβμα)

= Δμαβ +
1
2
∂ν(xαGνμβ − xβGνμα), (2.165)

where we simplify the right-hand side using (2.154) and (2.155). Taking
μ = 0 in (2.165) yields

I0αβ = Δ0αβ +
1
2
∂ν(xαGν0β − xβGν0α)

= Δ0αβ +
1
2
∂j(xαGj0β − xβGj0α). (2.166)
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By our usual argument concerning spatial divergences, the last term of
(2.166) makes no contribution to the conserved Noether charges Jαβ

defined in (2.162). We are therefore free to take

Jαβ =
∫

Σ
dσx(xαT 0β − xβT 0α) (2.167)

as the Noether charges. If we regard T 0α as representing the density of
4-momentum, then (2.167) has an obvious comparison with (1.183).

We can further the comparison with what we found in Section 1.5.3 by
looking at J0i. From (2.167) we find

J0i =
∫

Σ
dσx(x0T 0i − xiT 00).

If we define the Noether charges

Pα =
∫

Σ
dσxT 0α

which we have already seen to be the 4-momentum, and define the centre
of energy by

xi
cm =

∫
Σ dσx xiT 00∫
Σ dσx T 00 ,

analogously to what we did in (1.192), we find

J0i = x0P i − xi
cmP 0

conserved exactly as we had for the relativistic particle in (1.193). The
conclusion (1.194) follows again.

2.6.1 Scalar field

The Lagrangian density for the real scalar field was given in (2.39). We
have already remarked that a scalar field is characterized by ϕ′(x′) =
ϕ(x) under a Lorentz (or in fact any) coordinate transformation. This
means that

ΦI
αβ = 0,

and as a consequence

Tαβ = tαβ.

A simple calculation shows that the stress–energy–momentum tensor is
given by

Tαβ = tαβ = ∂αϕ∂βϕ − ηαβL. (2.168)
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2.6.2 Maxwell field

We can now return to the problem encountered with the Maxwell field in
(2.138). The canonical stress–energy–momentum tensor was gauge depen-
dent. However, we are really interested in the symmetrical tensor Tαβ.

Under an infinitesimal Lorentz transformation, Aμ(x) transforms like
xμ, so we have

δAμ(x) = δεμ
νAν(x).

Comparison with the general result (2.101), noting that I =μ is a space-
time index here, shows that

Φμ
αβδεαβ = δεμ

νAν, (2.169)

leading to16

Φμ
αβ =

1
2

(
δμ
αAβ − δμ

βAα

)
. (2.170)

We can now use (2.146), along with L = −(1/4)FμνFμν, to find

Hμαβ =
1
2

(AαFμβ − AβFμα) . (2.171)

Using this result in (2.158) leads to

Gμαβ = AβFαμ (2.172)

noting Fνμ = −Fμν. We can compute

∂μGμαβ = ∂μAβFαμ + Aβ∂μFαμ

= ∂μAβFα
μ

using the Maxwell equations. (See (2.67) with Jμ = 0, because we have no
sources present here.) The symmetric conserved stress–energy– momen-
tum tensor follows from (2.150) as

Tαβ = tαβ + ∂μAβFα
μ

= Fα
μFμβ +

1
4
ηαβFμνFμν (2.173)

using the canonical expression (2.138). Unlike our previous result for
tαβ, our new expression Tαβ is gauge-invariant, since it involves only the
gauge-invariant combination Fμν.

16 Again care must be taken in cancelling off δεαβ from each side of (2.169) because of
the antisymmetry in α and β.
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It is simple to use the components of Fμν given in (2.66) for three
spatial dimensions to show that

T00 =
1
2
(E2 + B2), (2.174)

T0i = −(E × B)i. (2.175)

From electromagnetic theory (Jackson, 1962), T00 may be recognized
as the energy density, and T0i is related to the Poynting vector which
describes the flow of energy.17

The conserved angular momentum may be found using (2.167). In
the case of D = 3, we can define a vector J with components J =
(J23, J31, J12), and it can then be seen from (2.175) that

J =
∫

Σ
dσx x × (E × B), (2.176)

recognized as the standard expression for the angular momentum of
electromagnetic radiation.18

The correspondence between our general results and the more familiar
expressions from electromagnetism would not have been so evident had
we not used the symmetric stress–energy–momentum tensor.

2.7 Gauge invariance

2.7.1 U(1) symmetry

The Lagrangian (or Hamiltonian) for the Schrödinger field is invariant
under the transformation

Ψ(x) → Ψ′(x) = eiεΨ(x), (2.177)

where ε is an arbitrary real constant. This reflects the well-known prop-
erty of wave mechanics that physically measurable quantities do not
depend on the phase of the wave function. Suppose that we promote this
from a rigid gauge symmetry to a local one by letting ε depend on t
and x. This means that we allow the phase of the Schrödinger field to
vary from place to place as well as in time, and demand that the the-
ory be invariant under this transformation. It should be clear that the

17 The spatial components Tij can be found easily, and describe the Maxwell stress
tensor for electromagnetism.

18 See for example the discussions in Heitler (1984) or Low (1997).
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action functional obtained using (2.54) will not have this local symmetry
because L involves derivatives of the field Ψ. We have

∂μΨ → ∂μΨ′ = eiε(∂μΨ + i∂μεΨ). (2.178)

The presence of terms involving ∂με spoils the invariance under the local
transformation (2.177). If we wish to insist upon local invariance then the
theory must be modified.

In order to see how to modify the theory to obtain local invariance,
consider the infinitesimal form of (2.177):

δΨ = iδεΨ. (2.179)

We also have

δΨ∗ = −iδεΨ∗. (2.180)

From the expression for L in (2.54) it is easy to show that to first order
in δε we have

δL = −δ̇εΨ∗Ψ +
i

2m
(∂iδε)(Ψ∗∂iΨ − ∂iΨ∗Ψ), (2.181)

under the transformations (2.179) and (2.180). Because L is invariant
under a rigid transformation we would expect that δL should only depend
on derivatives of δε and this is the case in (2.181). We will define

J0 = Ψ∗Ψ, (2.182)

Ji =
i

2m
(∂iΨ∗Ψ − Ψ∗∂iΨ). (2.183)

These two expressions should be familiar from wave mechanics where
J0 represents the probability density and Ji represents the probability
current (see Schiff (1968), for example). We can write

δL = −δ̇εJ0 − (∂iδε)Ji. (2.184)

We will now modify the theory by adding on a term BμJμ to L where
Bμ is a new vector field whose transformation law is to be determined
and whose purpose is to lead to a new Lagrangian that is invariant under
the local gauge transformation. Let

L1 = L + BμJμ. (2.185)

Then we calculate

δL1 = δL + δBμJμ + BμδJμ

= −δ̇εJ0 − (∂iδε)J i + δB0J
0 + δBiJ

i + BμδJμ
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if (2.184) is used. Suppose that we pick

δB0 = δ̇ε, (2.186)
δBi = ∂iδε. (2.187)

Then the result for δL1 simplifies to

δL1 = B0δJ0 + BiδJi. (2.188)

We can compute δJ0 and δJi from (2.182) and (2.183). It is easily shown
that

δJ0 = 0, (2.189)

δJi = − 1
m

(∂iδε)Ψ∗Ψ. (2.190)

We therefore have

δL1 = − 1
m

Bi(∂iδε)Ψ∗Ψ.

Since (2.187) holds we may write

δL1 = − 1
m

BiδBiΨ∗Ψ

= − 1
2m

δ(BiBiΨ∗Ψ)

if we note that δ(BiBi) = 2BiδBi and δ(Ψ∗Ψ) = 0. Finally if we define

L2 = L1 +
1

2m
BiBiΨ∗Ψ,

we have δL2 = 0. The Lagrangian density for a theory with local invari-
ance corresponding to an arbitrary infinitesimal change in the phase of
the field is therefore given by L2. We have

L2 =
i

2
[Ψ∗(∂0 − iB0)Ψ − (∂0Ψ∗ + iB0Ψ∗)Ψ]

− 1
2m

(∂iΨ∗ + iBiΨ∗)(∂iΨ − iBiΨ) − V Ψ∗Ψ, (2.191)

as the Lagrangian density for the theory with invariance under (2.179)
and (2.180). It is easily verified that the theory (2.191) is also invari-
ant under the finite transformation (2.177) which is called a ‘local gauge
transformation’.
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It is convenient to rewrite (2.191) by introducing gauge-covariant
derivatives. We will define

DμΨ = ∂μΨ − iBμΨ, (2.192)
DμΨ∗ = ∂μΨ∗ + iBμΨ∗, (2.193)

We can now write

L2 =
i

2
[Ψ∗D0Ψ − (D0Ψ∗)Ψ] − 1

2m
(DΨ∗) · (DΨ) − V Ψ∗Ψ. (2.194)

This is the same form as the original Lagrangian density L except that
∂μ has been replaced with Dμ. It is easy to show that the transformations
(2.186) and (2.187) may be written in a more covariant form as

δBμ = B′
μ − Bμ = ∂με. (2.195)

Using this, under a finite gauge transformation specified in (2.177) we
have

D′
μΨ′ = eiεDμΨ, (2.196)

D′
μΨ′∗ = e−iεDμΨ∗. (2.197)

The new modified derivatives in (2.192) and (2.193) transform in exactly
the same way as the fields Ψ and Ψ′ under a local gauge transformation.
In fact with hindsight we can note that because it was the derivative terms
in the original Lagrangian density which destroyed invariance under local
gauge transformations, if we define new derivatives by (2.192) and (2.193)
with the transformation properties (2.196) and (2.197) this would require
Bμ to transform as in (2.195). We would arrive at (2.194) in a much sim-
pler way than that presented above. Nevertheless the derivation we have
given should give us some faith that we could have arrived at a locally
gauge-invariant Lagrangian without being too clever.

We are now left with the task of identifying the physical significance
of the field Bμ that has been introduced. Nature has provided us with a
natural candidate, namely the gauge potential of electromagnetism. The
Maxwell equations involve Aμ only through the combination

Fμν = ∂μAν − ∂νAμ. (2.198)

The theory is therefore invariant under the gauge transformation

Aμ → A′
μ = Aμ + ∂μθ, (2.199)
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for arbitrary function θ (see Section 2.3.4). The similarity between (2.199)
and (2.195) should be obvious. We may therefore take

Bμ = κAμ, (2.200)

for some constant κ. The constant κ is completely arbitrary, and the the-
ory is invariant under the local gauge transformation for any choice of κ.
We must therefore use the physics of the problem to fix κ. To do this we
will add on the action for electromagnetism to L2 in (2.191) or (2.194).
This gives

L = −1
4
FμνFμν +

i

2
[Ψ∗(∂0 − iκA0)Ψ − (∂0Ψ∗ + iκA0Ψ∗)Ψ]

− 1
2m

(∂iΨ∗ + iκAiΨ∗)(∂iΨ − iκAiΨ) − V Ψ∗Ψ. (2.201)

If we vary the action obtained from using (2.201) we find after a straight-
forward calculation

δS =
∫ t2

t1

dt

∫
Σ

dσx

(
∂μFμνδAν + κδA0J̃

0 + κδAiJ̃
i
)

, (2.202)

where we have defined

J̃0 = J̃0 = Ψ∗Ψ, (2.203)

J̃i =
i

2m
[(∂iΨ∗ + iκAiΨ∗)Ψ − Ψ∗(∂iΨ − iκAiΨ)] . (2.204)

J̃i differs from (2.183) by the addition of terms in Ai. We find the Maxwell
equations to be

∂μF 0μ = κJ̃0, (2.205)

∂μF iμ = κJ̃ i. (2.206)

From (2.67) we expect that the right-hand side of (2.205) should involve
−eΨ∗Ψ since eΨ∗Ψ would be the charge density for a field describing
particles of charge e. This will be the case if we choose κ = −e.

To conclude, we note that there is another way to introduce the
field strength Fμν defined in (2.198). Suppose that we consider the sec-
ond covariant derivative of Ψ and form the commutator [Dμ, Dν]Ψ =
DμDνΨ − DνDμΨ. A straightforward computation shows that

[Dμ, Dν]Ψ = −ieFμνΨ. (2.207)

The electromagnetic field strength tensor enters in a natural way through
the gauge-covariant derivative.
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2.7.2 Non-Abelian gauge symmetry

This section assumes a basic knowledge of Lie algebras. Hopefully stu-
dents who have never studied this subject formally will be familiar with
the basic notions from their study of angular momentum in quantum
mechanics (see Schiff (1968, p. 199) for example). The student who is not
comfortable with this topic can omit this section.19

We start by noting that the transformation (2.177) involves the factor
U(ε(x)) = eiε(x) which may be thought of as an element of the Abelian
group U(1). It is possible to generalize this to other continuous groups,
called Lie groups, by taking

U(ε(x)) = eiεA(x)TA , (2.208)

where TA are the generators of the group. U [ε(x)] is said to provide a
representation of the group with εA the group parameters. Nothing will
be lost here by thinking of TA as a set of matrices, although a more
abstract presentation is possible. If the representation of the group is uni-
tary, meaning that U [ε(x)] is a unitary matrix, then the generators TA

are Hermitian: T †
A = TA. The generators TA obey the Lie algebra

[TA, TB] = ifAB
CTC, (2.209)

where fAB
C = −fBA

C are called the ‘structure constants’ of the group.20

The familiar example is the group of rotations in three-dimensional space,
called ‘SO(3, R)’, where TA represent the components of angular momen-
tum, and the parameters εA are the angles of rotation.21

To generalize (2.177) we will consider Φ(x) to be a set of N complex
fields arrayed as a column vector and take

Φ′(x) = U [ε(x)]Φ(x). (2.210)

Because we are not considering the spacetime coordinates as undergo-
ing any transformation, this is an example of what is called an ‘internal
symmetry’. Our task, as for the local U(1) gauge transformation consid-
ered earlier, is to find a Lagrangian density for the fields Φ(x) which is
invariant under the transformation (2.210). To do this we will look at
the derivative of Φ and define a gauge-covariant derivative analogous to
(2.192) and (2.193).

19 For a nice introduction to Lie algebras, aimed at field theory, see Burgess (2002).
20 Again we emphasize the use of summation convention for the repeated index C in

(2.209).
21 For example, if Lx, Ly, and Lz are the operators representing orbital angular

momentum, then [Lx, Ly] = i�Lz is an example of (2.209). See Schiff (1968, p. 199).
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Let

DμΦ = ∂μΦ − iBμΦ. (2.211)

This time because Φ is an N -component vector, we must regard Bμ as
an N ×N matrix. We should be able to write Bμ as a linear combination
of the generators TA:

Bμ = BA
μ TA, (2.212)

where BA
μ is a set of vector fields. Since T †

A = TA we have B†
μ = Bμ. We

therefore define (taking the adjoint of (2.211))

DμΦ† = ∂μΦ† + iΦ†Bμ, (2.213)

to be the covariant derivative of Φ†. If Φ is a column vector, then Φ† is
a row vector. We will now choose the transformation of Bμ to be so that
DμΦ transforms in the same way as Φ under a gauge transformation. We
require

D′
μΦ′ = UDμΦ. (2.214)

Using (2.211) and writing out the gauge-covariant derivatives leads to

iB′
μUΦ = iUBμΦ + (∂μU)Φ.

Since this must be true for any Φ we must have

B′
μ = UBμU−1 − i(∂μU)U−1. (2.215)

Imposing the requirement that Bμ transform in this way ensures that
DμΦ is a gauge-covariant derivative obeying (2.214). We can have a
gauge-invariant Lagrangian density

L = (DμΦ)†(DμΦ) − 1
2
m2Φ†Φ − V (Φ†Φ), (2.216)

obtained from (2.47) by replacing Φ with a column vector of fields, and
the ordinary partial derivative with the covariant derivative.

It is possible to construct a field strength for Bμ analogous to the elec-
tromagnetic field strength tensor in (2.198). It is easy to show that (2.198)
is not invariant under the transformation for Bμ in (2.215) and therefore
must be modified. The appropriate generalization is most simply found by
a computation similar to (2.207). A straightforward computation using
(2.211) leads to

[Dμ, Dν]Φ = −iFμνΦ, (2.217)

where

Fμν = ∂μBν − ∂νBμ − i[Bμ, Bν], (2.218)
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is the field strength tensor. Unlike the situation for the U(1) gauge the-
ory considered earlier, the field strength tensor is not linear in the vector
potential Bμ. It is easily verified that under a local gauge transformation
where Bμ obeys (2.215), the field strength tensor transforms like

Fμν → F ′
μν = UFμνU−1. (2.219)

The presence of the non-linear commutation term in (2.218) is essential
for obtaining a covariant transformation for the field strength.

We can also examine the infinitesimal versions of the above transfor-
mations. To first order in δεA we have from (2.208) that

U = I + iδεA(x)TA, (2.220)
U−1 = I − iδεA(x)TA. (2.221)

Working consistently to order δεA it is easy to show that

B′
μ = Bμ − iδεABμTA + iδεATABμ + (∂μδεA)TA (2.222)

gives the infinitesimal form of the gauge transformation (2.215). If we
write Bμ as in (2.212) and use the Lie algebra (2.209), it can be seen that

B′A
μ = BA

μ + fBC
ABB

μ δεC + ∂μδεA (2.223)

Unlike the U(1) case, the infinitesimal gauge transformation involves not
just the gauge parameters but also the gauge field BA

μ itself.
In a similar way to (2.212) we can define the components of the field

strength Fμν by

Fμν = FA
μνTA. (2.224)

Using (2.212), the definition of Fμν in (2.218), and the Lie algebra (2.209)
it is found that

FA
μν = ∂μBA

ν − ∂νBA
μ + fBC

ABB
μ BC

ν (2.225)

gives the components of the field strength. It is easy to verify that the
transformation law (2.219) becomes

F ′A
μν = FA

μν + fBC
AFB

μνδεC, (2.226)

in infinitesimal form.
By analogy with electromagnetism we would expect that the action

for a non-Abelian gauge theory should involve FμνFμν. Because Fμν is a
matrix, and the Lagrangian density must be a scalar, we can remove the
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matrices by taking the trace to get L ∝ tr (FμνFμν). This is Lorentz-
invariant, gauge-invariant, and reduces to the Maxwell action in the case
of the gauge group U(1). We can choose conventions such that22

L = −1
4
δABFA

μνFBμν (2.227)

2.8 Fields of general spin

Relativistic fields of general spin are defined by their transformation prop-
erties under Lorentz transformations. In fact we could use the theory of
representations of the Lorentz group at this point; however we will adopt
a more pedestrian approach.23

The inhomogeneous Lorentz transformation is described by the trans-
formation of spacetime coordinates

x′μ = Lμ
νxν + aμ, (2.228)

where Lμ
αLν

βημν = ηαβ and aμ is a constant 4-vector. If we specialize
to infinitesimal transformations then

Lμ
ν = δμ

ν + δεμ
ν, (2.229)

aμ = δaμ, (2.230)

where δεμν = −δενμ. (We define δεμν = ημλδελ
ν.) A scalar field has the

transformation property

Φ′(x′) = Φ(x). (2.231)

A vector field Aμ(x) transforms like

A′μ(x′) = Lμ
νAν(x), (2.232)

under (2.228). More generally we can assume that we have a set of fields
Ψ(x) which transforms like

Ψ′(x′) = D(L, a)Ψ(x), (2.233)

for some matrix D(L, a) which depends on the parameters Lμ
ν and aμ

characterizing the Lorentz transformation. (We will think of Ψ as a col-
umn vector of components.) This is similar to the non-Abelian gauge

22 See Weinberg (1996) for a discussion of this normalization.
23 See Weinberg (1995) for a more systematic approach.
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transformations of Section 2.7 except that here it is the spacetime coor-
dinates that are changing.

We can deduce a number of properties of the matrices D(L, a). First
of all if we put Lμ

ν = δμ
ν and aμ = 0, meaning that the spacetime

coordinates do not change, then we find

Ψ′(x) = D(I, 0)Ψ(x).

Since Ψ′(x) = Ψ(x) if we do not perform any transformation we must
have

D(I, 0) = I. (2.234)

By solving (2.228) for xμ it is easily seen that the inverse transforma-
tion is characterized by parameters (L−1)μ

ν and −(L−1)μ
νaν. We can

conclude that

D−1(L, a) = D(L−1,−L−1a). (2.235)

Now consider a sequence of two independent Lorentz transformations.
First perform (2.228) followed by the transformation x′μ → x̃μ where

x̃μ = L̃μ
νx′ν + ãμ. (2.236)

(We use a tilde to denote that the parameters of the second transforma-
tion can differ from those of the first transformation.) By substituting
(2.228) into the right-hand side of (2.236) we find

x̃μ = L̃μ
νLν

λxλ + ãμ + L̃μ
νaν. (2.237)

If we perform the same two transformations on the field Ψ(x) we find

Ψ̃(x̃) = D(L̃, ã)Ψ′(x′)
= D(L̃, ã)D(L, a)Ψ(x). (2.238)

However we know that performing these two transformations is equivalent
to the single transformation (2.237), so we must also have

Ψ̃(x̃) = D(L̃L, L̃a + ã)Ψ(x). (2.239)

Comparing the two expressions (2.238) and (2.239) for Ψ̃(x̃) allows us to
conclude that

D(L̃L, L̃a + ã) = D(L̃, ã)D(L, a). (2.240)
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(It is possible to deduce the properties (2.234) and (2.235) from (2.240)
by taking L = I, a = 0 and L̃ = L−1, ã = −L−1a respectively.)

We will now consider the infinitesimal transformations with Lμ
ν given

by (2.229) and aμ = δaμ. If D(L, a) is a continuous function of Lμ
ν and

aμ, as we will assume, then we can expand D(L, a) about Lμ
ν = δμ

ν in
a Taylor series. The result (2.234) shows that the series begins with the
identity matrix. We will write

D(I + δε, δa) = I + iδεμνΣμν + iδaμPμ, (2.241)

to first order in the infinitesimal parameters δεμν and δaμ. Here Σμν and
Pμ are some matrices which are called the ‘generators of the transforma-
tion’. (This is the infinitesimal form of (2.208) specialized to the Lorentz
group.) The generators must satisfy certain relations which follow from
the properties of D(L, a) and we expect to be able to derive the algebra
relations (2.209) for the Lorentz group. Note that because δεμν = −δενμ

we can take Σμν to be antisymmetric in its indices μ and ν:

Σνμ = −Σμν. (2.242)

It is important to remember that μ and ν do not represent the indices of
the matrix here; they are simply labelling different members of a set of
matrices.

In order to deduce the properties of the generators we will consider
a third transformation in addition to (2.228) and (2.236), from x̃μ to
x̄μ with

x̄μ = L̄μ
νx̃ν + āμ

= L̄μ
νL̃ν

λLλ
σxσ + L̄μ

νL̃ν
λaλ + L̄μ

νãν + āμ. (2.243)

The second line has followed from substituting (2.236) for x̃ν. It is now
easy to see that

D(L̄L̃L, L̄L̃a + L̄ã + ā) = D(L̄, ā)D(L̃, ã)D(L, a). (2.244)

We specialize to the infinitesimal form L̃ = I + δε̃ and ã = δã, choose
L̄ = L−1 and ā = −L−1a and work out both sides of (2.244) with this
choice. The details involving expansions in the infinitesimal parameters
are slightly messy, but the basic idea is straightforward. Working to first
order in infinitesimals we find

L̄L̃L = L−1(I + δε̃)L = I + L−1δε̃L,

L̄L̃a + L̄ã + ā = L−1δã + L−1δε̃a.
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We then find

D(L̄L̃L, L̄L̃a + L̄ã + ā) = D(I + L−1δε̃L, L−1δε̃L + L−1δã

+L−1δã + L−1δε̃a)
= I + i(L−1)μ

λδε̃λ
σLσ

νΣμ
ν

+i(L−1)μ
νδãνPμ

+i(L−1)μ
νδεν

λaλPμ, (2.245)

if we use (2.241) and write out the various matrix multiplications. The
right-hand side of (2.244) becomes

D(L̄, ā)D(L̃, ã)D(L, a) = D−1(L, a)D(I + δε̃, δã)D(L, a)
= I + iδε̃μνD−1(L, a)ΣμνD(L, a)

+iδãμD−1(L, a)PμD(L, a). (2.246)

Comparing (2.245) with (2.246) shows that

δε̃μνD−1(L, a)ΣμνD(L, a) = (L−1)μ
λδε̃λ

σLσ
νΣμ

ν

+(L−1)μ
νδε̃ν

λaλPμ (2.247)

and

δãμD−1(L, a)PμD(L, a) = (L−1)μ
νδãνPμ. (2.248)

Here we have used the fact that the parameters δε̃ and δã are independent
of each other so that the terms in each set of parameters much vanish
separately. If we use (2.235) we may simplify (2.248) to

D(L−1,−L−1a)PμD(L, a) = (L−1)ν
μPν. (2.249)

Removal of the parameters δε̃μν from (2.247) is a bit trickier because
although the parameters are arbitrary, δε̃μν must be antisymmetric in μ
and ν. This means that we must be careful to antisymmetrize in μ and ν
when cancelling off δε̃μν. We find

D(L−1,−L−1a)ΣμνD(L, a) =
1
2
(L−1)σ

μLν
λΣσλ − 1

2
(L−1)σ

νLμ
λΣσλ

+
1
2
(L−1)λ

μaνPλ − 1
2
(L−1)λ

νaμPλ.

(2.250)

The infinitesimal form for Lμ
ν and aμ may be taken in (2.249) and

(2.250) with the D matrices expanded to first order in the infinitesimal
parameters using (2.241). It is straightforward to show

D(L−1,−L−1a)PμD(L, a) = D(I − δε, −δa)PμD(I + δε, δa)
= Pμ + iδεαβ[Pμ,Σαβ] + iδaν[Pμ, Pν]. (2.251)
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We also have

(L−1)ν
μPν = Pμ − δεν

μPν

= Pμ − 1
2
δεαβ(ηβμPα − ηαμPβ), (2.252)

after antisymmetrization on α and β. Using (2.251) and (2.252) in (2.249),
along with the independence of the infinitesimal parameters δεαβ and δaμ

results in

[Pμ, Pν] = 0, (2.253)

[Pμ,Σαβ] =
i

2
(ηβμPα − ηαμPβ). (2.254)

In a similar way we can use (2.250) to show that

[Σμν,Σαβ] =
i

2
(ημαΣνβ + ημβΣαν − ηανΣμβ − ηβνΣαμ). (2.255)

The commutation relations among the generators in (2.253)–(2.255) is
called the ‘Lie algebra of the inhomogeneous Lorentz group’. The gen-
eral form of the algebra is as in (2.209) and it is possible to read off the
structure constants for the Lie algebra from (2.253) to (2.255). It can
be observed that the generators of spacetime translations Pμ commute
among themselves, but do not commute with Σμν. This can be expected
form the composition of two transformations in (2.237). Although the set
of inhomogeneous Lorentz transformations has the properties of a group,
with the set of translations generated by Pμ and the set of transformations
generated by Σμν each forming subgroups, the inhomogeneous Lorentz
transformations is not just the direct product of these two subgroups. (It
is called a ‘semi-direct product’.)

The infinitesimal form of the field transformation (2.233) can also be
given. If we use (2.241) we find

Ψ′(x + δε x + δa) = (I + iδεμνΣμν + iδaμPμ)Ψ(x). (2.256)

The left-hand side of (2.256) may be expanded in a Taylor series

Ψ′(x + δε x + δa) = Ψ′(x) + δεμ
νxν∂μΨ′(x) + δaμ∂μΨ′(x) (2.257)

to first order in the infinitesimal parameters δεμ
ν and δaμ. Since Ψ′(x)

differs from Ψ(x) only by terms involving δε and δa, if we work only to
first order in infinitesimal quantities we may replace ∂μΨ′ with ∂μΨ in
(2.257). We then find
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δΨ(x) = Ψ′(x) − Ψ(x)
= iδεμνΣμνΨ(x) − δεμ

νxν∂μΨ(x)
+iδaμPμΨ(x) − δaμ∂μΨ(x). (2.258)

2.9 The Dirac equation

One fundamental difference between the Klein–Gordon equation and the
Schrödinger equation is that the Klein–Gordon equation is second order
in time derivatives whereas the Schrödinger equation is first order.24

This motivated Dirac to look for an equation which was relativistically
invariant, and which was first order in time derivatives. In order to be
relativistically invariant it would be expected to involve only first-order
spatial derivatives as well.

Suppose that we write this equation in the form

i
∂

∂t
ψ = HDψ, (2.259)

where

HD = i�α·∇ + mβ. (2.260)

Equation (2.259) takes the same form as the Schrödinger equation with
HD the Dirac Hamiltonian. Here m is a constant with units of inverse
length (which will be interpreted as the mass), and �α and β are constant
matrices to be determined.25

In order that the theory described by (2.259) and (2.260) makes sense
physically, �α and β must satisfy a number of properties. One of these
properties follows from the fact that the Hamiltonian HD must be self-
adjoint: ∫ t2

t1

dt

∫
Σ

dσx ψ†
1(HDψ2) =

∫ t2

t1

dt

∫
Σ

dσx(HDψ1)†ψ2.

It is straightforward to show that this requires �α and β to be Hermitian
matrices:

�α† = �α, β† = β. (2.261)

One consequence of relativistic invariance is that the usual relation E2 =
p2+m2 between energy, momentum, and mass must hold. A way to ensure

24 In addition, the Klein–Gordon equation is invariant under Lorentz transformations,
whereas the Schrödinger equation is not.

25 We will see later that 
α and β cannot simply be a vector and a number.
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this is to require all solutions of (2.259) to also satisfy the Klein–Gordon
equation. Operating on both sides of (2.259) with i(∂/∂t) gives

− ∂2

∂t2
ψ = i

∂

∂t
(HDψ) = HD

(
i
∂

∂t
ψ

)
= H2

Dψ.

The interchange of ∂/∂t and HD is justified because HD does not have
any time dependence. Using HD = iαi∂i + βm we have

H2
D = −αiαj∂i∂j + im(αiβ + βαi)∂i + m2β2.

We therefore end up with the requirement that ψ must satisfy[
∂2

∂t2
− αiαj∂i∂j + im(αiβ + βαi)∂i + m2β2

]
ψ = 0.

In order that this result gives the Klein–Gordon equation we must have

αiαj + αjαi = 2δijI, (2.262)
αiβ + βαi = 0, (2.263)

β2 = I, (2.264)

where I is the identity matrix. The reasons for (2.263) and (2.264) are
obvious, but (2.262) may require some explanation. In order that we end
up with the Klein–Gordon equation, we must have αiαj∂i∂j = I∇2 =
Iδij∂i∂j where I is the identity matrix. It would be incorrect to deduce
from this that αiαj = δij because δij is symmetric in i and j, whereas
we have no reasons to suppose that the product of the two matrices αiαj

shares this symmetry.26 Instead we must use the fact that ∂i∂j = ∂j∂i

to write αiαj∂i∂j = (1/2)(αiαj +αjαi)∂i∂j which makes no unwarranted
assumptions about the matrices αi and αj. We can now make the equality
in (2.262). A final comment concerning (2.262)–(2.264) is that as claimed
earlier �α and β must be matrices; they cannot be a vector and a number,
or else (2.264) would imply β = ±1, and (2.263) would imply αi = 0
which does not satisfy (2.262).

Having obtained some requirements that the matrices αi and β must
satisfy, we must now show that there exists matrices with these rele-
vant properties. Let the matrices be n × n. This means that ψ is an
n-component field. The matrices are Hermitian, which means that they
can be diagonalized and their eigenvalues, appearing down the diagonal,
will be real.27 If we take i = j in (2.262) we can see that (αi)2 = I.

26 We would need αi to commute with αj for this to be the case.
27 Note that αi and β do not commute so that it is not possible to diagonalize them

simultaneously.
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Including (2.264), we have shown that all (D + 1) matrices α1, . . . , αD, β
square to the identity matrix. This means that the eigenvalues of any of
the matrices can be only ±1.

Now take i �= j in (2.262). This gives αiαj = −αjαi for j �= i. Taking
the determinant of both sides of this result leads to

det(αiαj) = det(−αjαi) = (−1)ndet(αiαj), (2.265)

if we use familiar properties of the determinant. Because the eigenvalues
of αi are ±1, αi must be a non-singular matrix with a non-zero determi-
nant. This ensures that det(αiαj) �= 0, and for (2.265) to hold, n must
be even.

At this stage we can recall the 2 × 2 Pauli matrices:

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (2.266)

These three matrices satisfy (2.262). However because the three Pauli
matrices along with the identity matrix form a basis for the set of all 2×2
Hermitian matrices, it is impossible to find another 2× 2 matrix β which
anti-commutes with them. We will try to establish a relation between the
dimension of the Dirac matrices αi and β and the spatial dimension D.

If we have one spatial dimension, D = 1, we may choose α1 = σ1 and
β = σ3.28 In two spatial dimensions, D = 2, we can pick α1 = σ1, α

2 = σ2,
and β = σ3. In three or more spatial dimensions, since the dimension
of the matrices n must be even, we must have n ≥ 4. It is possible to
construct the matrices in three or more spatial dimensions by taking ten-
sor products of the lower-dimensional matrices, but a more pedestrian
approach is simpler. For D = 3 we will choose the 4 × 4 matrix

α1 =
(

0 I
I 0

)(
σ1 0
0 σ1

)
=
(

0 σ1
σ1 0

)
. (2.267)

Similarly,

α2 =
(

0 σ2
σ2 0

)
, α3 =

(
0 σ3
σ3 0

)
. (2.268)

Finally we pick

β =
(

I 0
0 −I

)
. (2.269)

The matrices in (2.267)–(2.269) can be shown to be Hermitian and to
satisfy the requirements in (2.262)–(2.264). For D = 4 we can choose

28 We could equally well choose β = σ2.
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α1, α2, α3 and β to be the same as for D = 3, and in addition pick α4 =
βα1α2α3. Again it is easy to show that this choice satisfies the properties
(2.262)–(2.264). The construction just described shows a general feature
of the matrices: if we know the matrices in an odd spatial dimension, say
D = 2δ + 1, then we can find them in the next even spatial dimension
D = 2δ +2 by taking the extra component of �α to be proportional to the
product of β with all of the lower components α1, . . . , α2δ+1. The con-
stant of proportionality can be fixed by the Hermitian property and the
requirement that (αi)2 = I. A corollary of this construction is that the
dimension of the matrices in spatial dimensions D = 2δ+1 and D = 2δ+2
must be equal.

All that we now require to complete our construction of the explicit
forms for the matrices αi and β is the knowledge of how to proceed from
spatial dimension 2δ + 2 to the next higher odd dimension D = 2δ + 3.
The first equality in (2.267) contains the key for this step. To see this we
will construct the representation for �α and β in D = 5 from our knowl-
edge of the matrices in D = 4. Let α̃1, . . . , α̃5 and β̃ be the matrices
for D = 5 and α1, . . . , α4 be those already described for D = 4. We
then have

α̃i =
(

0 I
I 0

)(
αi 0
0 αi

)
, i = 1, . . . , 4, (2.270)

α̃5 =
(

0 I
I 0

)(
β 0
0 β

)
, (2.271)

β̃ =
(

I 0
0 −I

)
, (2.272)

with I the 4×4 identity matrix. It is straightforward to show that (2.262)–
(2.264) are satisfied. Our explicit construction also shows the relationship
between the dimension of the matrices n and the spatial dimension D. It
is easy to see that n = 2[(D+1)/2] where [(D + 1)/2] is the greatest inte-
ger less than or equal to (D + 1)/2. The details of the construction are
essentially straightforward and will be left as an exercise.

It is conventional to write the Dirac equation in a more symmetrical
form. If we take (2.259), multiply both sides by β on the left, and use
β2 = I, we find

iβ
∂

∂t
ψ = iβαi∂iψ + mψ.

This can be written as

(iγμ∂μ − m)ψ = 0, (2.273)
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if we define

γ0 = β, (2.274)
γi = −βαi, i = 1, . . . , D. (2.275)

Because �α and β are Hermitian we find

(γ0)† = γ0, (2.276)
(γi)† = −γi. (2.277)

These two results may be combined into the single equation

(γμ)† = γ0γμγ0. (2.278)

It is also easy to show using (2.262)–(2.264) that

γμγν + γνγμ = 2ημνI. (2.279)

The matrices γμ are referred to as the Dirac γ-matrices, or simply as
the Dirac matrices if no confusion can arise with �α and β. An explicit
representation for them can be found using the results for �α and β found
above.

If we take the Hermitian conjugate of (2.273) we have

0 = i∂μψ†(γμ)† + mψ.

Using (2.278) this may be written as

0 = i∂μψ†γ0γμγ0 + mψ†.

Finally, because (γ0)2 = I, if we multiply both sides of this last result on
the right by γ0 we have

0 = i∂μψ̄γμ + mψ̄, (2.280)

where

ψ̄ = ψ†γ0. (2.281)

Equation (2.280) is usually called the ‘adjoint Dirac equation’.
We now turn to the transformation properties of ψ and ψ̄ under Lorentz

transformations. The general framework that we need was described in
Section 2.8. As in (2.233) we will define

ψ′(x′) = D(L, a)ψ(x), (2.282)
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when x′μ = Lμ
νxν +aμ gives a Lorentz transformation. If we perform the

transformation xμ → x′μ on (2.273) we have

iγ′μ∂′
μψ′(x′) − mψ′(x′) = 0, (2.283)

where γ′μ represent the transformed Dirac matrices which must satisfy
(2.279). At this stage we note a feature of the algebra of matrices (2.279),
namely that any representation we choose for γμ is only defined up to
an arbitrary unitary transformation. If γμ satisfies (2.279) then so does
UγμU−1 where U is any unitary matrix. This is trivial to show.29 What
is less trivial to show is that all matrices which satisfy (2.279) are related
by a unitary transformation.30 Given that this is the case, we are free
to simply take γ′μ = γμ because the matrices are only defined up to a
unitary transformation in any case. Returning to (2.283) we have

iγμ∂′
μψ′(x′) − mψ′(x′) = 0. (2.284)

It is easy to show

∂′
μ =

∂

∂x′μ =
∂xν

∂x′μ ∂ν = (L−1)ν
μ∂ν.

From (2.282) we find

iγμ(L−1)ν
μD(L, a)∂νψ(x) − mD(L, a)ψ(x) = 0.

Multiplication on the left by D−1(L, a) results in

iD−1(L, a)γμ(L−1)ν
μD(L, a)∂νψ(x) − mψ(x) = 0.

Because ψ(x) satisfies (2.273) we must require

D−1(L, a)γμ(L−1)ν
μD(L, a) = γν

or

γμ = Lμ
νD(L, a)γνD−1(L, a). (2.285)

If we specialize to homogeneous Lorentz transformations and take the
parameters of the transformation to be infinitesimal, so Lμ

ν = δμ
ν + δεμ

ν,
and D(I + δε, 0) = I + iδεμνΣμν as in (2.241), then (2.285) becomes

γμ � γμ − iδενλ[γμ,Σνλ] + δεμ
νγν, (2.286)

29 U must be unitary to preserve the properties (2.276) and (2.277).
30 See Good (1955) or the discussion in Schweber (1961) for example.
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if we work to first order in δε. We therefore have

δεμ
νγν = iδενλ[γμ,Σνλ].

If we write

δεμ
νγν =

1
2
(δμ

ν γλ − δμ
λγν)δενλ,

(a step which is necessary because δενλ is antisymmetric in ν and λ), then
we obtain the requirement

[γμ,Σνλ] = − i

2
(ημνγλ − ημλγν). (2.287)

We would expect Σνλ to involve the Dirac γ-matrices, and because we
require Σλν = −Σνλ a natural choice is

Σνλ = κ[γν, γλ],

for some constant κ. By using (2.279) it is easy to show that (2.287) is
satisfied if κ = −i/8. Thus we have

Σνλ = − i

8
[γν, γλ]. (2.288)

Straightforward algebra shows that (2.288) satisfies the requirement given
in (2.255) for the generators of the Lorentz transformations.

Because of the group property of Lorentz transformations we can build
up a finite transformation from repeated infinitesimal ones. This can be
illustrated quite simply for rotations which will also demonstrate the
spinorial nature of the Dirac field. A rotation of angle θ about the z-axis
is characterized by the change of coordinates

x′ = x cos θ + y sin θ

y′ = −x sin θ + y cos θ

z′ = z

t′ = t. (2.289)

If we take the angle θ = δθ to be infinitesimal, then the non-trivial
coordinate transformations obey

δx = x′ − x = δθ y

δy = y′ − y = −δθ x. (2.290)
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Comparison with the general result δxμ = δεμ
νxν shows that δε12 =

−δε21 = −δθ are the only non-zero parameters of the rotation. We
then have

D(I + δε, 0) = I + iδεμνΣμν

= I +
1
2
δθγ2γ1. (2.291)

We may build up a finite transformation by first of all dividing up θ =
nδθ, and then taking the limit n → ∞.31 If we shorten the notation so
that D(θ) represents the result for a finite rotation then

D(θ) = lim
n→∞

(
I +

1
2

θ

n
γ2γ1

)n

. (2.292)

(We have just used (2.291) with δθ = θ/n, and taken n successive trans-
formations.) From the definition of the exponential function, which holds
equally well for matrices, we find

D(θ) = exp
(

θ

2
γ2γ1

)
(2.293)

= I cos
(

θ

2

)
+ γ2γ1 sin

(
θ

2

)
. (2.294)

(The second line follows by expanding the exponential in its Taylor series
and using (γ2γ1)2n = (−1)nI which comes from (2.279).) The key feature
of this result is the presence of half-angles. This means that

D(2π) = −I = −D(0). (2.295)

Since D(θ) describes what happens to ψ(x) under a rotation of angle θ,
this result shows that ψ(x) changes sign under a complete rotation of 2π.
Only after a rotation of 4π will ψ(x) return to its original value. This is
quite unlike the situation for a scalar or vector field and is the signature
of a field with a half-integer spin. ψ(x) is called a spinor field.32

If we consider the adjoint spinor in (2.281), under a Lorentz transfor-
mation we have

31 The limit n → ∞ is necessary so that δθ is infinitesimal.
32 In group theory terms D(L, a) above has provided a representation of the double-

covering of the Lorentz group. For a more complete discussion, see Choquet-Bruhat
et al. (1977).
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ψ̄′(x′) = ψ′†(x′)γ0

= ψ†(x)D†(L, 0)γ0

= ψ̄(x)γ0D†(L, 0)γ0.

From (2.278) and (2.288) it may be shown that

Σ†
μν = γ0Σμνγ0. (2.296)

This may be used to show that

γ0D†(L, 0)γ0 = D†(L, 0),

and we find

ψ̄′(x′) = ψ̄(x)D†(L, 0). (2.297)

Combining (2.282) with (2.297) it follows that ψ̄(x)ψ(x) is a scalar under
Lorentz transformations.

To complete our initial study of the Dirac equation we wish to find a
Lagrangian density L which gives rise to the Dirac equation (2.273) and
its adjoint (2.280) under independent variations of ψ̄(x) and ψ(x). It is
easy to see that a suitable choice is

L =
1
2
ψ̄(iγμ∂μ − m)ψ − 1

2
(i∂μψ̄γμ + mψ̄)ψ

=
i

2
(ψ̄γμ∂μψ − ∂μψ̄γμψ) − mψ̄ψ. (2.298)

This has the virtue of being real (as can be seen from the properties
(2.278)) and a scalar under Lorentz transformations. The action is

S[ψ̄, ψ] =
∫ t2

t1

dt

∫
Σ

dσxL

=
∫ t2

t1

dt

∫
Σ

dσxψ̄(iγμ∂μ − m)ψ, (2.299)

if we perform an integration by parts and discard a total derivative.
Given the Lagrangian density L in (2.298) we may find the momen-

tum canonically conjugate to ψ as follows. Write out (2.298) explicitly as
(using ψ̄ = ψ†γ0)

L =
i

2
[ψ†ψ̇ + ψ̄�γ · ∇ψ − ψ̇†ψ − (∇ψ̄) · �γψ] − mψ̄ψ.

Here �γ has components γi. Vary L with respect to ψ̇ to find

π =
i

2
ψ†. (2.300)
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Vary L with respect to ˙̄ψ to find

π̄ = − i

2
γ0ψ = − i

2
ψ̄†. (2.301)

The situation here is very similar to that for the Schrödinger field in
Section 2.3.3 where the canonical momenta are related to the fields. The
reason for this is that in both cases the Lagrangian is linear in time
derivatives of the fields.

The Hamiltonian density may also be constructed. We form

H = πψ̇ + ˙̄ψπ̄ − L

=
i

2
∂iψ̄γiψ − i

2
ψ̄γi∂iψ + mψ̄ψ. (2.302)

If we return to the original matrices �α and β, and use (2.274) and (2.275)
we find

H =
i

2
ψ†�α · ∇ψ − i

2
(∇ψ)† · �αψ + mψ†βψ. (2.303)

The Hamiltonian becomes

H =
∫

Σ
dσxH =

∫
Σ

dσxψ†(i�α · ∇ + mβ)ψ, (2.304)

if a total derivative is discarded. The operator occurring in (2.304) is
observed to be the Dirac Hamiltonian operator we started with in (2.260).
Again the situation is similar to that for the Schrödinger field.

Finally we wish to give the result for a charged Dirac spinor inter-
acting with the electromagnetic field. We can either use the method
of the Noether current described in Section 2.7, or else use our previ-
ous experience to conclude that we simply need to replace ∂μ with the
gauge-covariant derivative Dμ = ∂μ − ieAμ. The Dirac equation becomes

iγμ∂μψ + eγμAμψ − mψ = 0, (2.305)

and its adjoint is

i∂μψ̄γμ − eAμψ̄γμ + mψ̄ = 0. (2.306)

The construction of a suitable Lagrangian density for the Dirac field is
straightforward and will be left as an exercise.

To finish our discussion of the Dirac equation, we will examine the
physically interesting case of D = 3 and show that a particle of spin 1/2 is
described. To do this, we will first prove that unless we include spin, the
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Dirac equation is not consistent with the conservation of angular momen-
tum. We will concentrate on L3 = x1p2 −x2p1 and evaluate [L3, H] using
H = �α · p + mβ. This anticipates the canonical commutation relations
between position and momentum [xi, pj] = i�δij that we will not establish
until the next chapter, but it is expected that the reader has seen them
before from a previous encounter with quantum mechanics. (See Schiff
(1968) for example.) Since L3 must be a multiple of the identity matrix,
we have

[L3, H] = αi[L3, pi]
= αi {[x1, pi]p2 − [x2, pi]p1}
= i�

(
α1p2 − α2p1

)
. (2.307)

A similar calculation applied to the other components of angular momen-
tum shows that

[L, H] = i��α × p. (2.308)

It therefore follows that L cannot be a constant of the motion.
This need not be a problem since it can be recalled that the total angu-

lar momentum J = L + S, and it is the total angular momentum that
must be conserved. We therefore can look for an S3 that we can add to
L3 in order that [J3, H] = 0. A bit of thought shows that if [S3, H] is to
cancel with (2.307), S3 should be quadratic in the �α matrices. Further-
more because of the commutation relations (2.262) S3 need only involve
α1α2. We will therefore set

S3 = kα1α2 (2.309)

for constant k with k chosen such that [L3 + S3, H] = 0. Because of
(2.263) we have [S3, β] = 0. Thus,

[S3, H] = k[α1α2, αi]pi. (2.310)

The commutator on the right-hand side of (2.310) may be evaluated
by repeated use of (2.262). The result is

[S3, H] = 2k(α1p2 − α2p1). (2.311)

Thus, if we choose k = −i�/2 we will have [L3 +S3, H] = 0. We conclude
that

S3 = − i�

2
α1α2. (2.312)
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By symmetry the other components of S are

S1 = − i�

2
α2α3, (2.313)

S2 = − i�

2
α3α1. (2.314)

If we make use of the explicit representations (2.267, 2.268) for D = 3,
it is easy to see that

S =
�

2

(
�σ 0
0 �σ

)
. (2.315)

This leads to S · S = (3/4)�2I. Comparison with the general result for
angular momentum (Schiff, 1968) S·S = s(s+1)�2I allows us to conclude
that s = 1/2 and that the Dirac equation describes a particle of spin 1/2.

Notes

The passage from a system of discrete point particles to a continuous
system as described in Section 2.1 is well treated by Goldstein (1950).
Most quantum field theory books present some of the details of classi-
cal field theory. The greatest influences on me have been Wentzel (1949)
and Bogoliubov and Shirkov (1959). A newer book that has an inter-
esting approach is Burgess (2002). The treatment of Noether’s theorem
was influenced by Wentzel (1949) and Hill (1951). I first learned about
the approach to gauge invariance described in Section 2.7 from studying
supergravity (see van Niewenhuizen (1984) for example). The treatment
of non-Abelian gauge symmetry was influenced principally by Abers and
Lee (1973). Fields of general spin and their relationship with the represen-
tations of the Lorentz group are described in Weinberg (1972, 1995). My
main reference for the Dirac equation is Bjorken and Drell (1964, 1965).



3
Action principle in quantum theory

3.1 States and observables

3.1.1 Bras, kets, and operators

There are at least two fundamental assumptions made in classical physics
which do not apply in quantum physics. These two assumptions concern
the types of measurements we can perform on a given system. The first
assumption made is that it is possible, at least in principle, to perform a
measurement on a given system in a way in which the interaction between
the system being studied and the measuring apparatus can be made as
small as we like. Because the act of measurement will disturb the system
in some way, it is assumed that we can compensate for this disturbance
to minimize the interaction. For example, if we look visually at an object
by illuminating it with light, the illumination caused by the light leav-
ing the light source and striking the object before being reflected to our
eyes will impart some momentum to the object. Given the wavelength of
light used we can always (in classical physics) work out what momentum
is imparted, and we can compensate for this change in momentum by
applying an appropriate force to the object to counteract this change.
The second assumption made in classical physics is that there are no
restrictions on what measurements we can make on a system either in
type or in accuracy.1

Both assumptions can break down when we consider systems which
must be described by quantum mechanics. The fact that one type of mea-
surement may limit another is familiar from the Heisenberg uncertainty
principle. In addition, the measurement of one property may render our
knowledge of previously measured properties of a system useless. It is

1 We are speaking theoretically here; the practicality of actually doing the compensa-
tion for momentum in a real observation is not the point. A similar comment applies
to the accuracy.

100
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therefore important to consider the situation for quantum systems most
carefully.

Following Dirac (1958) we will speak of possible measurements on a
system as observables. Let Ai denote any observable with a′

i a possible
outcome of any measurement of this observable. Here i = 1, 2, . . . label
the various observables, and we assume that for every value of i, a′

i is a
real number. We can try to extract as much information as possible about
a quantum mechanical system at some given instant. In order to do this
it must be possible to measure some set of observables A1, . . . , An with-
out restriction. Such a set of observables is called ‘mutually compatible’
because the measurement of any observable in the set does not affect the
measurement of any of the other observables. We could imagine starting
with one observable and adding in a second observable which is mutually
compatible with the first. We could then add in a third observable which
is mutually compatible with the first two and so on until it is not possible
to add any more. This will generate a complete set of mutually compati-
ble observables. The most information we can obtain about our system is
a knowledge of the numbers a′

1, . . . , a
′
n which are possible values for the

complete set of mutually compatible observables. This will be called ‘the
state of the system’.

Following Dirac (1958) we will associate the state of a system with a
vector in a complex vector space V. Since the knowledge of the values for
a complete set of mutually compatible observables gives us the maximum
information about a state, we can assume that {|a′〉}, the set of all possi-
ble states, forms a basis for V. (We have chosen to abbreviate |a′

1, . . . , a
′
n〉

by |a′〉 here. The states |a′〉 are called ‘kets’.) Strictly speaking a state
should really be specified by a ray in V, but as our discussion is not
intended to be mathematically rigorous, and because this distinction is
not important for our purposes, we will gloss over this point. Similarly we
will assume that the limit n → ∞ may be taken without difficulty where
necessary.2

Associated with any vector space V is the dual space V∗ whose ele-
ments are called ‘bras’ in Dirac’s terminology. A basis for V∗ is denoted
by {〈a′|}, and is the basis which is dual to {|a′〉}. We assume that

〈a′|a′′〉 = δ(a′, a′′), (3.1)

where δ(a′, a′′) is the Kronecker delta if a′ is a discrete set, and the Dirac
delta if it is continuous.

2 For the reader interested in a more careful treatment, a gentle introduction is given
by Isham (1989, 1995). For a no-holds barred treatment, see Prugovecki (1982).
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The choice of a complete set of mutually compatible observables is not
unique. Because we are considering {|a′〉} to provide a basis for V we can
understand this non-uniqueness as a different choice made for the basis
vectors of V. Suppose that {|b′〉} also provides a basis for V relevant to
another set of mutually compatible observables B1, B2, . . . . The fact that
both {|a′〉} and {|b′〉} provide bases for V means that it must be possible
to express one set of basis vectors in terms of the other. We can write

|b′〉 =
∑
a′

|a′〉〈a′|b′〉, (3.2)

where the expansion coefficients 〈a′|b′〉 are some set of complex numbers.
Because of the role played by 〈a′|b′〉 in affecting a change of basis, 〈a′|b′〉
will be called the ‘transformation function’. As the notation suggests, the
transformation function may be identified with the inner product of |b′〉
with |a′〉. With this interpretation we may write

I =
∑
a′

|a′〉〈a′|, (3.3)

from (3.2) where I is the identity operator. This is often called the ‘com-
pleteness relation’. The transformation function 〈a′|b′〉 may be thought
of as the elements of a matrix which must be unitary since

δ(b′′, b′) = 〈b′′|b′〉 =
∑
a′

〈b′′|a′〉〈a′|b′〉, (3.4)

if we use (3.1) and (3.2). (The last equality in (3.4) is interpreted as the
component form of matrix multiplication in an obvious way.) Thinking
of 〈a′|b′〉 as the components of a unitary matrix leads to

〈b′|a′〉∗ = 〈a′|b′〉, (3.5)

from (3.2). If we have a third basis for V provided by {|c′〉}, then it is
easy to show from (3.2) written as |c′〉 =

∑
b′ |b′〉〈b′|c′〉 that

〈a′|c′〉 =
∑
b′

〈a′|b′〉〈b′|c′〉. (3.6)

It is possible to rewrite (3.2) in a matrix form. Let U denote the matrix
whose components are the transformation function 〈a′|b′〉. If we think of
|a′〉 and |b′〉 as column vectors we can rewrite (3.2) in matrix form as

|b′〉 = U |a′〉. (3.7)



3.1 States and observables 103

This should be thought of as applying to each and every member of both
sets of bases. The matrix elements of U are 〈a′|b′〉 with b′ labelling the
row and a′ the column. With this identification (3.7) is identical to (3.2).
By changing the notation slightly we can write down the explicit expres-
sion for U . Label the bases by |a(i)〉 and |b(i)〉 where i = 1, 2, . . . in place
of the usual |a′〉 and |b′〉. Then (3.7) becomes

|b(i)〉 = U |a(i)〉, (3.8)

and we can deduce that

U =
∑

i

|b(i)〉〈a(i)|. (3.9)

It is easy to show from (3.3) that

I = U†U = UU†, (3.10)

proving that U is unitary.
With this vector space description of states we can associate observ-

ables with linear operators acting on V which map one vector into another.
Since the measurements performed on a system should yield a real num-
ber, the natural association is between observables and Hermitian opera-
tors because Hermitian operators have real eigenvalues.3 If A is the Her-
mitian operator representing some observable, we can write the eigenvalue
equation

A|a′〉 = a′|a′〉. (3.11)

Taking the inner product of (3.11) with |a′′〉 and using (3.1) shows that

〈a′′|A|a′〉 = a′δ(a′′, a′). (3.12)

The matrix representation of A is diagonal in the basis specified by its
eigenvectors. Under the change of basis (3.7) we have

AU†|b′〉 = a′U†|b′〉,

which we can write as

(U AU†)|b′〉 = a′|b′〉. (3.13)

(We have used the fact (3.10) that U is unitary here.) If we define

Ã = U AU†, (3.14)

3 See §9 of Dirac (1958), for example.
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to be the transformed operator, the result in (3.13) shows that under a
unitary transformation the new basis vectors found from (3.9) applied
to the original eigenvectors are eigenvectors of the transformed operator
Ã defined in (3.14) with the eigenvalue unchanged. The transformation
(3.14) applies to any operator under a change of basis, although (3.12)
and (3.14) only apply if the basis {|a′〉} involves eigenvectors of the oper-
ator. Note that the identity operator is singled out as being invariant
under a change of basis generated by a unitary transformation.

One final development of the Dirac notation which we will need
concerns the representation of an operator. Noting the eigenvalue equa-
tion (3.11) it can be seen that we may express A in terms of its
eigenvectors as

A =
∑
a′

a′|a′〉〈a′|. (3.15)

This obviously implies (3.11) if we use the orthonormality condition (3.1).

3.1.2 Time development

Suppose that at some initial time t0 the system is described by a quan-
tum state |α, t0〉. This state can be assumed to be expressible as a linear
combination of the basis kets |a′〉 corresponding to some set of mutu-
ally compatible observables. We wish to know the state at some later
time t. Denote the state of the system at time t by |α, t〉 where |α, t =
t0〉 = |α, t0〉. We will assume that the time evolution of the quantum state
occurs by a linear unitary operator which we will call U(t, t0). We will
assume that

|α, t〉 = U(t, t0)|α, t0〉. (3.16)

The condition that U(t, t0) be a unitary operator preserves the norm of
the quantum state under time evolution. The operator U(t, t0) will be
called the ‘time evolution’, or ‘time development’, operator.

The time evolution in (3.16) is assumed to be continuous in the time.
By taking the limit t → t0 it is clear that

U(t0, t0) = I, (3.17)

where I is the identity operator. If we consider a time t′ ≥ t, then the
time evolution can be regarded either as occurring in two stages (i.e. from
t0 to t followed by t to t′) or directly from t0 to t′. As a consequence we
must have

U(t′, t0) = U(t′, t)U(t, t0). (3.18)
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The time evolution operators form a one parameter group (the parameter
being the time).4 Suppose that we consider the infinitesimal time evolu-
tion from time t to time t + ε, where ε is infinitesimally small. U(t + ε, t)
is the operator which describes the evolution. Because the time evolution
is assumed to occur continuously in time, and we have (3.17), we must
have

U(t + ε, t) = I − i

�
εH(t) (3.19)

to first order in ε for some Hermitian operator H(t). Using the definition
of the partial derivative, we find

i�
∂

∂t
U(t, t0) = i� lim

ε→0

1
ε
[U(t + ε, t0) − U(t, t0)]

= i� lim
ε→0

1
ε
[U(t + ε, t)U(t, t0) − U(t, t0)]

with the second equality following from the property (3.18). If we now
use (3.19), the following result is obtained:

i�
∂

∂t
U(t, t0) = H(t)U(t, t0). (3.20)

We can therefore regard U(t, t0) as the solution to the first-order differ-
ential equation (3.20) which satisfies the boundary condition (3.17). The
time-dependent quantum state defined in (3.16) satisfies the differential
equation

i�
∂

∂t
|α, t〉 = H(t)|α, t〉 (3.21)

with the boundary condition |α, t = t0〉 = |α, t0〉.
It now remains to identify the operator H(t) which occurs in the def-

inition (3.19). The operator H(t) is the generator of the time evolution.
In classical physics the generator of time evolution is given by the Hamil-
tonian of the system. (See the discussion in Section 1.4.1 and (1.59).)
The simplest possibility is to take H(t) in quantum mechanics to be
the operator corresponding to the classical Hamiltonian for the system
under consideration. Once this is done, (3.21) may be recognized as the
Schrödinger equation for the quantum state.

In the special case where the Hamiltonian H(t) does not have a depen-
dence on the time we may integrate (3.20) directly to give the time
evolution operator as

U(t, t0) = exp
[
− i

�
(t − t0)H

]
. (3.22)

4 The fact that U(t, t0) is unitary ensures the existence of an inverse operator.
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In the case where the Hamiltonian does have a dependence on the time,
it is not so easy to solve (3.20) because the operators obtained by evalu-
ating the Hamiltonian at different times may not commute. Instead it is
possible to convert (3.20) into an integral equation simply by integrating
both sides from time t0 to t and using (3.17) as the initial condition. This
gives

U(t, t0) = I − i

�

∫ t

t0

dt′H(t′)U(t′, t0). (3.23)

It is easy to see that this solves (3.20) and the boundary condition (3.17).
It is possible to write down a formal solution to (3.23) by an iterative
procedure. Write

U(t, t0) =
∞∑

n=0

U (n)(t, t0) (3.24)

where U (n)(t, t0) is of nth order in the Hamiltonian. If we set

U (0)(t, t0) = I, (3.25)

then it is easy to see that

U (n)(t, t0) =
(

− i

�

)n
∫ t

t0

dt1

∫ t1

t0

dt2 · · ·
∫ tn−1

t0

dtnH(t1)H(t2) · · ·H(tn).

(3.26)
Because of the limits on the integrals, it is clear that t ≥ t1 ≥ t2 ≥ · · · ≥
tn ≥ t0. Although we have not assumed that the Hamiltonian evaluated
at different times satisfies any commutation relation, it is observed that
the product of factors of the Hamiltonian are ordered in such a way so
that the Hamiltonian at an earlier time always appears to the right of
the Hamiltonian at a later time. It now proves convenient to introduce
Dyson’s (Dyson, 1949) chronological, or time ordered, product defined
such that

T
[
H(ti1) · · ·H(tin)

]
= H(t1) · · ·H(tn), (3.27)

for ti1 , . . . , tin any ordering of t1, . . . , tn with t1 ≥ · · · ≥ tn. We can
now introduce the time-ordering symbol into (3.26) without changing the
given expression. However, because of the property of the time-ordering
operation defined in (3.27) the order of the operators inside of the time-
ordering symbol is irrelevant. This means that T

[
H(t1) · · ·H(tn)

]
is a

symmetric function of the integration variables t1, . . . , tn. It is now easy
to convince oneself that
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t0

dt1

∫ t1

t0

dt2 · · ·
∫ tn−1

t0

dtnH(t1) · · ·H(tn) (3.28)

=
∫ t

t0

dt1

∫ t1

t0

dt2 · · ·
∫ tn−1

t0

dtnT
[
H(t1) · · ·H(tn)

]
=

1
n!

∫ t

t0

dt1

∫ t

t0

dt2 · · ·
∫ t

t0

dtnT
[
H(t1) · · ·H(tn)

]
. (3.29)

The factor of 1/n! comes from the n! possible permutations of the time
variables inside of the time-ordering symbol. A formal proof of (3.29) can
be given by induction. The expression for the time evolution operator
now becomes

U(t, t0) =
∞∑

n=0

1
n!

(
− i

�

)n
∫ t

t0

dt1

∫ t

t0

dt2 · · ·
∫ t

t0

dtnT
[
H(t1) · · ·H(tn)

]
.

(3.30)
It is customary to write this last result in the convenient shorthand
notation as

U(t, t0) = T exp
[
− i

�

∫ t

t0

dt′H(t′)
]

. (3.31)

In the special case where the Hamiltonian operator has no explicit time
dependence, the result of (3.22) is regained. However, in the general case
no such simple solution is possible.

3.1.3 Heisenberg and Schrödinger pictures

In the previous section we considered the time development of the system
to be through the state vector describing the system. This is called the
‘Schrödinger picture’. An alternate approach is to take the state vector
to be constant in time and to allow the observables to be time depen-
dent. This is called the ‘Heisenberg picture’. If |α, t〉S represents the state
vector in the Schrödinger picture, and |α, t〉H represents the state vector
in the Heisenberg picture, then we will define

|α, t〉H = |α, t0〉 (3.32)

where the initial state |α, t0〉 is independent of the picture adopted. (In
other words, we choose the two pictures to be the same at the initial
time t0.) In the Heisenberg picture, the state vector remains frozen at its
initial value for all time and does not evolve.

If AS represents an observable in the Schrödinger picture, we will let
AH(t) represent the same observable in the Heisenberg picture. Because
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the states have a different time evolution in the two pictures, the oper-
ators will also evolve differently. However, the expectation value of a
given observable should be independent of which picture is employed since
expectation values are associated with measurable quantities. This gives
the relation

〈S α, t|AS|α, t〉S = 〈H α, t|AH|α, t〉H. (3.33)

Using (3.16) on the left-hand side, and (3.32) on the right-hand side, we find

〈α, t0|U†(t, t0)ASU(t, t0)|α, t0〉 = 〈α, t0|AH(t)|α, t0〉,

from which we can conclude that the operators in the two pictures are
related by

AH(t) = U†(t, t0)ASU(t, t0). (3.34)

Because of (3.33), operators in the two pictures are seen to coincide at the
initial time t0. We have not written any time argument for the Schröd-
inger picture operators; however, operators in the Schrödinger picture
may have an explicit time dependence. An example is the Hamiltonian
for a charged particle in a time-dependent electromagnetic field. In the
Schrödinger picture the Hamiltonian is time dependent due to the explicit
time dependence of the magnetic field. We wish to include this possibility
in what follows.

In the Heisenberg picture, the time evolution of the system is expressed
through the operators since the state vector is constant in time. We
can find the equation which governs the behaviour of an operator in
the Heisenberg picture by differentiating (3.34). If we use the differential
equation (3.20) satisfied by the time evolution operator along with the
adjoint of the equation which governs U†(t, t0), we find

i�
d

dt
AH(t) = − U†(t, t0)HSASU(t, t0) + U†(t, t0)ASHSU(t, t0)

+ i�U†(t, t0)
∂AS

∂t
U(t, t0).

The Hamiltonian which enters the right hand-side follows from (3.20)
and is therefore in the Schrödinger picture. We have also allowed for the
possibility that the Schrödinger picture operators may have an explicit
time dependence as mentioned earlier. The right-hand side of this last
result may be rewritten in terms of the Heisenberg picture operator using
(3.34). This gives

i�
d

dt
AH(t) = AH(t)U†(t, t0)HSU(t, t0) − U†(t, t0)HSU(t, t0)AH(t)

+ i�U†(t, t0)
∂AS

∂t
U(t, t0).
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As should be evident from the previous section, there is no reason to sup-
pose that HS commutes with U(t, t0) in general. Equation (3.34) applies
equally well to the Hamiltonian

HH(t) = U†(t, t0)HSU(t, t0) (3.35)

which may be different in the two pictures. Finally, we will define

∂

∂t
AH(t) = U†(t, t0)

∂AS

∂t
U(t, t0) (3.36)

which may be understood as the transformation of ∂AS/∂t from the
Schrödinger picture to the Heisenberg picture. The Heisenberg picture
operator satisfies

i�
d

dt
AH(t) = [AH(t), HH(t)] + i�

∂

∂t
AH(t). (3.37)

We emphasize that the last term on the right-hand side is given mean-
ing via (3.36), and is absent in the case where the Schrödinger picture
operator has no explicit time dependence. This result should be com-
pared with (1.30) found in classical mechanics. The results are the same
if we replace dynamical variables with operator observables, take the
Hamiltonian to be an operator, and replace the Poisson bracket with the
quantum mechanical commutator divided by i�.

In the special case where [HS, U(t, t0)] = 0, it is easily seen from (3.35)
that HH(t) = HS. In this case the Hamiltonian is independent of the pic-
ture. This is always the case for time-independent Hamiltonians. It is also
the case for time-dependent Hamiltonians provided that the Hamiltonians
obtained at different times commute with each other. It is only in this
case that the time-ordering operation in (3.31) is redundant.

A possible source of confusion concerns the time dependence of the
base kets corresponding to some observable in the two pictures. Naively,
one would expect the base kets to have the same time dependence as the
state vector of the system; namely, that they would evolve with time in
the Schrödinger picture according to the Schrödinger equation, and that
in the Heisenberg picture they would be independent of time. However,
a bit of thought will show that this is not the case.

Suppose that we have the eigenvalue equation

A|a′〉 = a′|a′〉 (3.38)

for some observable A. If we consider the Schrödinger picture first, then
the operator A does not evolve with time, so neither can the eigenvalue
a′ nor the eigenvectors |a′〉. Thus in the Schrödinger picture the base kets
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of an observable do not evolve with time. We consider the operator and
eigenvector in (3.38) to be in the Schrödinger picture.

Now consider the same situation using the Heisenberg picture. The
relation between the Heisenberg and the Schrödinger picture operators
was given in (3.34). If we invert (3.34) and use (3.38) we find

U(t, t0)AH(t)U†(t, t0)|a′〉 = a′|a′〉.

This can be written as the eigenvalue equation

AH(t)U†(t, t0)|a′〉 = a′U†(t, t0)|a′〉 (3.39)

where the eigenvalues are unchanged from (3.38), but where the eigen-
vectors are now given by U†(t, t0)|a′〉. We will define

|a′, t〉H = U†(t, t0)|a′〉 (3.40)

to be the base kets in the Heisenberg picture. They are seen to be
time dependent, but the time dependence is different from that of the
state vector in the Schrödinger picture. Taking the adjoint, or Hermitian
conjugate, of (3.20) it is easily seen from (3.40) that

i�
∂

∂t
|a′, t〉H = −HH(t)|a′, t〉H. (3.41)

This shows that |a′, t〉H develops backwards in time when compared with
the Schrödinger picture state vector in (3.21).

There is an analogy between the two pictures in quantum mechanics
and the treatment of classical mechanics in a rotating frame which might
make things a bit clearer. A vector in a rotating frame can be considered
from two points of view. We may either consider the vector to be rotating
with respect to a set of fixed axes (analogous to the Schrödinger picture
with the state vector evolving in time but with the base kets fixed) or
consider the vector to be fixed but take the coordinate axes to be rotat-
ing (analogous to the Heisenberg picture with the state vector fixed). In
order that these two different views describe exactly the same physics, in
the second case the axes must rotate in the opposite direction to that of
the vector in the first case.

If we write the Schrödinger picture operator A as in (3.15), then (3.34)
gives us

AH(t) = U†(t, t0)
∑
a′

a′|a′〉〈a′|U(t, t0)

=
∑
a′

a′|a′, t〉H 〈H a′, t| (3.42)
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if we use (3.40). This shows that (3.15) applies equally well to the
Heisenberg picture provided that the Heisenberg picture base kets (3.40)
are used.

3.2 Schwinger action principle

Schwinger’s action principle is based around the transformation function.
We had in (3.6) that ∑

b′

〈a′|b′〉〈b′|c′〉 = 〈a′|c′〉. (3.43)

From (3.5) we had

〈b′|a′〉∗ = 〈a′|b′〉. (3.44)

These are the two basic properties of the transformation function. Sup-
pose that we subject the transformation function to, in Schwinger’s words,
any conceivable infinitesimal variation. Then by performing an arbitrary
variation of (3.43) we must have

δ〈a′|c′〉 =
∑
b′

[
(δ〈a′|b′〉) 〈b′|c′〉 + 〈a′|b′〉 (δ〈b′|c′〉)

]
, (3.45)

and from (3.44) we must have

δ〈b′|a′〉∗ = δ〈a′|b′〉. (3.46)

Define an operator δWab by the requirement

δ〈a′|b′〉 =
i

�
〈a′|δWab|b′〉. (3.47)

(The presence of � on the right-hand side of this definition for δWab is
so that δWab will have the correct dimensions of action; namely energy
times time.)

If we use (3.47) in (3.45) we see that

〈a′|δWac|c′〉 =
∑
b′

[
〈a′|δWab|b′〉〈b′|c′〉 + 〈a′|b′〉〈b′|δWbc|c′〉

]
= 〈a′|(δWab + δWbc)|c′〉

if we use the completeness relation
∑

b′ |b′〉〈b′| = I. This last result implies
that

δWac = δWab + δWbc. (3.48)
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If we identify the b and a descriptions in (3.47) and use δ〈a′|a′′〉 = 0, that
is true by varying both sides of (3.1), then we conclude

δWaa = 0. (3.49)

Identification of the a and c descriptions in (3.48) and use of (3.49)
results in

δWba = −δWab. (3.50)

If we take the complex conjugate of (3.47) with the a and b descriptions
reversed and use the result in (3.46) we find that

− i

�
〈b′|δWba|a′〉∗ =

i

�
〈a′|δWab|b′〉,

giving

−〈a′|δW †
ba|b′〉 = 〈a′|δWab|b′〉.

If we use (3.50), it follows that

δW †
ab = δWab. (3.51)

(The factor of i on the right-hand side of (3.47) was to ensure that δWab

was a Hermitian operator.) The properties (3.48)–(3.51) satisfied by δWab

are a consequence of the basic properties satisfied by the transformation
function.

In the previous section we considered the theory of quantum dynamics.
In the Heisenberg picture the base kets become time dependent, and the
general transformation function relates states which are eigenstates of
different complete sets of commuting observables at different times. We
will consider 〈a′

2, t2|a′
1, t1〉 where the subscripts 1 and 2 will denote differ-

ent complete sets of commuting observables. This replaces our previous
notation which used different letters for different sets. We can write

δ〈a′
2, t2|a′

1, t1〉 =
i

�
〈a′

2, t2|δW21|a′
1, t1〉 (3.52)

in place of (3.47). The fundamental assumption of Schwinger’s approach is
that the infinitesimal operator δW21 defined in (3.52) is obtained from the
variation of a single operator W21 which we will call the action operator.
For consistency with (3.48)–(3.51) we will require

W31 = W32 + W21, (3.53)

W11 = 0, (3.54)

W21 = −W12 = W †
21. (3.55)
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If the evolution from the state |a′
1, t1〉 to the state |a′

2, t2〉 at the later
time t2 is regarded as occurring continuously in time, then we may write

W21 =
∫ t2

t1

dt L(t), (3.56)

where L(t) will be called the ‘Lagrangian operator’. Provided that

L†(t) = L(t), (3.57)

properties (3.53)–(3.55) will hold.
We can now be more explicit about the possible variations considered

in (3.52). It is usual that the Lagrangian operator will depend on some
set of Hermitian variables. For example, the Lagrangian may depend on
the positions and velocities of a set of particles. It will also involve the
masses and some coupling constants, and possibly some external fields,
such as an applied electromagnetic field. The variation denoted by δ in
(3.52) can then refer to

• the initial time t1 or the final time t2;
• variables occurring in L(t);
• the structure of L(t) (e.g. masses, coupling constants, external fields).

We will have occasion to consider a variety of variations in the following
sections. We will refer to (3.52) with (3.56) and (3.57) as the Schwinger
action principle in what follows.

3.3 Equations of motion and canonical commutation relations

As we have already seen in Chapter 1, in classical mechanics the princi-
ple of stationary action can be used to derive the classical equations of
motion. Here we wish to consider the analogue for the Schwinger action
principle.

Suppose that the members of the complete set of commuting observ-
ables A1 whose eigenvectors are denoted by |a′

1, t1〉 in the Heisenberg
picture are altered in some way at time t1. We will take the alteration
in the observables to correspond to a unitary transformation A → U†AU
with U† = U−1. The corresponding states must transform like |a′〉 →
U†|a′〉 to remain eigenstates of the transformed operator. (See the discus-
sion in Section 3.1.3.) For an infinitesimal transformation we may take
U = I + (i/�)G where G is Hermitian. We will therefore define

δ|a′
1, t1〉 = − i

�
G1|a′

1, t1〉, (3.58)
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for some Hermitian operator G1 which depends only on the observables
A1 at time t1. In a similar way, if we alter the observables A2 at time t2,
we will have

δ〈a2, t2| =
i

�
〈a′

2, t2|G2, (3.59)

where G2 depends only on the observables A2 at the time t2. If both sets
of observables A1 and A2 are altered infinitesimally, then the change in
the transformation function is

δ〈a′
2, t2|a′

1, t1〉 =
i

�
〈a′

2, t2|(G2 − G1)|a′
1, t1〉. (3.60)

Comparison of (3.60) with (3.52) shows that

δW21 = G2 − G1. (3.61)

An important consequence of (3.61) is that if the dynamical variables
which enter L(t) are altered in an arbitrary infinitesimal way between the
times t1 and t2, but are not changed at the times t1 and t2, then

δW21 = 0. (3.62)

This result contains the operator equations of motion.5

In classical mechanics canonical transformations may be considered
as transformations of the generalized coordinates and momenta which
change the Lagrangian by a total time derivative as discussed in Chap-
ter 1. If we consider altering the quantum Lagrangian in (3.56) by a total
time derivative

L̄(t) = L(t) − d

dt
F, (3.63)

for some function F , then it is clear that

W̄21 =
∫ t2

t1

dt L̄(t) = W21 − F2 + F1, (3.64)

where F1 and F2 denote F evaluated at the times t1 and t2 respectively.
Variation of both sides of (3.64) results in

δW̄21 = δW21 − δF2 + δF1. (3.65)

5 Note that (3.62) follows because if the dynamical variables are not altered at times
t1 and t2, then the observables, which can be regarded as some functions of the
dynamical variables, will not be altered; hence, G1 = G2 = 0 in this case.
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Defining

δW̄21 = Ḡ2 − Ḡ1, (3.66)

as in (3.61), it can be seen that

Ḡ1,2 = G1,2 − δF1,2. (3.67)

The operator equations of motion are not altered by (3.63), but an
infinitesimal unitary transformation of the base eigenstates is induced at
the initial and final times. Thus the analogue of a canonical transforma-
tion in classical mechanics is a unitary transformation on the observables.

The usual form for the operator Lagrangian is

L(t) =
1
2
(piẋ

i + ẋipi) − H(x, p, t), (3.68)

where the first term has been symmetrized to make L(t) Hermitian. Had
we simply adopted piẋ

i for the first term of L(t) as in classical mechanics
the result obtained for L(t) would not have been Hermitian because the
operators pi and ẋi do not commute. The Hamiltonian operator H(x, p, t)
is assumed to be Hermitian. We are using the summation convention in
(3.68) where the index i is summed over all degrees of freedom. The action
operator is given by (3.56). We now wish to compute the variation δW21.
Because we want the freedom to vary the endpoints t1 and t2, we will
follow Schwinger and change the variable of integration from t to τ where
t = t(τ). This allows us to vary the functional dependence of t on τ with
the variable of integration τ held fixed. With this change of integration
variable we have

W21 =
∫ τ2

τ1

dτ

[
1
2

(
p̃i

dx̃i

dτ
+

dx̃i

dτ
p̃i

)
− H̃(x̃, p̃, τ)

dt

dτ

]
, (3.69)

where

H̃(x̃, p̃, τ) = H(x, p, t), (3.70)

with x̃i(τ) = xi(t) and p̃i(τ) = pi(t) when t = t(τ) is used.6 Performing
the infinitesimal variation of (3.69) we have

δW21 =
∫ τ2

τ1

dτ

[
1
2
δp̃i

dx̃i

dτ
+

1
2
p̃iδ
(dx̃i

dτ

)
+

1
2
δ
(dx̃i

dτ

)
p̃i

+
1
2

dx̃i

dτ
δp̃i − δH̃

dt

dτ
− H̃δ

( dt

dτ

)]
.

6 It would be an abuse of notation to retain the same symbols under the change of
variable t = t(τ), although this is common practice in physics.
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(We wish to emphasize that the arbitrary parameter τ is held fixed under
the variation, but the dependence of t on τ is allowed to vary.) Using the
relation

δ

[
df(τ)
dτ

]
=

d

dτ
δf(τ),

we have

δW21 =
∫ τ2

τ1

dτ
{1

2

(
δp̃i

dx̃i

dτ
+

dx̃i

dτ
δp̃i − dp̃i

dτ
δx̃i − δx̃i dp̃i

dτ

)
− δH̃

dt

dτ
+

dH̃

dτ
δt +

d

dτ

[1
2
(p̃iδx̃

i + δx̃ip̃i) − H̃δt
]}

.

(3.71)

So far we have been careful not to make any assumptions concerning the
commutation properties of the variations δx̃i and δp̃i with the dynamical
variables. At this stage we will assume that the variations are multiples
of the identity operator which commute with everything. More general
possibilities will be considered later (see Section 7.6). This leads to some
simplifications in (3.71). After changing the variable of integration back
to t, we find

δW21 =
∫ t2

t1

dt

(
δpiẋ

i − ṗiδx
i +

dH

dt
δt − δH

)
+ G2 − G1, (3.72)

where G1 and G2 denote

G = piδx
i − Hδt (3.73)

evaluated at t = t1 and t = t2 respectively. Equation (3.72) can be
written as

δW21 =
∫ t2

t1

dt

[
δpi

(
ẋi − ∂H

∂pi

)
− δxi

(
ṗi +

∂H

∂xi

)
+
(dH

dt
− ∂H

∂t

)
δt

]
+ G2 − G1, (3.74)

if we define

δH = δxi ∂H

∂xi
+ δpi

∂H

∂pi
+ δt

∂H

∂t
. (3.75)

If the variations are taken with fixed endpoints, so that G1 = G2 = 0,
then the operator equations of motion which follow from (3.74) are

ẋi =
∂H

∂pi
, (3.76)
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ṗi = −∂H

∂xi
, (3.77)

dH

dt
=

∂H

∂t
. (3.78)

These results are identical to the classical Hamiltonian equations of
motion. The derivatives which occur in (3.76) and (3.77) are with respect
to operators, and can be given meaning by (3.75).7

There is another way of using the action principle to obtain the opera-
tor equations of motion. Let B represent any observable, and consider the
matrix element 〈a′|B|a′′〉. Suppose that the observables A are subjected
to a unitary transformation A → Ā = UAU† with U unitary. Then the
eigenstates of Ā are |a′〉 = U |a′〉 which have the eigenvalue a′. We can
define

B̄ = UBU† (3.79)

so that

〈a′|B̄|a′′〉 = 〈a′|B|a′′〉, (3.80)

If we define the infinitesimal unitary transformation by

U = I − i

�
Ga, (3.81)

where Ga is Hermitian and can depend on the observables A, then

δGa |a′〉 = |a′〉 − |a′〉 = − i

�
Ga|a′〉, (3.82)

and

B̄ = B − i

�
[Ga, B]. (3.83)

We will use the symbol δGa to denote the change caused by the canonical
transformation whose infinitesimal generator is Ga. This is to distin-
guish it from the more general type of variation we have been considering
earlier in this section which is not necessarily generated by a unitary
transformation.

We can now consider the change in the matrix element 〈a′|B|a′′〉 from
two points of view. The first way is to consider the change in the matrix

7 For example, if H contains a term H1 =pif
i(x), then δH1 =δpif

i(x)+piδf
i(x). With

δf i(x) = [(∂/∂xj)f i(x)]δxj , we see that ∂H1/∂xi = pj(∂/∂xj)f j(x) and ∂H1/∂pi =
f i(x). The property that the infinitesimal variation δxi commutes with everything
has been used here. Other examples can be evaluated in a similar manner.
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element as entirely due to the change in the state, with the operator B
held fixed.8 This gives

δGa〈a′|B|a′′〉 = 〈a′|B|a′′〉 − 〈a′|B|a′′〉

= 〈a′| i
�
[Ga, B]|a′′〉 (3.84)

to first order in Ga. The second point of view is to take the change in
〈a′|B|a′′〉 as due to a change in the operator B with the states held fixed.9

We will define the change in B as δGaB where 10

δGa〈a′|B|a′′〉 = 〈a′|δGaB|a′′〉. (3.85)

Because the result for the change in 〈a′|B|a′′〉 should not depend on
which of the two viewpoints is adopted, equating (3.84) with (3.85) leads
to

δGaB =
i

�
[Ga, B]. (3.86)

Note from (3.83) that with this definition of δGaB we have

B̄ = B − δGaB, (3.87)

if B̄ is defined by (3.79).
Suppose that we now consider the change in the operators A at times

t1 and t2 as due to a change in the time t → t + δt, with xi fixed at
times t1 and t2. The generator of this transformation follows from (3.73)
as G(t) = −H(t)δt where t = t1 or t2. From (3.86) it follows that

δGa
B =

i

�
[B,H]δt (3.88)

where B and H are evaluated at the same time. If B has an explicit
dependence on the time we must take care when evaluating δB, defined
in (3.87), because the change there refers to that coming only from a
change in the complete set of commuting observables defining the quan-
tum state. It is only the change in B resulting from a change in the
operators which is to be considered here. Specifically, if B = B[A(t), t],
then B̄ = B[A(t + δt), t], and from (3.87) we find

δB = −δt
(dB

dt
− ∂B

∂t

)
. (3.89)

8 This is similar to the Schrödinger picture when the time development was considered.
9 This is analogous to the Heisenberg picture when the time development was consid-

ered earlier.
10 Note that in general we should regard B as some function of the operators A, so

that a unitary change of A will affect B.
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The term in ∂B/∂t is subtracted off in (3.89) because the change in the
explicit dependence on t in B does not result from an operator transfor-
mation. The minus sign in (3.89) is due to that in (3.87). If we now use
(3.89) in (3.88) we find

dB

dt
=

∂B

∂t
+

i

�
[H, B]. (3.90)

This result is in complete agreement with the Heisenberg picture equa-
tion of motion (3.48). Note that by taking B = H, the result in (3.78) is
regained. By taking B = xi we have

ẋi =
i

�
[H, xi], (3.91)

and by taking B = pi we have

ṗi =
i

�
[H, pi]. (3.92)

These last two results must be consistent with (3.76) and (3.77).
It is possible to use the action principle to derive the canonical commu-

tation relations. We will reconsider this from a more general standpoint
later when we come to quantum field theory. For now, suppose that we
fix δt at times t1 and t2 but allow δxi to vary. From (3.73) the generator
of this transformation is 11

Gx = piδx
i. (3.93)

Equations (3.86) and (3.87) still hold for any operator B. In this case

δB =
i

�
δxi[pi, B]. (3.94)

Taking B = xi in (3.94) gives

[xi, pj] = i�δi
j. (3.95)

Taking B = pj in (3.94) and noting that δpi and δxi are independent
variations leads to

[pi, pj] = 0. (3.96)

More generally, if B in (3.87) has a dependence on x, then from δB =
B[x(t)] − B[x(t) − δx(t)] we find

[pi, B] = −i�
∂

∂xi
B. (3.97)

11 We do not indicate explicitly the time dependence in Gx.
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Again we emphasize that B̄ in (3.87) is B(x − δx) rather than B(x + δx)
since (3.87) applies equally well to the operator x(t).

Equations (3.95) and (3.96) give part of the complete set of canonical
commutation relations. In order to deduce [xi, xj] we can use the free-
dom of altering the Lagrangian operator by the addition of a total time
derivative as in (3.63). If we choose

F =
1
2
(pix

i + xipi), (3.98)

so that F † = F , then

δF = δpix
i + piδx

i, (3.99)

and

Ḡ = G − δF = −δpix
i − Hδt. (3.100)

Taking δt = 0, and defining

Gp = −δpix
i, (3.101)

we have

δB = − i

�
δpi[xi, B] (3.102)

for any operator B. By taking B = pj the result (3.95) is regained. If we
take B = xj and again use the independence of δxi and δpi, (3.102) gives

[xi, xj] = 0. (3.103)

This demonstrates how the canonical commutation relations follow from
the action principle.

3.4 Position and momentum eigenstates

So far we have considered observables having discrete eigenvalues, and
ignored any subtleties associated with having an infinite number of them.
However, there are important classes of observables whose eigenvalues are
continuous. One example of such an observable is position. Another is
momentum. The Dirac bra-ket formalism we have developed up to this
stage can be extended to operators with continuous spectra provided that
the Kronecker delta symbol is understood to be the Dirac delta distribu-
tion, and the sum over eigenvalues

∑
a′ that has occurred in the formalism

is understood to be an integral if a′ is a continuous variable. For example,
if a′ and b′ are both continuous, then |b′〉 =

∑
a′ Ca′ |a′〉 is written as

|b′〉 =
∫

da′C(a′)|a′〉 (3.104)
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where C(a′) is some continuous function. An expression like

|b′〉 =
∑
a′

|a′〉〈a′|b′〉

becomes

|b′〉 =
∫

da′|a′〉〈a′|b′〉 (3.105)

in the continuous case. δ(a′, a′′) represents the Dirac δ-distribution
defined by ∫

da′′δ(a′, a′′)f(a′′) = f(a′) (3.106)

for an arbitrary test function f(a′). This cursory treatment of continuous
spectra glosses over a large number of important mathematical points.
The interested reader should consult Prugovecki (1982) for example. In
this section we will continue in a heuristic manner to establish a number
of results for the position and momentum operators and show consistency
with the commutation relations established in Section 3.3.

If x is the operator representing the position of a particle in one spatial
dimension, we can write the eigenvector of x as |x′〉 where

x|x′〉 = x′|x′〉. (3.107)

In more than one spatial dimension the generalization of (3.107) is

x|x′〉 = x′|x′〉. (3.108)

Note that it is assumed that the operators representing different com-
ponents of the position commute so that the different components of
position can be simultaneously specified. This follows from the canonical
commutation relations established in (3.103). The set {|x′〉} is assumed
to be complete, meaning that any state |α〉 can be expanded as

|α〉 =
∫

dDx′|x′〉〈x′|α〉, (3.109)

where D is the spatial dimension.
In order to define the operator representing the momentum we will

identify it with the generator of spatial translations. This is a natural
association in view of the connection between invariance under transla-
tions and conservation of momentum established in Section 1.5.2. Let
T (ε) be the unitary operator representing a translation of the position by
an amount ε. This means that for any state |α〉, T (ε)|α〉 is the state which
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has the eigenvalue x′ of the position operator x replaced with x′ + ε.12

If we apply the translation operator to the ket |x′〉 we obtain the ket
|x′ + ε〉. Because T (ε) is unitary, it must be possible to express it as

T (ε) = exp
(

− i

�
ε · p

)
(3.110)

for some Hermitian operator p. The factor of � is included in the argu-
ment of the exponential so that the operator p has the right dimensions
to be associated with momentum. It is straightforward to show using the
definition of T (ε)|x′〉 = |x′ + ε〉 that[

xi, T (ε)
]
|x′〉 = εi|x′ + ε〉, (3.111)

where i = 1, . . . , D labels the spatial components of the D-dimensional
vectors x and ε. Since ε is continuously variable, we may differentiate
both sides of (3.111) with respect to εi and then set εi = 0. From (3.110)
we find

∂

∂εi
T (ε)

∣∣∣∣
ε=0

= − i

�
pi. (3.112)

It now follows quite simply that

[xi, pj] = i�δi
j, (3.113)

in complete agreement with (3.95). Note that x · p = xipi with the
usual index summation convention. In the limit � → 0, the position and
momentum operators are seen to commute; therefore, although there is
no impediment in classical physics to simultaneously specifying both the
position and the momentum of a particle with arbitrary accuracy, it is
not possible to do so in quantum mechanics.

It is straightforward to show that

[pi, pj] = 0 (3.114)

as a consequence of the fact that the operators corresponding to two inde-
pendent spatial translations commute. This recovers what we established
in a different way in (3.96). The result means that it is possible to simul-
taneously specify the different components of momentum, just as we can
for position.

12 It can be noted that the set of all spatial translations forms an Abelian group.
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It is possible to obtain a direct result for the matrix element of the
momentum operator in the basis specified by the basis kets {|x′〉}. If we
take the matrix element of the operator T (ε) we have

〈x′|T (ε)|x′′〉 = 〈x′|x′′ + ε〉 (3.115)
= δ(x′,x′′ + ε) (3.116)

where the first equality has followed from the definition of T (ε) as the
generator of spatial translations, and the second equality has followed
from the assumption that the position eigenstates form a complete set in
the sense of (3.109). If we now differentiate (3.116) with respect to εi and
then set εi = 0 we find, using (3.112), that

〈x′|pi|x′′〉 = i�
∂

∂x′′i δ(x
′,x′′). (3.117)

An equivalent expression can be obtained by first noting that 〈x′|T (ε) =
[T †(ε)|x′〉]† and the fact that T †(ε) = T−1(ε) = T (−ε). In place of (3.115)
and (3.116) we obtain

〈x′|T (ε)|x′′〉 = 〈x′ − ε|x′′〉 (3.118)
= δ(x′ − ε,x′′). (3.119)

Differentiation with respect to ε followed by setting ε = 0 now results in

〈x′|pi|x′′〉 = −i�
∂

∂x′i δ(x
′,x′′). (3.120)

This result may be obtained more simply from (3.117) by making use of
the property

∂

∂x′i δ(x
′,x′′) = − ∂

∂x′′i δ(x
′,x′′) (3.121)

of the Dirac δ-distribution. The property of the Dirac δ-distribution in
(3.121) may also be shown to follow directly from the basic definition
(3.106) by integrating both sides of (3.121) with a suitable test function.

We can define a set of basis kets appropriate to the momentum
operator by

p|p′〉 = p′|p′〉. (3.122)

It is possible to find the transformation function 〈x′|p′〉 which relates the
position and momentum eigenkets as follows. We have from (3.122) that

〈x′|p|p′〉 = p′〈x′|p′〉. (3.123)
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The left-hand side may be rewritten as

〈x′|p|p′〉 =
∫

dDx′′〈x′|p|x′′〉〈x′′|p′〉

= −i�∇′〈x′|p′〉 (3.124)

if we use (3.120). If we compare (3.123) and (3.124) we find the simple
partial differential equation

−i�∇′〈x′|p′〉 = p′〈x′|p′〉, (3.125)

for the transformation function 〈x′|p′〉 whose solution is

〈x′|p′〉 = N exp
( i

�
p′ · x′

)
. (3.126)

Here N is an arbitrary constant of integration that can be determined
using

〈x′|x′′〉 =
∫

dDp′〈x′|p′〉〈p′|x′′〉. (3.127)

Substitution of (3.126) and its complex conjugate on the right-hand side
of (3.127) and using the completeness relation for the position eigenstates
on the left-hand side results in

δ(x′,x′′) = |N |2
∫

dDp′ exp
[

i

�
p′ · (x′ − x′′)

]
.

In order that the right-hand side of this result corresponds to a represen-
tation of the Dirac δ-distribution as in (2.76), we must have

|N |2 = (2π�)−D.

We will choose N to be real and positive, without any loss of generality,
and therefore (3.126) becomes

〈x′|p′〉 = (2π�)−D/2 exp
( i

�
p′ · x′

)
. (3.128)

3.5 Simple harmonic oscillator

The simple harmonic oscillator is by far the most important model in
theoretical physics. It forms the basis for many models in condensed mat-
ter physics, quantum statistical mechanics, and quantum field theory.
A thorough understanding of the simple harmonic oscillator is essential.
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The classical Hamiltonian is

H =
1

2m
p2 +

1
2
mω2x2 (3.129)

where m is the mass and ω is the classical frequency of oscillation.13 The
quantum Hamiltonian operator will be chosen to have the same form as
(3.129) but where p and x are regarded as operators with

[x, p] = i�. (3.130)

We will work in the Schrödinger picture initially.
Instead of working with x and p, it is more advantageous to introduce

two new operators a and a† defined by

a =
(mω

2�

)1/2 (
x +

i

mω
p
)
, (3.131)

a† =
(mω

2�

)1/2 (
x − i

mω
p
)
. (3.132)

Equivalently,

x =
(

�

2mω

)1/2 (
a + a†

)
, (3.133)

p = i

(
mω�

2

)1/2 (
a† − a

)
. (3.134)

It is easy to show that

[a, a†] = 1, (3.135)

and that

aa† + a†a =
mω

�

(
x2 +

p2

m2ω2

)
. (3.136)

Using (3.136) it is possible to rewrite the Hamiltonian in (3.129) in terms
of a and a†. The result is

H =
1
2

�ω(aa† + a†a). (3.137)

The result can also be written as

H = �ω

(
a†a +

1
2

)
, (3.138)

if it is noted that aa† = 1 + a†a which follows from (3.135).

13 We will deal only with the one-dimensional oscillator here.
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The result in (3.138) shows that

[H, a†a] = 0. (3.139)

A consequence of this is that H and a†a have simultaneous eigenvectors.
We will define

a†a|n′〉 = n′|n′〉 (3.140)

for some number n′ to be determined. If

H|n′〉 = En′ |n′〉 (3.141)

it follows from (3.138) and (3.140) that

En′ =
(

n′ +
1
2

)
�ω. (3.142)

The number n′ defined in (3.140) can be found as follows. If we take
the inner product of (3.140) with |n′〉, the result is

〈n′|a†a|n′〉 = n′〈n′|n′〉. (3.143)

The left-hand side of (3.143) may be recognized as the norm of the ket
a|n′〉 which must be non-negative. It follows that n′ ≥ 0 with n′ = 0 if
and only if a|n′〉 = 0. We will denote14 the state with the zero eigenvalue
by |0〉:

a|0〉 = 0. (3.144)

We will next show that the state |0〉 must be one of the eigenvectors of
a†a. In order to do this, operate on both sides of (3.140) with the operator
a. This gives

aa†a|n′〉 = n′a|n′〉.
We can use (3.135) to write aa†a = (1 + a†a)a giving

(a†a)a|n′〉 = (n′ − 1)a|n′〉. (3.145)

This shows that a|n′〉 is an eigenvector of a†a with eigenvalue (n′ − 1).
By operating on (3.145) with a it is easy to show that a2|n′〉 is an eigen-
vector of a†a with eigenvalue (n′ − 2). Generally, as can be shown by
induction, ak|n′〉 is an eigenvector of a†a with eigenvalue (n′ − k) for
any integer k. Eventually we will obtain an eigenvector of a†a with an

14 No confusion should arise here over the omission of the prime on 0 in |0〉.
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eigenvalue between 0 and 1. Unless 0 is the smallest eigenvalue of a†a, a
further application of the operator a to ak|n′〉 will result in an eigenvector
with a negative eigenvalue. However, we know that this is impossible, as
discussed above, if the norm of the associated eigenvector is to be non-
negative. Thus, n′ = 0 must be the smallest eigenvalue, and the state
denoted by |0〉 in (3.144) is the associated eigenstate.

In order that the process we have just described in the preceding para-
graph result ultimately in n′ = 0, it should be obvious that n′ must be
an integer. Another way to see this is to consider the state (a†)k|0〉 where
k is any non-negative integer. Using (3.135) it follows that

a†a(a†)k|0〉 = a†aa†(a†)k−1|0〉
= a†(1 + a†a)(a†)k−1|0〉
= (a†)k|0〉 + a†(a†a)(a†)k−1|0〉.

If we define

a†a(a†)k|0〉 = λk(a†)k|0〉,
then the previous line shows that

λk = λk−1 + 1.

We know from (3.144) that λ0 = 0. It then follows that λk = k.
We can now write

|n′〉 = Cn′(a†)n′ |0〉 (3.146)

for some normalization constant Cn′ which is chosen so that

〈n′′|n′〉 = δn′′n′ .

We know from above that a|n′〉 is an eigenvector of a†a with eigenvalue
n′ − 1. Thus, it must be that

a|n′〉 = Bn′ |n′ − 1〉 (3.147)

for some constant Bn′ . If we take the norm of the state in (3.147) we find

|Bn′ |2 = 〈n′|a†a|n′〉
= n′ (3.148)

since the states are assumed to be normalized, and we have a†a|n′〉 =
n′|n′〉. It therefore follows from (3.147) and (3.148) that

a|n′〉 =
√

n′ |n′ − 1〉, (3.149)
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with a choice of phase making Bn′ real. Because of its role in (3.149),
the operator a is called the ‘annihilation (or destruction or lowering)
operator’.

The normalization constant in (3.146) can now be evaluated. If we use
(3.146) in the left-hand side of (3.149) we have

Cn′a(a†)n′ |0〉 =
√

n′ |n′ − 1〉. (3.150)

The left-hand side of this last equation can be rewritten using (3.135) to
give

a(a†)n′ |0〉 = aa†(a†)n′−1|0〉

= (1 + a†a)(a†)n′−1|0〉

= (a†)n′−1|0〉 + (a†a)(a†)n′−1|0〉.

The right-hand side of this result can be rewritten in terms of |n′ − 1〉 if
we use (3.146) with n′ replaced with n′ − 1. This yields

a(a†)n′ |0〉 =
1

Cn′−1
|n′ − 1〉 +

1
Cn′−1

a†a|n′ − 1〉

=
n′

Cn′−1
|n′ − 1〉

if we note that a†a|n′ − 1〉 = (n′ − 1)|n′ − 1〉. It now follows from (3.150)
that

n′ Cn′

Cn′−1
=

√
n′,

whence

Cn′ =
C1′√
n′!

. (3.151)

C1′ can be fixed very simply from taking the norm of the state with n′ = 1
in (3.146):

1 = |C1′ |2〈0|aa†|0〉
= |C1′ |2

where the last line has followed upon use of the commutation relation
(3.135), the definition of the state |0〉 in (3.144), and the assumption
〈0|0〉 = 1. We therefore have

|n′〉 =
1√
n′!

(a†)n′ |0〉. (3.152)
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The orthogonality of |n′〉 and |n′′〉 if n′ �= n′′ can be shown as follows. We
have

a†a|n′〉 = n′|n′〉, (3.153)
a†a|n′′〉 = n′′|n′′〉. (3.154)

If we take the inner product of (3.153) with |n′′〉, and the inner product
of (3.154) with |n′〉 we find

〈n′′|a†a|n′〉 = n′〈n′′|n′〉,
〈n′|a†a|n′′〉 = n′′〈n′|n′′〉.

Taking the complex conjugate of the second equation and comparing the
result with the first equation leads to

(n′′ − n′)〈n′′|n′〉 = 0,

proving that 〈n′′|n′〉 = 0 if n′′ �= n′.
By applying a† to (3.152) it is easily seen that

a†|n′〉 =
√

n′ + 1 |n′ + 1〉. (3.155)

This result can be contrasted with (3.149). Because of the role of a† in
(3.155), a† is called the ‘creation (or raising) operator’.

Because of the special role played by a†a in the analysis, we will define

n = a†a (3.156)

and call n the number operator. We have n|n′〉 = n′|n′〉. Because of
(3.142) the state |n′〉 having energy En′ = (n′ +1/2)�ω can be thought of
as a state with n′ quanta, where each of the quanta has an energy of �ω.
The special state |0〉 having no quanta is called the ‘ground (or vacuum)
state’. It is observed that even the state with no quanta has an energy
of �ω/2 associated with it. This energy is called the ‘zero point energy’,
and we will return to it again when we discuss quantum field theory.

To finish this section, we will look at the time development using the
Heisenberg picture. Using (3.37) for the operator a and the Hamiltonian
in (3.138) we find15

i�ȧH(t) = [aH(t), H]

= �ω[aH(t), a†
H(t)aH(t)]

= �ωaH(t). (3.157)

15 Note that because H is time independent, it can be written directly in terms of the
Heisenberg picture creation and annihilation operators.
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The solution to (3.157) is

aH(t) = exp
[

− iω(t − t0)
]
a(t0) (3.158)

where a(t0) can be taken in either the Schrödinger or the Heisenberg pic-
ture since the two pictures coincide at the initial time t0. The adjoint of
(3.158) gives

a†
H(t) = exp

[
iω(t − t0)

]
a†(t0). (3.159)

This last result can also be found directly by solving the Heisenberg
equation of motion for a† just as we did for a.

The position operator can now be found using (3.133) along with the
solutions we have just obtained for aH(t) and a†

H(t) to be

xH(t) = cos ω(t − t0) x(t0) + sin ω(t − t0)
p(t0)
mω

. (3.160)

In a similar way, the momentum operator is found from (3.134) to be

pH(t) = cos ω(t − t0) p(t0) − mω sinω(t − t0) x(t0). (3.161)

The solutions in (3.160) and (3.161) are the same as those found for
the classical simple harmonic oscillator if the operators are replaced with
their classical counterparts.

Instead of solving the Heisenberg equations of motion directly, we can
use the formal solution (3.34) with the time development operator

U(t, t0) = exp
[

− i(t − t0)H/�

]
.

In order to evaluate U†(t, t0)a(t0)U(t, t0) we will consider a general oper-
ator identity that we will also use later. Define

F (β) = e−βHAeβH, (3.162)

where β is a parameter and A is any operator which obeys

[H, A] = −λA, (3.163)

for some number λ. In the case of immediate interest, we have A = a(t0)
and the commutator [H, A] has already been worked out in (3.157) giving
λ = �ω. Differentiating F (β) with respect to β results in

F ′(β) = −[H, F (β)]. (3.164)
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By differentiating repeatedly and using F (β = 0) = A along with (3.163)
it follows that

dnF (β)
dβn

∣∣∣∣
β=0

= λnA.

From the Taylor series expansion of F (β) about β = 0, we find

F (β) =
∞∑

n=0

βn

n!
dnF (β)

dβn

∣∣∣∣
β=0

=
∞∑

n=0

(βλ)n

n!
A

= eβλA.

We have therefore proven that if an operator A satisfies (3.163), then it
obeys

e−βHAeβH = eβλA. (3.165)

Setting β = −i(t − t0)/� and λ = �ω with A = a(t0) we find

aH(t) = e−iω(t−t0)a(t0),

as in (3.158).
Finally we note from (3.40) that the energy eigenstates in the Heisen-

berg picture are

|n′, t〉H = exp
[ i

�
(t − t0)H

]
|n′〉S

= exp
[
iω(t − t0)

(
n′ +

1
2

)]
|n′〉S, (3.166)

if we use (3.142). We can verify that aH(t) and a†
H(t) have the raising and

lowering properties like the Schrödinger picture operators had in (3.149)
and (3.155). For example,

aH(t)|n′, t〉H = e[−iω(t−t0)]a(t0) exp
[
i(t − t0)ω

(
n′ +

1
2

)]
|n′〉S

= exp
[
iω(t − t0)

(
n′ − 1

2

)]√
n′ |n′ − 1〉S

=
√

n′ |n′ − 1, t〉H.
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3.6 Real scalar field

In quantum mechanics the position and momentum of a point particle are
viewed as operators. These operators satisfy canonical commutation rela-
tions which can be obtained from the classical Poisson brackets by the
replacement { , } → (1/i)[ , ]. (We will take � = 1 in the following.) In
Section 3.3, we showed how the canonical commutation relations could be
derived fromtheSchwinger actionprinciple. InSection 2.4wediscussedhow
classical field theory could thought of in relation topointparticlemechanics.
It is therefore natural to replace the classical fieldϕ(x)whichdescribes a real
scalar field and the canonical momentum π(x) with field operators which
satisfy

[ϕ(t,x), ϕ(t,x′)] = 0, (3.167)

[π(t,x), π(t,x′)] = 0, (3.168)

[ϕ(t,x), π(t,x′)] = iδ(x,x′) (3.169)

The analogous results for classical field theory expressed in terms of Pois-
son brackets are (2.98) and (2.99). These relations can also be derived
by a repetition of the analysis presented in Section 3.3 suitably modified
for field theory. The basic Schwinger action principle described in Sec-
tion 3.2 only used the notion of quantum states. We begin with the action
functional for a real scalar field

S[ϕ] =
∫ t2

t1

dt

∫
Σ

dσx

[
1
2
∂μϕ∂μϕ − 1

2
m2ϕ2 − U(ϕ)

]
. (3.170)

(The potential term U(ϕ) can be omitted if desired because it plays no
role in the derivation of the field commutation relations.) ϕ is to be
regarded as an operator here. We subject S[ϕ] to an arbitrary variation
ϕ → ϕ+δϕ, where δϕ is a multiple of the identity operator and therefore
commutes with everything. After an integration by parts we find

δS[ϕ] =
∫ t2

t1

dt

∫
Σ

dσxδϕ
[
−�ϕ − m2ϕ − U ′(ϕ)

]
+ Gϕ(t2) − Gϕ(t1),

where

Gϕ(t) =
∫

Σ
dσxδϕ(t,x)ϕ̇(t,x)

=
∫

Σ
dσxδϕ(t,x)π(t,x) .
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We have identified ϕ̇ as the field momentum π in the last line (see
Section 2.3.1). From (3.86) with B = ϕ(t,x) we have (�=1)

δϕ(t,x) = i

∫
Σ

dσx′δϕ(t,x′)[π(t,x′), ϕ(t,x)].

With B = π(t,x), since Gϕ generates a unitary transformation where
only ϕ is varied, we have

δπ(t,x) = 0 = i

∫
Σ

dσx′δϕ(t,x′)[π(t,x′), π(t,x)].

In this way we deduce (3.168) and (3.169).
To deduce (3.167) we must find the unitary operator which corresponds

to a variation of π with ϕ held fixed. This can be done as in Section 3.3
by using the freedom to add a total time derivative to the Lagrangian
L(t) as in (3.63). We will choose

F (t) =
1
2

∫
Σ

dσx (ϕ(t,x)π(t,x) + π(t,x)ϕ(t,x)) ,

as the analogue of (3.98). It is not difficult to show that this leads to

Gπ(t) = −
∫

Σ
dσxδπ(t,x)ϕ(t,x).

Use of (3.86) with B = ϕ(t,x) recovers (3.167).
There is a sense in which we can think of the free (i.e. U(ϕ) = 0) real

scalar field as being made up of an infinite set of non-interacting simple
harmonic oscillators. This interpretation is useful because we already
know quite a lot about the simple harmonic oscillator. We will discuss
this in a more general setting than flat Minkowski space here. Take Σ
to be a D-dimensional Riemannian manifold without boundary.16 The
usual procedure in flat space consists of Fourier expanding the field
operator in terms of plane waves. Our first task will be to generalize this
to the space Σ.

Consider the Laplacian −∇2 defined on Σ. Suppose that we let {fn(x)}
denote a complete set of eigenfunctions of −∇2 with σn the eigenvalue.
We will write

−∇2fn(x) = σnfn(x), (3.171)

16 More loosely we can think of the space Σ as a D-dimensional closed space of finite
volume with no edges, such as a sphere or a torus. As always, the reader not inter-
ested in this generality can think of Σ as flat space with periodic boundary conditions
imposed with the infinite volume limit taken at the end.
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∫
Σ

dσxf∗
n(x)fn′(x) = δnn′ . (3.172)

In general we will assume that fn(x) is complex as in the case of plane
waves where we have eik·x in place of fn(x). We will use n to be a col-
lective index which labels the different solutions. For plane waves in flat
space we would use k. One of the advantages of assuming that Σ is com-
pact is that the solutions will be labelled by a set of integers n rather
than a continuous label as for plane waves.

We will first prove that the eigenvalues σn in (3.171) are all real and
non-negative. To do this multiply both sides of (3.171) by f∗

n(x) and
integrate over Σ. Using the normalization (3.172) we find

σn =
∫

Σ
dσxf∗

n(x)
[
−∇2fn(x)

]
,

=
∫

Σ
dσx |∇fn(x)|2 , (3.173)

where the last line has used integration by parts. This last equality allows
us to deduce that σn is real with σn ≥ 0. Furthermore we can see that
σn = 0 if and only if fn is constant. The normalization (3.172) fixes any
constant eigenfunction to be fn = V −1/2 where V is the finite volume of
the space Σ. It may be that the boundary conditions prohibit constant
eigenfunctions.17 In this case all of the eigenvalues of the Laplacian must
be positive.

We have assumed that {fn(x)} provides a complete set of functions.
This means that it must be possible to express f∗

n(x) as a linear combi-
nation of the fn(x). We can write

f∗
n(x) =

∑
n′

Cnn′fn′(x), (3.174)

for some expansion coefficients Cnn′ . From (3.172) we have

Cnn′ =
∫

Σ
dσxf∗

n(x)f∗
n′(x), (3.175)

and by taking the complex conjugate of this result,

C∗
nn′ =

∫
Σ

dσxfn(x)fn′(x). (3.176)

From (3.175) we can see that Cnn′ = Cn′n.

17 A simple case is provided by imposing antiperiodic boundary conditions on the walls
of a box in flat space.
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Because σn is real, by taking the complex conjugate of (3.171) we have

−∇2f∗
n(x) = σnf∗

n(x). (3.177)

If we operate with −∇2 on both sides of (3.174) and use (3.171) and
(3.177) we find

σnf∗
n(x) =

∑
n′

Cnn′σn′fn′(x).

The expansion (3.174) may be used for f∗
n(x) to rewrite this last result as∑

n′

(σn − σn′)Cnn′fn′(x) = 0.

Finally, the assumption that {fn(x)} is a complete orthonormal set allows
the conclusion

0 = (σn − σn′)Cnn′ , (3.178)

for all n and n′.
If it is the case that for n �= n′ we have σn �= σn′ , then from (3.178)

we can deduce that Cnn′ = 0. However, this may not be the case. For
example, for plane waves in flat space we could choose fk(x) ∝ eik·x

resulting in σk = |k|2. In this case we have f∗
k(x) = f−k(x) and note

that σ−k = σk. The labels −k and k on the eigenfunctions correspond
to the same eigenvalue. This is an example of degeneracy; in this case a
rather simple example. A less trivial example occurs for Σ = S2 where
the eigenfunctions of the Laplacian are the spherical harmonics: fl,m ∝
Yl,m(θ, φ) if polar coordinates are used. We have f∗

l,m ∝ Y ∗
l,m = Yl,−m

and σlm = l(l + 1). Here σlm has no explicit dependence on the label
m, and because m = −l,−l + 1, . . . , l − 1, l, the eigenvalues are (2l + 1)-
fold degenerate. It would therefore be incorrect to assume generally that
σn �= σn′ if n �= n′. Therefore it does not follow that Cnn′ vanishes for
n �= n′. Fortunately the property derived in (3.178) is the crucial feature
that we require. It is straightforward to generalize (3.178) to any function
of −∇2, say F (−∇2), which can be expanded in a Taylor series:

F (σn)Cnn′ = F (σn′)Cnn′ . (3.179)

A final property of the expansion coefficients Cnn′ defined in (3.174)
may be found if we use (3.172). Substitution of (3.174) into (3.172) gives

δnn′ =
∫

Σ
dσx

[∑
n′′

Cnn′′fn′′(x)

]
fn′(x)

=
∑
n′′

Cnn′′C∗
n′′n′ , (3.180)
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if we use (3.175) in the second line. Because Cnn′ is symmetric in n and
n′, this shows that if the Cnn′ are regarded as the matrix elements of a
matrix C, then this matrix is unitary.

We can now return to the real scalar field ϕ(t,x). Because {fn(x)} is
a complete set of functions, we can expand

ϕ(t,x) =
∑

n

ϕn(t)fn(x), (3.181)

for some ϕn(t). If ϕ(t,x) is an operator, then ϕn(t) must also be an oper-
ator since fn(x) is just an ordinary function. The field operator should
satisfy the Klein–Gordon equation

0 = (� + m2)ϕ(t,x),

where � = (∂2/∂t) − ∇2. Use of the expansion (3.181) and the fact that
fn(x) is an eigenfunction of −∇2 with eigenvalue σn shows that

0 =
∑

n

[
ϕ̈n(t) + σnϕn(t) + m2ϕn(t)

]
fn(x).

The linear independence of the fn(x) leads to the conclusion that

0 = ϕ̈n(t) + [σn + m2]ϕ(t). (3.182)

We know that σn ≥ 0, so that the general solution to (3.182) is

ϕn(t) = ϕ(+)
n (t) + ϕ(−)

n (t), (3.183)

where

ϕ(±)
n (t) = e∓iEntϕ(±)

n . (3.184)

Here

En =
√

σn + m2, (3.185)

and ϕ
(±)
n in (3.184) denote constant operators. It is more conventional to

write

ϕ(t,x) =
∑

n

[
fn(x)e−iEntϕ(+)

n + f∗
n(x)eiEntϕ(−)

n

]
, (3.186)

which is possible using (3.174) and redefining ϕ
(−)
n . If ϕ(t,x) is real,

meaning ϕ†(t,x) = ϕ(t,x), we must have ϕ
(−)
n = ϕ

(+)†
n . Finally it is

advantageous to rescale ϕ
(+)
n and write (3.186) as

ϕ(t,x) =
∑

n

(2En)−1/2 [fn(x)e−iEntan + f∗
n(x)eiEnta†

n

]
, (3.187)
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for constant operators an and a†
n. Since π(t,x) = ϕ̇(t,x), the canonical

field momentum operator is

π(t,x) =
∑

n

i

(
En

2

)1/2 [
f∗

n(x)eiEnta†
n − fn(x)e−iEntan

]
. (3.188)

We can solve (3.187) and (3.188) for an and a†
n. From (3.187), using

(3.172) and (3.175), it is easy to show that∫
Σ

dσxf∗
n(x)ϕ(t,x) = (2En)−1/2e−iEntan

+
∑
n′

(2En′)−1/2eiEn′ tCnn′a†
n′ . (3.189)

Since En′ =
√

σn′ + m2 we can use (3.179) to obtain∫
Σ

dσxf∗
n(x)ϕ(t,x) = (2En)−1/2e−iEntan

+(2En)−1/2eiEnt
∑
n′

Cnn′a†
n′ . (3.190)

A similar calculation based around (3.188) gives∫
Σ

dσxf∗
n(x)π(t,x) = −i

(
En

2

)1/2

e−iEntan

+i

(
En

2

)1/2

eiEnt
∑
n′

Cnn′a†
n′ . (3.191)

We can solve (3.190) and (3.191) to find

an =
(

En

2

)1/2

eiEnt

∫
Σ

dσxf∗
n(x)

(
ϕ(t,x) +

i

En
π(t,x)

)
. (3.192)

At no stage has it been necessary to know the explicit form of Cnn′ ; the
basic property (3.179) was sufficient. To obtain a†

n we simply take the
Hermitian conjugate of (3.192) to find18

a†
n =

(
En

2

)1/2

e−iEnt

∫
Σ

dσxfn(x)
(

ϕ(t,x) − i

En
π(t,x)

)
. (3.193)

18 Both the field and the canonical momentum are Hermitian.
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We are now in a position to use (3.167)–(3.169) to evaluate the commu-
tation relations among an and a†

n. First of all we have using (3.192)

[an, an′ ] =
1
2
(EnEn′)1/2ei(En+En′)t

∫
Σ

dσxf∗
n(x)

∫
Σ

dσx′f∗
n′(x′)

×[ϕ(t,x) +
i

En
π(t,x), ϕ(t,x′) +

i

En′
π(t,x′)]

=
1
2
(EnEn′)1/2ei(En+En′)t

∫
Σ

dσxf∗
n(x)f∗

n′(x)
(

1
En

− 1
En′

)
=

1
2
(EnEn′)1/2ei(En+En′)t

(
1

En
− 1

En′

)
Cnn′

= 0. (3.194)

The second equality above has arisen from evaluating the field commu-
tators using (3.167)–(3.169) and integrating over x′ using the property
(2.72) of the Dirac delta distribution. The third line has used (3.175), and
the final line has used the basic property (3.179). Hermitian conjugation
of (3.194) yields

[a†
n, a†

n′ ] = 0. (3.195)

Finally we use (3.192) and (3.193) to evaluate

[an, a†
n′ ] =

1
2
(EnEn′)1/2ei(En−En′)t

∫
Σ

dσxf∗
n(x)

∫
Σ

dσx′fn′(x′)

×[ϕ(t,x) +
i

En
π(t,x), ϕ(t,x′) − i

En′
π(t,x′)]

=
1
2
(EnEn′)1/2ei(En−En′)t

∫
Σ

dσxf∗
n(x)fn′(x)

(
1

En
+

1
En′

)
= δnn′ . (3.196)

Again we use (3.167)–(3.169) to evaluate the field commutators, and inte-
grate the resulting Dirac delta functions over x′. The integral in the
second line of the above equality may be done using (3.172). The results
in (3.194)–(3.196) show that the operators an and a†

n obey the same com-
mutation relations as a set of non-interacting simple harmonic oscillators.
This is the reason for our rescaling of ϕ

(±)
n above.

In order to proceed further we will evaluate the Hamiltonian operator

H =
∫

Σ
dσx

(
1
2
π2(t,x) +

1
2
|∇ϕ(t,x)|2 +

1
2
m2ϕ2(t,x)

)
, (3.197)

in terms of an and a†
n. The aim will be to show that H can be written as

a sum with each term in the sum representing the Hamiltonian for the
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simple harmonic oscillator. First of all use (3.188) for π(t,x) and perform
the integration over x using the orthonormality property (3.172) and the
results (3.175) and (3.176). The result can be simplified using (3.179) to
obtain∫

Σ
dσxπ2(t,x) =

∑
n

1
2
En

(
a†

nan + ana†
n

)
−
∑
n,n′

1
2
En

(
Cnn′e2iEnta†

na†
n′

+ C∗
nn′e−2iEntanan′

)
. (3.198)

A similar calculation using (3.187) shows that∫
Σ

dσxϕ2(t,x) =
∑

n

1
2En

(
a†

nan + ana†
n

)
+
∑
n,n′

1
2En

(
Cnn′e2iEnta†

na†
n′

+ C∗
nn′e−2iEntanan′

)
. (3.199)

In order to evaluate
∫
Σ dσx|∇ϕ|2 we first integrate by parts to obtain∫

Σ
dσx|∇ϕ(t,x)|2 =

∫
Σ

dσxϕ(t,x)
[
−∇2ϕ(t,x)

]
=
∑

n

σn

(2En)
(
ana†

n + a†
nan

)
+
∑
n,n′

σn

(2En)

×
(

Cnn′e2iEnta†
na†

n′ + C∗
nn′e−2iEntanan′

)
. (3.200)

(After integrating by parts we substitute (3.187) for the field operator ϕ.)
Substitution of (3.198)–(3.200) into (3.197) results in

H =
∑

n

(
1
4
En +

σn

4En
+

m2

4En

)(
ana†

n + a†
nan

)
+
∑
n.n′

(
−1

4
En +

σn

4En
+

m2

4En

)
×
(
Cnn′e2iEnta†

na†
n′ + C∗

nn′e−2iEntanan′

)
. (3.201)

From (3.185) we have E2
n = σn + m2. As a consequence, the last set of

terms in (3.201) involving Cnn′ vanish. In addition the coefficient of the
first term simplifies to give

H =
1
2

∑
n

En(ana†
n + a†

nan). (3.202)
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Each term in this last result has the form of a simple harmonic oscillator
Hamiltonian as promised earlier.

Quantization of the real scalar field can therefore proceed, at least for-
mally, exactly as if we had an infinite collection of non-interacting simple
harmonic oscillators. If we define the vacuum state |0〉 by an|0〉 = 0, then
we can build up the excited states by repeated application of a†

n to |0〉.
The only complication is that unlike the situation for ordinary quantum
mechanics, we have an infinite collection of oscillators. This means that
in place of finite sums, we have infinite sums which may not converge.
As an example, suppose that we ask for the energy of the vacuum state.
Taking the expectation value of the Hamiltonian H in (3.202) we find

〈0|H|0〉 =
1
2

∑
n

En, (3.203)

which is the infinite sum of zero-point energies. If we consider the case
where Σ is three-dimensional Euclidean space, then we know that Ek =√

k2 + m2 and the sum on n becomes an integral over k. This integral
is clearly divergent. We will postpone the discussion of how this can be
dealt with until the next chapter.

3.7 Complex scalar field

The complex scalar field can be quantized using our knowledge of the real
scalar field found in Section 3.6. If Φ(t,x) is the complex scalar field, we
can always express it in terms of its real and imaginary parts as

Φ(t,x) =
1√
2

{
ϕ1(t,x) + iϕ2(t,x)

}
, (3.204)

where ϕ1 and ϕ2 are real scalar fields. This makes the quantization of the
theory straightforward. From (3.187) we may expand

ϕ1(t,x) =
∑

n

(2En)−1/2
{

fn(x)e−iEntan + f∗
n(x)eiEnta†

n

}
, (3.205)

ϕ2(t,x) =
∑

n

(2En)−1/2
{

fn(x)e−iEntbn + f∗
n(x)eiEntb†

n

}
, (3.206)

since both ϕ1 and ϕ2 satisfy the Klein–Gordon equation. The functions
fn(x) obey the same relations as in Section 3.6. En is still given by (3.185).
Because the fields ϕ1 and ϕ2 are independent of each other the opera-
tors an and bn which appear in (3.205) and (3.206) are distinct and must
commute with each other. We have

[an, a†
n′ ] = δnn′ = [bn, b†

n′ ], (3.207)



3.7 Complex scalar field 141

with

0 = [an, bn′ ] = [an, b†
n′ ] = [an, an′ ] = [bn, bn′ ]. (3.208)

It is easy to show by substituting (3.205) and (3.206) into (3.204) that
the complex scalar field Φ(t,x) may be expressed as

Φ(t,x) =
∑

n

(2En)−1/2
{

fn(x)e−iEntAn + f∗
n(x)eiEntB†

n

}
, (3.209)

where we have defined

An =
1√
2
(an + ibn), Bn =

1√
2
(an − ibn). (3.210)

The commutation relations (3.207) and (3.208) may be used to show

[An, A†
n′ ] = δnn′ = [Bn, B†

n′ ], (3.211)

0 = [An, Bn′ ] = [An, B†
n′ ] = [An, An′ ] = [Bn, Bn′ ]. (3.212)

The Hamiltonian operator H will be the sum of two terms, one repre-
senting the Hamiltonian for the real scalar field ϕ1 and the other that for
ϕ2. From (3.202) we have

H =
1
2

∑
n

En(ana†
n + a†

nan + bnb†
n + b†

nbn). (3.213)

If we solve (3.210) for an and bn we find

an =
1√
2
(An + Bn), bn =

i√
2
(Bn − An). (3.214)

We can now write H directly in terms of An and Bn as

H =
1
2

∑
n

En(A†
nAn + BnB†

n + AnA†
n + B†

nBn). (3.215)

This expression can be written in alternate ways if we use the commuta-
tion relations (3.211) obeyed by the operators. For example, we can write
H in the shorter form

H =
∑

n

En(A†
nAn + BnB†

n). (3.216)
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A new feature which arises for the charged scalar field is the invariance
under a rigid gauge transformation.19 If we extend this rigid gauge invari-
ance to local gauge invariance, then as discussed in Sections 2.5 and 2.7
we have a conserved current arising from Noether’s theorem which can
be associated with the charge of the field. The formalism of Section 2.5
was set up to deal with real fields so we will deal with Φ written in terms
of ϕ1 and ϕ2. The Lagrangian density is (see Section 2.3.2)

L =
1
2
∂μϕ1∂μϕ1 +

1
2
∂μϕ2∂μϕ2 − 1

2
m2(ϕ2

1 + ϕ2
2). (3.217)

Take the infinitesimal form of the gauge transformation to be (see (2.179)
and (2.180) for the Schrödinger field and set δε = −eδθ)

δΦ = −ieδθΦ, δΦ† = ieδθΦ†. (3.218)

Since Φ = (1/
√

2)(ϕ1 + iϕ2) we find

δϕ1 = eδθϕ2, δϕ2 = −eδθϕ1. (3.219)

Because this transformation does not involve a transformation of the
space–time coordinates, if we refer back to (2.124) we may set λμ

A = 0
(see (2.100)) there and conclude that

Jμ = eϕ2
∂L

∂(∂μϕ1)
− eϕ1

∂L
∂(∂μϕ2)

= eϕ2∂
μϕ1 − eϕ1∂

μϕ2 (3.220)

is the conserved Noether current.20 The conserved charge is

Q =
∫

Σ
dσxJ0 = e

∫
Σ

dσx(ϕ2ϕ̇1 − ϕ1ϕ̇2). (3.221)

The charge can now be written back in terms of the complex field Φ and
its Hermitian conjugate Φ† using (3.204)

Q = ie

∫
Σ

dσx(Φ†Φ̇ − ΦΦ̇†). (3.222)

In our derivation of Jμ and Q we have treated the fields as classical
fields so that the order of Φ† and Φ̇ does not matter; however, if we now
regard Φ as an operator, since the charge is an observable it must be a

19 Equivalently, if we use the description in terms of real fields ϕ1 and ϕ2 there is an
invariance under a rotation of the two-dimensional vector formed with components
ϕ1 and ϕ2.

20 In fact, it is straightforward to show directly from (3.220) and using the Klein–
Gordon equation that ∂μJμ = 0 without any application of Noether’s theorem.
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Hermitian operator. This will be the case if we define the charge operator
to be

Q = ie

∫
Σ

dσx(Φ†Φ̇ − Φ̇†Φ). (3.223)

We can now express Q in terms of An and Bn using (3.209). After a short
calculation we find

Q = e
∑

n

(A†
nAn − BnB†

n). (3.224)

If we take the expectation value of the charge operator Q given in
(3.224) with the ground state |0〉, we find that we encounter the same
difficulty as we had for the expectation value of the Hamiltonian for the
real scalar field at the end of Section 3.6; namely, an infinite expression
is found. We would expect that the ground state being devoid of parti-
cles should have no net charge, and therefore expect that we should have
〈0|Q|0〉 = 0. Although the terms in (3.224) with A†

nAn give no contri-
bution to the expectation value of Q, we have 〈0|BnB†

n|0〉 = 1, and it
is this which leads to the infinite expression for 〈0|Q|0〉. If we want to
demand that 〈0|Q|0〉 = 0, then the order of Bn and B†

n in (3.224) must
be switched and we must define

: Q := e
∑

n

(A†
nAn − B†

nBn). (3.225)

This re-ordered operator has the property that 〈0| : Q : |0〉 = 0. The
operator : Q : differs from Q by a constant; albeit an infinite one. This is a
simple example of the process of renormalization and is done on physical
grounds to ensure that the ground state has no charge. : Q : is called the
‘normal-ordered form of Q’. Generally the normal ordered form of any
product of creation and annihilation operators is obtained by moving all
annihilation operators to the right of all creation operators. The colons
denote that the operator has been normal ordered. It is conventional in
most field theory books to also normal order the Hamiltonian operator
so that the ground state expectation value vanishes. We will discuss why
we do not wish to do this in the next chapter.

Consider the 1-particle state defined by |n〉A = A†
n|0〉. Because An and

A†
n commute with Bn and B†

n we will have

: Q : |n〉A = e
∑
n′

A†
n′An′A†

n|0〉

= e
∑
n′

A†
n′(δnn′ + A†

nAn′)|0〉

= e|n〉A. (3.226)
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The 1-particle state A†
n|0〉 has energy En and charge e. Now consider the

1-particle state |n〉B = B†
n|0〉. This time we find

: Q : |n〉B = −e|n〉B. (3.227)

The 1-particle state B†
n|0〉 has energy En and charge −e. If we iden-

tify the 1-particle state A†
n|0〉 with a particle, then the state B†

n|0〉 can
be identified in a natural way with an anti-particle. We may interpret
the operators An as associated with particles and Bn as associated with
anti-particles. The theory of the quantized complex scalar field therefore
contains both particles and anti-particles.

3.8 Schrödinger field

The Schrödinger field Ψ must obey (with � = 1 as usual)

− 1
2m

∇2Ψ + V Ψ = i
∂

∂t
Ψ. (3.228)

Assume for simplicity that the potential V = V (x) has no time depen-
dence. Let (

− 1
2m

∇2 + V

)
fn(x) = Enfn(x), (3.229)

with ∫
Σ

dσxf∗
n(x)fn′(x) = δnn′ . (3.230)

The functions fn(x) may be recognized as solutions to the time-
independent Schrödinger equation. We will assume that they form a com-
plete set. The Schrödinger field operator may be expanded in terms of
the fn(x) as

Ψ(t,x) =
∑

n

fn(x)e−iEntAn, (3.231)

for some constant operators An. It is clear that this expansion satisfies
(3.228). The main difference between the non-relativistic case considered
here, and the complex relativistic scalar field is that here there are no
negative energy solutions to the field equations. Given the association
between negative energy solutions and anti-particles, we can say that
there are no anti-particles present in non-relativistic field theory.
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We are now faced with the task of determining the commutation rela-
tions among An. To do this note that the canonical field momentum for
Ψ was found in Section 2.3.3 to be

Π(t,x) =
i

2
Ψ†(t,x)

=
i

2

∑
n

f∗
n(x)eiEntA†

n. (3.232)

If we use the orthonormality property (3.230) it is easy to see from (3.231)
and (3.232) that

An = eiEnt

∫
Σ

dσxf∗
n(x)Ψ(t,x), (3.233)

A†
n = −2ie−iEnt

∫
Σ

dσxfn(x)Π(t,x). (3.234)

The question now arises as to the commutation relations for the field
operators. A simple way to deduce them is as follows. Since Ψ(t,x) is
a field operator in the Heisenberg picture it should obey the Heisenberg
equation of motion

i
∂

∂t
Ψ(t,x) = [Ψ(t,x), H(t)]. (3.235)

The Hamiltonian was given in (2.58) for the classical field theory. If we
replace the classical fields in H(t) with field operators we find

i ∂
∂tΨ(t,x) =

∫
Σ dσx′

[
Ψ(t,x),Ψ†(t,x′)

(
− 1

2m∇′2 + V (x′)
)
Ψ(t,x′)

]
.

(3.236)

The commutator appearing in (3.236) can be simplified using the easily
proven operator identity (simply write out both sides to see that they
agree)

[A, BC] = [A, B]C + B[A, C] . (3.237)

We may now show that (3.236) evaluates to

i
∂

∂t
Ψ(t,x) =

∫
Σ

dσx′ [Ψ(t,x),Ψ†(t,x′)]
(

− 1
2m

∇′2 + V (x′)
)

Ψ(t,x′)

+
∫

Σ
dσx′Ψ†(t,x′)

(
− 1

2m
∇′2 + V (x′)

)
×[Ψ(t,x),Ψ(t,x′)]. (3.238)
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The equation of motion in the Heisenberg picture should be equivalent
to the equation of motion (3.228). The simplest way to achieve equality
of (3.238) with (3.228) is if we impose

[Ψ(t,x),Ψ†(t,x′)] = δ(x,x′), (3.239)
[Ψ(t,x),Ψ(t,x′)] = 0. (3.240)

Hermitian conjugation of this last result yields

[Ψ†(t,x),Ψ†(t,x′)] = 0. (3.241)

When written in terms of Π(t,x), the first result (3.239) becomes

[Ψ(t,x),Π(t,x′)] =
i

2
δ(x,x′). (3.242)

The crucial thing to notice is the factor of 1/2 on the right-hand side
of (3.242) which would have been missed if we were not careful. The
origin of this is because L for the Schrödinger field involves only first-
order derivatives in the time, rather than the second-order ones present
in the relativistic theory. If we use (3.240)–(3.242) along with (3.233) and
(3.234), we find

[An, An′ ] = 0 = [A†
n, A†

n′ ], (3.243)

[An, A†
n′ ] = δnn′ . (3.244)

The vacuum state is defined in the usual way by An|0〉 = 0, and the
excited states built up by repeated application of A†

n to |0〉. If we form
the state |n1, n2〉 = A†

n1
A†

n2
|0〉, it can be interpreted as a state with

two particles, one of energy En1 and the other of energy En2 . Because
[A†

n, A†
n′ ] = 0, this two-particle state is symmetric under the interchange

of the two particles; that is |n1, n2〉 = |n2, n1〉. This is consistent with
particles that obey Bose–Einstein statistics. If we are interested in a sys-
tem of fermions, then they must obey Fermi–Dirac statistics. If Ψ(t,x) is
to describe fermions, in order that the two-particle state |n1, n2〉 be anti-
symmetric under particle interchange, and hence describe particles which
obey Fermi–Dirac statistics, it is necessary to have A†

n1
A†

n2
= −A†

n2
A†

n1
,

and by conjugation An1An2 = −An2An1 . This can be deduced as a consis-
tent choice from the Heisenberg equation of motion for the field operator
as well if in place of (3.237) we use instead the identity

[A, BC] = [A, B]+C − B[A, C]+, (3.245)

where we have defined the anti-commutator bracket

[A, B]+ = AB + BA. (3.246)
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It is now easy to show from (3.236) that

[Ψ(t,x),Ψ†(t,x′)]+ = δ(x,x′), (3.247)

[Ψ(t,x),Ψ(t,x′)]+ = 0 = [Ψ†(t,x),Ψ†(t,x′)]+. (3.248)

Substitution of the field expansion (3.231) leads to

[An, An′ ]+ = 0 = [A†
n, A†

n′ ]+, (3.249)

[An, A†
n′ ]+ = δnn′ . (3.250)

We are therefore free to impose anti-commutation relations on the field
operator in place of commutation relations, and this will lead to consis-
tency with Fermi–Dirac statistics. We note that for Fermi–Dirac statistics
the field operators at a given time anti-commute with one another, rather
than commute. In order to be simultaneously measurable, according to
the basic principles of quantum mechanics, the operators should com-
mute. This means that the field operator for fermions does not represent a
measurable quantity. Another way to see this is to consider what happens
in the classical limit. In this limit we cannot describe Ψ(t,x) for a fermion
by an ordinary complex function because we must have the property
Ψ(t,x)Ψ(t,x′) = −Ψ(t,x′)Ψ(t,x). Instead we must introduce Ψ(t,x) as a
new type of object called an ‘anti-commuting complex number’. If z1 and
z2 are anti-commuting complex numbers, then z1z2 = −z2z1. More math-
ematically, such numbers are said to lie in the odd sector of a Grassmann
algebra. Finally we can see that in order to have a measurable quantity
formed from Fermi–Dirac fields it must be at least quadratic in the fields,
such as Ψ†(t,x)Ψ(t,x).

It is also instructive to see how the Schwinger action principle can be
used to derive the basic commutation or anti-commutation relations for
the Schrödinger field. The action functional is

S =
∫ t2

t1

dt

∫
Σ

dσx

{
i

2
(Ψ†Ψ̇ − Ψ̇†Ψ) − 1

2m
∇iΨ†∇iΨ

}
.

If we vary S treating Ψ and Ψ† as independent it is straightforward to
show that

δS =
∫ t2

t1

dt

∫
Σ

dσx

{
δΨ†

(
iΨ̇ +

1
2m

∇2Ψ
)

+
(

−iΨ̇† +
1

2m
∇2Ψ†

)
δΨ

}
+G(t2) − G(t1), (3.251)
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where

G(t) =
i

2

∫
Σ

dσx(Ψ†δΨ − δΨ†Ψ). (3.252)

The terms in the first line of (3.251) lead to the equations of motion for
the field operators Ψ and Ψ†. In order to use G(t) to derive the field com-
mutators in an unambiguous way, it is advantageous to have an expression
in which only δΨ or δΨ† occurs. We can obtain such an expression by
adding a total time derivative to the Lagrangian just as we did for the
point particle in Section 3.3. Let

Λκ(t) =
iκ

2

∫
Σ

dσxΨ†(t,x)Ψ(t,x), (3.253)

where κ is a constant, and define

Lκ(t) = L(t) +
d

dt
Λκ(t). (3.254)

This will not change the equations of motion for the field, but it is easy
to show that G(t) in (3.252) is altered to Gκ(t) where

Gκ(t) = G(t) + δΛκ(t)

=
i

2

∫
Σ

dσx

{
(κ + 1)Ψ†δΨ + (κ − 1)δΨ†Ψ

}
. (3.255)

Thus by choosing κ = 1 we obtain

G+(t) = i

∫
Σ

dσxΨ†δΨ, (3.256)

involving only the variation δΨ, and by choosing κ = −1 we obtain

G−(t) = −i

∫
Σ

dσxδΨ†Ψ, (3.257)

involving only the variation δΨ†. We may now use the general result in
(3.86) to find the change in any operator under the unitary transforma-
tion generated by G±(t). Because G+(t) generates a transformation in
which only Ψ is changed (Ψ† is not altered) we have

δΨ(t,x) = i[G+(t),Ψ(t,x)], (3.258)

δΨ†(t,x) = 0 = i[G+(t),Ψ†(t,x)]. (3.259)

Similarly, because G−(t) generates a transformation in which Ψ† is altered
with Ψ fixed we have
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δΨ(t,x) = 0 = i[G−(t),Ψ(t,x)], (3.260)

δΨ†(t,x) = i[G−(t),Ψ†(t,x)]. (3.261)

Up to this stage we have not made any assumptions concerning the
commutation properties of δΨ and δΨ† with Ψ and Ψ†. If we wish to
have the field describe bosons, then the natural assumption to make is
that the infinitesimal variations commute with the fields. This allows
(3.258)–(3.261) to be simplified to

δΨ(t,x) = −
∫

Σ
dσx′ [Ψ†(t,x′),Ψ(t,x)]δΨ(t,x′),

0 = −
∫

Σ
dσx′ [Ψ†(t,x′),Ψ†(t,x)]δΨ(t,x′),

0 =
∫

Σ
dσx′δΨ†(t,x′)[Ψ(t,x′),Ψ(t,x)],

δΨ†(t,x) =
∫

Σ
dσx′δΨ†(t,x′)[Ψ(t,x′),Ψ†(t,x)].

We therefore recover the commutation relations in (3.239)–(3.241).
If we wish to describe fermions with our Schrödinger field then it is nat-

ural to assume that the infinitesimal variations δΨ and δΨ† anti-commute
with the fields Ψ and Ψ†. This results in

δΨ(t,x) =
∫

Σ
dσx′ [Ψ†(t,x′),Ψ(t,x)]+δΨ(t,x′),

0 =
∫

Σ
dσx′ [Ψ†(t,x′),Ψ†(t,x)]+δΨ(t,x′),

0 =
∫

Σ
dσx′δΨ†(t,x′)[Ψ(t,x′),Ψ(t,x)]+,

δΨ†(t,x) =
∫

Σ
dσx′δΨ†(t,x′)[Ψ(t,x′),Ψ†(t,x)]+.

We now recover the anti-commutation relations (3.247) and (3.248).
A comment regarding the application of the Schwinger action principle

to deduce the field commutation or anti-commutation relations is in order.
Unless sufficient care is exercised it is easy to deduce erroneous relations
among the field operators. (This point was made originally by Schwinger
(1953c) in response to a paper by Burton and Touschek (1953).) If we sim-
ply took B = Π or Ψ† in (3.86) using G(t) as given in (3.252), we would
obtain results which differed from those found above (which we know
are correct because they are consistent with the Heisenberg equations of
motion) by a factor of 2. More seriously, if we used Gκ(t) in (3.255) with-
out specifying κ as we did, then the field commutators would involve the
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arbitrary parameter κ, and hence be ambiguous. The arbitrary constant
κ does not change the equations of motion for the field. The mistake in
this is that we have not been careful about how Ψ and Ψ† change under
the transformation generated by Gκ(t). The only safe way to proceed is
to choose κ so that only Ψ or Ψ† changes on its own, corresponding to
the transformation Ψ → Ψ + δΨ with Ψ† fixed, or else Ψ† → Ψ† + δΨ
with Ψ fixed as we did above. In this way we can now see that

Gκ(t) =
1
2
(κ + 1)G+(t) +

1
2
(κ − 1)G−(t) (3.262)

corresponds to the change Ψ → Ψ+(1/2)(κ+1)δΨ and Ψ† → Ψ† + (1/2)
(κ − 1)δΨ†. With this correct interpretation the commutation or anti-
commutation relations are unambiguous. The original result for G(t) in
(3.252) corresponded to κ = 0.

There is another way to confirm this interpretation for G(t) in (3.252)
if Ψ is a charged field. In this case we have invariance under the local
gauge transformation

δΨ(t,x) = ieδθ(t,x)Ψ(t,x), (3.263)

δΨ†(t,x) = −ieδθ(t,x)Ψ†(t,x), (3.264)

for arbitrary δθ(t,x). This requires the addition of the gauge field as
described in Section 2.7. G(t) in (3.252) becomes

G(t) = −e

∫
Σ

dσxδθ(t,x)Ψ†(t,x)Ψ(t,x), (3.265)

and is interpreted as the generator of the transformation in (3.263) and
(3.264). We therefore have

ieδθ(t,x)Ψ(t,x) = −ie

∫
Σ

dσx′δθ(t,x′)

×[Ψ†(t,x′)Ψ(t,x′),Ψ(t,x)], (3.266)

−ieδθ(t,x)Ψ†(t,x) = −ie

∫
Σ

dσx′δθ(t,x′)

×[Ψ†(t,x′)Ψ(t,x′),Ψ†(t,x)], (3.267)

if we use (3.86). These results require

[Ψ†(t,x′)Ψ(t,x′),Ψ(t,x)] = −Ψ(t,x)δ(x,x′), (3.268)

[Ψ†(t,x′)Ψ(t,x′),Ψ†(t,x)] = Ψ†(t,x)δ(x,x′), (3.269)
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which are consistent with either the commutation relations or the anti-
commutation relations found above. Because the last results (3.268) and
(3.269) are independent of the charge of the field they should also be true
for the free field.

To conclude this section we write the Hamiltonian operator H and the
charge operator Q in terms of creation and annihilation operators. We
have

H =
∫

Σ
dσxΨ†(t,x)

(
− 1

2m
∇2 + V

)
Ψ(t,x) (3.270)

and

Q = e

∫
Σ

dσxΨ†(t,x)Ψ(t,x). (3.271)

Substitution of the field expansion (3.231) into (3.270) and (3.271)
results in

H =
∑

n

EnA†
nAn, (3.272)

Q = e
∑

n

A†
nAn. (3.273)

The Hamiltonian is seen to consist of a sum of simple harmonic oscilla-
tor Hamiltonians with the zero-point energy removed. We will return to
discuss this in more detail in Section 5.5.

3.9 Dirac field

The action for the Dirac field is

S =
∫ t2

t1

dt

∫
Σ

dσx

{
i

2

(
Ψ†Ψ̇ − Ψ̇†Ψ + Ψ̄γi∇iΨ − ∇iΨ̄γiΨ

)
− mΨ̄Ψ

}
.

(3.274)

Here Ψ̄ = Ψ†γ0 and the repeated index i is summed over the number
of spatial dimensions. Because Ψ is to describe the electron which obeys
Fermi–Dirac statistics we expect the field to obey anti-commutation,
instead of commutation, relations. The aim will be to use the Schwinger
action principle to derive the anti-commutation relations. Ψ is a spinor
field with 2[(D+1)/2] components. We will use ΨI(t,x) to denote the
components of Ψ(t,x) and Ψ†

I(t,x) to denote those of Ψ†(t,x). The vari-
ations δΨI(t,x) and δΨ†

I(t,x) will be treated as independent and anti-
commuting with Ψ and Ψ†. Apart from the fact that Ψ is a spinor field
with a number of components the analysis will be very similar to that of
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the Schrödinger field in the previous section. The important part of the
action for the application of the Schwinger action principle is that which
involves time derivatives, and comparison of the actions for the two fields
shows that the time-dependent parts are the same.

Performing the variation of the action functional in (3.274) with respect
to Ψ and Ψ† leads to (after integration by parts)

δS =
∫ t2

t1

dt

∫
Σ

dσx

{
δΨ†

(
iΨ̇ + iγ0γi∇iΨ − mγ0Ψ

)
+
(
−iΨ̇† − i∇iΨ̄γi − mΨ̄

)
δΨ

}
+G(t2) − G(t1), (3.275)

with

G(t) =
i

2

∫
Σ

dσx

(
Ψ†δΨ − δΨ†Ψ

)
. (3.276)

The terms in the first two lines of (3.275) lead to the equations of motion
for the Dirac field and its adjoint. The expression for G(t) is the same
as that we found in (3.252) for the Schrödinger field, apart from the fact
that Ψ is now a spinor. As explained above this similarity is because
the Schrödinger field action and Dirac action have the same time depen-
dence. We can use what we learned about the interpretation of G(t) for
the Schrödinger field at the end of the last section to interpret G(t) in
(3.276) as the generator of the transformation Ψ → Ψ + (1/2)δΨ and
Ψ† → Ψ† +(1/2)δΨ†. (Alternatively we could repeat the analysis given in
Section 3.8 by adding on the total time derivative of Λκ given in (3.253).)
It now follows from the general result (3.86) that

1
2
δΨI(t,x) =

i

�
[G(t),ΨI(t,x)], (3.277)

1
2
δΨ†

I(t,x) =
i

�
[G(t),Ψ†

I(t,x)]. (3.278)

Assuming that δΨ and δΨ† anti-commute with Ψ and Ψ† results in

1
2
δΨI(t,x) =

1
2�

∫
Σ

dσx′

{[
Ψ†

J(t,x′),ΨI(t,x)
]
+
δΨJ(t,x′)

+ δΨ†
J(t,x′)

[
ΨJ(t,x′),ΨI(t,x)

]
+

}
,

1
2
δΨ†

I(t,x) =
1
2�

∫
Σ

dσx′

{[
Ψ†

J(t,x′),Ψ†
I(t,x)

]
+
δΨJ(t,x′)

+ δΨ†
J(t,x′)

[
ΨJ(t,x′),Ψ†

I(t,x)
]
+

}
.
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We can conclude that

[ΨI(t,x),Ψ†
J(t,x′)]+ = �δI

Jδ(x,x′), (3.279)

[ΨI(t,x),ΨJ(t,x′)]+ = 0 = [Ψ†
I(t,x),Ψ†

J(t,x′)]+. (3.280)

These are the basic field anti-commutators.
We now wish to write down the field expansions for the Dirac field

and its adjoint in terms of creation and annihilation operators as we have
done for other fields. In order to make this as clear as possible we will
specialize to the case of D = 3, to avoid dealing with the complications
of the Dirac matrices in arbitrary dimensions, and to Σ flat, to avoid
the additional complications present for curved space. We will allow Σ to
have an arbitrary boundary with the Dirac field satisfying some specified
boundary conditions.

Because the Dirac field also satisfies the Klein–Gordon equation (as we
showed in Section 2.9) we expect that the Dirac equation should have
both positive and negative energy solutions. Ψ satisfies

i
∂

∂t
Ψ = HDΨ, (3.281)

where HD = iαi∂i+mβ is the Dirac Hamiltonian (see Section 2.9). Define

Ψ(+)
n (t,x) = e−iEntψ(+)

n (x), (3.282)

to be a positive energy solution. Then ψ
(+)
n (x) must satisfy

Enψ(+)
n (x) = (iαi∂i + mβ)ψ(+)

n (x). (3.283)

Using the representation (2.267)–(2.269) for αi and β we find

Enψ(+)
n (x) =

(
m iσi∂i

iσi∂i −m

)
ψ(+)

n (x). (3.284)

Here ψ
(+)
n (x) is a 4-component spinor. The form of (3.284) suggests

writing

ψ(+)
n (x) =

(
fn(x)
gn(x)

)
, (3.285)

where fn(x) and gn(x) are 2-component spinors. We find the set of
coupled equations,

iσi∂ign(x) + mfn(x) = Enfn(x), (3.286)

iσi∂ifn(x) − mgn(x) = Engn(x). (3.287)
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Assuming that En ≥ 0, we can solve (3.287) for

gn(x) =
iσi∂ifn(x)
(En + m)

. (3.288)

This means that if we know fn(x) in (3.285), then gn(x) is completely
determined. Only half of the components of ψ

(+)
n (x) are independent.

We will require fn(x) to satisfy the eigenvalue equation

iσi∂ifn(x) = λnfn(x). (3.289)

This can be regarded as a system of two equations for the two components
of fn(x). It is easy to see that

En =
√

λ2
n + m2, (3.290)

if we use (3.288) and (3.289) in (3.286). Because the two components
of fn(x) are linearly independent there will be two linearly indepen-
dent solutions to (3.289). We will label the two independent solutions
fnλ(x), where λ = 1, 2. We therefore have two independent positive
energy solutions given from (3.282) with

ψ
(+)
nλ (x) =

(
fnλ(x)

λn

En+mfnλ(x)

)
. (3.291)

Suppose that we now turn to the negative energy solutions defined
analogously to (3.282) by

Ψ(−)
n (x) = eiEntψ(−)

n (x). (3.292)

ψ
(−)
n (x) satisfies

−Enψ(−)
n (x) = (iαi∂i + mβ)ψ(−)

n (x). (3.293)

This is the same as the equation satisfied by ψ
(+)
n (x) except that the

sign of En is different. An equivalent way to view the similarity between
(3.282) and (3.293) is that ψ

(−)
n (x) satisfies the same equation as ψ

(+)
n (x)

but with αi replaced with −αi and β replaced with −β. This last obser-
vation allows us to obtain ψ

(−)
n (x) from ψ

(+)
n (x) in a simple way. First of

all because −αi and −β satisfy the same relations (2.262)–(2.264) as αi

and β we can deduce that −αi and −β must be related to αi and β by a
unitary transformation.21 We can write

21 This is because any representation for the matrices which satisfies the properties in
(2.262)–(2.264) is only defined up to a unitary transformation.
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−αi = S−1αiS, (3.294)

−β = S−1βS, (3.295)

for some unitary matrix S.22 It then follows that Sψ
(−)
n (x) satisfies the

same equation as ψ
(+)
n (x), so that we may write

ψ(−)
n (x) = S†ψ(+)

n (x). (3.296)

With the representation (2.267)–(2.269) for αi and β it is easy to show
that we may take

S =
(

0 −I
I 0

)
, (3.297)

satisfying (3.294) and (3.295). We therefore have

ψ
(−)
nλ (x) =

(
− λn

En+mfnλ(x)
fnλ(x)

)
. (3.298)

The normalization of the solutions fnλ(x) to (3.289) may be chosen to
be ∫

Σ
dσxf†

nλ(x)fn′λ′(x) = δnn′δλλ′ , (3.299)

and we will assume that {fnλ(x)} provides a complete set of solutions. It
is straightforward to show that∫

Σ
dσxψ

(±)†
nλ (x)ψ(±)

n′λ′(x) =
2En

En + m
δnn′δλλ′ , (3.300)∫

Σ
dσxψ

(±)†
nλ (x)ψ(∓)

n′λ′(x) = 0. (3.301)

The Dirac field operator may be expanded in terms of the positive and
the negative energy parts as

Ψ(t,x) =
∑
n,λ

(
En + m

2En

)1/2
{

e−iEntψ
(+)
nλ (x)anλ + eiEntψ

(−)
nλ (x)b†

nλ

}
,

(3.302)

where anλ and b†
nλ are constant operators. The normalization factor of

[(En + m)/(2En)]1/2 is to facilitate the comparison of the quantized Dirac

22 i.e. S−1 = S†.
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field with the simple harmonic oscillator. Apart from the different nor-
malization and the spinor nature of ψ

(±)
nλ (x), this expansion is the same

as that for the complex scalar field in Section 3.7.
If we use the properties (3.300) and (3.301) we can solve for

anλ =
(

En + m

2En

)1/2

eiEnt

∫
Σ

dσxψ
(+)†
nλ (x)Ψ(t,x), (3.303)

bnλ =
(

En + m

2En

)1/2

eiEnt

∫
Σ

dσxΨ†(t,x)ψ(−)
nλ (x), (3.304)

along with their Hermitian conjugates. The anti-commutation relations
given in (3.279) and (3.280) may now be used to show that

[anλ, a†
n′λ′ ]+ = δnn′δλλ′ = [bnλ, b†

n′λ′ ]+, (3.305)

0 = [anλ, an′λ′ ]+ = [anλ, bn′λ′ ]+ = [anλ, b†
n′λ′ ]+ = [bnλ, bn′λ′ ]+, (3.306)

along with the Hermitian conjugates of the last set of equations. Based
on our experience with the quantization of the Schrödinger field, we can
interpret anλ and bnλ and their adjoints as sets of independent creation
and annihilation operators for fermions.

It is possible to write the Hamiltonian in terms of anλ and bnλ as usual.
We have

H(t) =
∫

Σ
dσx

{
i

2
(∂iΨ̄γiΨ − Ψ̄γi∂iΨ) + mΨ̄Ψ

}
, (3.307)

from (2.302) and (2.303). Rather than substitute the expansion (3.302)
for Ψ directly into this expression for H(t) it is easier to first simplify the
expression by using the equation of motion for Ψ and Ψ̄ to write

H(t) =
i

2

∫
Σ

dσx(Ψ†Ψ̇ − Ψ̇†Ψ). (3.308)

It is now simple to show that

H(t) =
∑
n,λ

En(a†
nλanλ − bnλb†

nλ), (3.309)

if (3.302) and the orthogonality results (3.300) and (3.301) are used. If
we use the anti-commutation relations (3.305) for bnλ and b†

nλ, this last
result for the Hamiltonian may be written as

H(t) =
∑
n,λ

En(a†
nλanλ + bnλb†

nλ − 1). (3.310)
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At this point it is possible to understand why the Dirac field must
be quantized using anti-commutation rather than commutation relations.
Had we used commutation relations for bnλ and b†

nλ, apart from violat-
ing the Pauli exclusion principle, we would have found the coefficient of
b†
nλbnλ in (3.310) to be negative rather than positive. This would have

resulted in a Hamiltonian operator which did not have a lower bound on
its eigenvalues. With the energy not bounded from below it would not be
possible to identify a stable ground state. This problem is avoided with
the use of anti-commutation relations.

Defining the ground state in the usual way by imposing

anλ|0〉 = bnλ|0〉 = 0, (3.311)

the ground state energy is seen to be

〈0|H|0〉 = −
∑
n,λ

En = −2
∑

n

En, (3.312)

since λ has two possible values. The zero-point energy for the Dirac field
is seen to be negative in contrast to the value found for the scalar field.
Apart from the sign change, the result for 〈0|H|0〉 is that for the complex
scalar field. This factor can be understood as due to the two possible spin
states for the Dirac field.

Although our results have assumed D = 3, it is possible to show that
for general D similar results hold if we change the dimension of the spinor
Ψ from 4 to 2[(D+1)/2]. The split into positive and negative energy parts
now involves (1/2)2[(D+1)/2] independent components. The expansion for
Ψ in terms of anλ and b†

nλ in (3.302) is unchanged if λ is understood to run
over (1/2)2[(D+1)/2] possible values. The zero-point energy is accordingly

〈0|H|0〉 = −1
2
2[ (D+1)

2 ]∑
n

En. (3.313)

3.10 Electromagnetic field

The Lagrangian density which gave rise to the Maxwell equations was23

L = −1
4
FμνFμν, (3.314)

where

Fμν = ∂μAν − ∂νAμ. (3.315)

23 See (2.69) with Jμ = 0.
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The first step in quantizing the theory is to identify the canonical field
momentum Πμ(t,x) defined by

Πμ(t,x) =
δL(t)

δȦμ(t,x)
, (3.316)

with

L(t) =
∫

Σ
dσxL, (3.317)

the Lagrangian. By writing out the time derivatives of Aμ in (3.314)
explicitly it can be seen that

L(t) =
∫

Σ
dσx

(
−1

2
ȦiȦ

i + Ȧi∂iA0 − 1
2
∂iA0∂iA0 − 1

4
FijF

ij

)
. (3.318)

Since Ȧ0 does not appear in (3.318), it follows from (3.316) that Π0 = 0.
There is a problem with a straightforward application of the Hamiltonian
analysis to the electromagnetic field since A0 has no canonical momen-
tum. The reason we obtained Π0 = 0 was because L(t) in (3.318) did
not contain any dependence on Ȧ0. We should therefore not view A0 as a
true dynamical variable in the theory. This suggests trying to define only
the field momenta canonically conjugate to Ai. There is no problem in
obtaining

Πi = −Ȧi + ∂iA0 = −F0i. (3.319)

From (2.66), Πi can be recognized as the electric field.
Because A0 is not a true dynamical degree of freedom we can try

to simply impose the canonical commutation relations on the spatial
components Ai(t,x) and Πi(t,x). We would expect to have

[Ai(t,x),Πj(t,x′)] = i�δi
jδ(x,x′), (3.320)

on the basis of our experience with scalar fields. However, there is a prob-
lem with imposing this relation since it is not consistent with the Maxwell
equation ∇ · E = 0.24 Taking the divergence of both sides of (3.320)
leads to an obvious inconsistency. We must conclude that a straightfor-
ward application of the usual canonical quantization procedure must be
modified in some way.

24 This equation follows from variation of the Lagrangian with respect to A0 which
we have stated is not a true dynamical variable. A0 plays the role of a Lagrange
multiplier which enforces ∇ · E = 0. The equation ∇ · E = 0 is called a ‘constraint
equation’.
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There is another way to see that (3.320) must be incorrect. The spatial
components of the vector potential Ai(t,x) cannot represent an observ-
able (unlike Π(t,x) which represents the electric field). The reason for
this is that L(t) is invariant under the gauge transformation Ai(t,x) →
Ai(t,x) + ∂iθ(x) for arbitrary θ(x). Observables must be independent of
the arbitrary parameters of a gauge transformation. The root cause of
the failure of the standard canonical quantization procedure lies in the
gauge invariance of the Maxwell theory.

There are many possible ways to approach the quantization of the Max-
well theory. One way is to remove the gauge invariance of the theory
by modification of the original Lagrangian by adding on a term, usu-
ally chosen to be proportional to (∂μAμ)2, called the ‘gauge breaking
term’. It is then necessary to show how the Maxwell theory is recovered
from this modified theory.25 Another possibility is to relax the constraint
∇ · Π = 0 as an operator equation and to just impose it on the quantum
states to restrict the Hilbert space. The full application of this approach
is called the ‘Gupta–Bleuler formalism’ and is described in Heitler (1984),
Schweber (1961) and Jauch and Rohrlich (1980) for example. A widely
used (perhaps overused!) method to deal with theories with constraints
is to apply the general theory developed by Dirac (1964). This method
is described in Sundermeyer (1982), for example. Another very simple
approach is to modify the canonical commutation relation (3.320) so that
the constraint ∇·Π = 0 can be imposed consistently. This is described by
Schiff (1968), Bjorken and Drell (1965) and involves the introduction of
the ‘transverse delta function’ in place of δi

jδ(x,x′) on the right-hand side
of (3.320). This is by no means a complete list of the possible approaches.

The method we will use utilizes the Schwinger action principle, and
was presented in Schwinger (1953a) with characteristic simplicity and
elegance. The canonical commutation relations are obtained in a clear
and unambiguous manner without any modifications to the basic action
principle. Instead of starting from (3.314) with (3.315) imposed, we will
begin with

L =
1
4
FμνFμν − 1

4
Fμν(∂μAν − ∂νAμ) − 1

4
(∂μAν − ∂νAμ)Fμν, (3.321)

where Fμν and Aμ are treated independently (i.e. we do not assume the
relation (3.315) between them). The last two terms of L have been written
in a symmetrized form so that L is Hermitian. This Lagrangian density
is invariant under the transformation

25 See Wentzel (1949) for a very clear discussion of this method.
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Aμ → Aμ + ∂μθ, (3.322)

Fμν → Fμν, (3.323)

for arbitrary θ. This means that when we vary L to find the equations
of motion, not all of the variables will be independent. A simple calcu-
lation, assuming the variations δAμ and δFμν to commute with the field
operators, leads to

δL =
1
2
δFμν(Fμν − ∂μAν + ∂νAμ) + ∇μFμνδAν − ∇μ(FμνδAν). (3.324)

To obtain the equations of motion we take the variations δAν to vanish
on the spacetime boundary, and we find

Fμν = ∂μAν − ∂νAμ, (3.325)
∇μFμν = 0. (3.326)

These results are equivalent to the vacuum Maxwell equations. Note also
that if we substitute (3.325) back into (3.321) we recover the usual form
(3.314) for the Lagrangian density.

Imposing the equations of motion (3.325) and (3.326) and allowing the
variations δAν to be arbitrary at times t1 and t2 results in the change in
the action

δS = −
∫ t2

t1

dt

∫
Σ

dσx∇μ(FμνδAν)

= G(t2) − G(t1), (3.327)

where

G(t) = −
∫

Σ
dσxF 0i(t,x)δAi(t,x). (3.328)

We have performed an integration by parts and assumed the variations
vanish on the boundary of Σ or else that Σ has no boundary. Because
(3.319) still holds for L in the form (3.321) we can write G(t) as

G(t) =
∫

Σ
dσxΠi(t,x)δAi(t,x). (3.329)

This is the direct counterpart of (3.93) for field theory. The basic result
in (3.86) expressing the change in any observable under a unitary trans-
formation generated by G(t) still applies.

In obtaining the canonical commutation relations in quantum mechan-
ics, as well as in other field theory models, we used the freedom to add
a total time derivative to the Lagrangian which does not change the
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equations of motion. (See the steps leading up to (3.101) for quantum
mechanics.) In the present case we may define

L̃ = L + ∇μ(FμνAν). (3.330)

The variation of L̃ is

δL̃ =
1
2
δFμν(Fμν − ∂μAν + ∂νAμ) + δAν∇μFμν + ∇μ(δFμνAν). (3.331)

L̃ leads to the same field equations (3.325) and (3.326) as L, but in place
of (3.327) we find

δS = G̃(t2) − G̃(t1),

where

G̃(t) =
∫

Σ
dσxδF 0i(t,x)Ai(t,x)

= −
∫

Σ
dσxδΠi(t,x)Ai(t,x). (3.332)

G̃(t) is the direct counterpart of Gp in (3.101).
The new feature which arises at this stage is that we must be careful

about the lack of independence of the variations δAi in (3.329) and δΠi

in (3.332). Because Πi is constrained to satisfy ∇iΠi = 0, it follows that
δΠi must also satisfy ∇iδΠi = 0. This means that only (D − 1) com-
ponents of the D-dimensional vector δΠi are independent. This must be
taken into account when using (3.332). In (3.329) it can be seen that δA0

does not appear. As noted earlier, A0 should not be regarded as a true
dynamical degree of freedom, so this should not be surprising. Because
of the constraint ∇iΠi = 0 satisfied by Πi, it is clear that G(t) in (3.329)
will be unaffected by the addition of a term ∇iλ to δAi. The variations
δAi are only independent up to the addition of the gradient of a scalar.
Thus there are only (D − 1) independent variations δAi. We can con-
clude that the physical content of Maxwell electrodynamics is specified by
(D−1) independent degrees of freedom. For D = 3 the classical analogue
of these degrees of freedom correspond to the two possible polarizations
of an electromagnetic wave.

There are two possible ways of applying the Schwinger action principle.
The first is to keep all of the variations δAi and δΠi, but to incorporate the
non-uniqueness discussed above. Provided that we focus on observables
which must be gauge-invariant operators consistent with the constraint
∇iΠi = 0 we can be certain of obtaining correct results. The second way
is to select out only the (D −1) physical degrees of freedom. This is done
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by the imposition of a gauge condition. We will discuss both approaches
here, as did Schwinger (1953a).

The change in any operator representing an observable under a unitary
transformation generated by G(t) was given in (3.86).26 With G(t) given
by (3.329) we find

δB(t) =
i

�

∫
Σ

dσx [Πi(t,x), B(t)] δAi(t,x). (3.333)

Taking B(t) = Πj(t,x′), and using the independence of the variations
δΠi and δAi, we conclude that

[Πi(t,x),Πj(t,x′)] = 0. (3.334)

This result is clearly consistent with the constraint ∇iΠi = 0. The next
obvious choice is to consider B(t) = Aj(t,x′); however, as we have dis-
cussed this choice does not correspond to an observable, since Aj is
gauge dependent. Instead we may take B(t) = Fjk(t,x′) = ∂′

jAk(t,x′) −
∂′

kAj(t,x′) which is gauge-invariant and does represent an observable. (It
is the magnetic field as seen in (2.66).) From (3.333) we find

∂′
jAk(t,x′) − ∂′

kAj(t,x′) =
i

�

∫
Σ

dσx [Πi(t,x), Fjk(t,x′)] δAi(t,x),

which leads to

i

�
[Πi(t,x), Fjk(t,x′)] = gik(x)∂′

jδ(x
′,x) − gij(x)∂′

kδ(x
′,x) (3.335)

= gij(x)∂kδ(x,x′) − gik(x)∂jδ(x,x′) (3.336)

where we have used the properties of the Dirac delta distribution in the
second line. This result is also consistent with the ∇iΠi = 0 constraint.
Note that (3.335) or (3.336) tells us the commutation relation between
the components of the electric and the magnetic fields. Here gij(x) is the
metric tensor on Σ; for flat space in Cartesian coordinates we can choose
gij = δij.

To obtain the remaining independent commutation relations we must
use (3.86) with G̃(t) given in (3.332) in place of G(t). We must be careful
to note that the variation δΠi satisfies ∇iΠi = 0. At this stage Schwinger
(1953a) uses a clever trick by setting

δΠi = ∇jδZji, (3.337)

26 Equally well we could use G̃(t) in place of G(t).
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where Zji = −Zij ensures that ∇iδΠi = 0.27 Using (3.337) in (3.332) and
performing an integration by parts leads to

G̃(t) =
∫

Σ
dσxδZij(t,x)∇jAi(t,x)

= −1
2

∫
Σ

dσxδZij(t,x)Fij(t,x). (3.338)

This gives

δB(t) = − i

2�

∫
Σ

dσxδZij(t,x) [Fij(t,x), B(t)] . (3.339)

If we consider B(t) = Fkl(t,x′), because no variation of Ai appears in the
right-hand side of the resulting expression, we must have

[Fij(t,x), Fkl(t,x′)] = 0. (3.340)

The other gauge-invariant choice B(t) = Πk(t,x′) leads to (3.335) and
(3.336) again.

We have therefore found the canonical commutation relations for the
field strength components which represent observables. In some sense this
should be good enough; however, it is often convenient to have commu-
tation relations which involve the vector potential directly. Because Ai

cannot represent an observable due to its gauge arbitrariness we will pick
a gauge to select out the physical degrees of freedom.

In three spatial dimensions Helmholtz’s theorem of vector calcu-
lus (Arfken, 1970), tells us that any vector field A can always be written
as A = A⊥ + ∇Θ, where ∇ · A = 0 and Θ is a scalar field. For general Σ
the same result holds true as a consequence of the Hodge–de Rham theo-
rem (Choquet-Bruhat et al., 1977) (apart from the addition of a harmonic
term which is of no relevance to us here). Under a gauge transformation
A → A + ∇λ, so that A⊥ is unaffected and Θ → Θ + λ. This suggests that
the physical content of A is contained in A⊥. In fact if we perform the gauge
transformation with λ = −Θ we can force A to satisfy

∇ · A = 0 = ∇iA
i. (3.341)

The constraint equation ∇iF
i0 = 0 becomes ∇2A0 = 0 in this gauge. We

can solve the constraint by

A0 = 0. (3.342)

27 This follows simply from the anti-symmetry of Zij under a relabelling of the indices.
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The gauge specified by (3.341)and (3.342) is called the ‘radiation gauge’.
The condition (3.341) provides one constraint on the D components of A
leaving us with (D − 1) physical degrees of freedom. Variation of (3.341)
shows that the variations δAi must satisfy

∇iδA
i = 0 (3.343)

in the radiation gauge.
If we return to (3.333), except with δAi restricted by (3.343), choos-

ing B(t) = Πj(t,x′) recovers (3.334). Because the gauge arbitrariness
has been fixed by specification of a gauge condition, we can take B(t) =
Aj(t,x′) and find

δAj(t,x′) =
i

�

∫
Σ

dσxδAi(t,x)
[
Πi(t,x), Aj(t,x′)

]
. (3.344)

Since δAi obeys (3.343) the commutator appearing on the right-hand side
of (3.344) is only determined up to an additive term:

i

�

[
Πi(t,x), Aj(t,x′)

]
= δi

jδ(x′,x) + ∇iλ
j(x′,x), (3.345)

with λj(x′,x) as an arbitrary distribution. It is easy to see that the term
in λj is not fixed by the basic result in (3.344). However, λj can be fixed
by requiring that the result (3.345) be consistent with the constraint
∇iΠi = 0. By operating on both sides of (3.345) with ∇i we find

∇i∇iλ
j(x′,x) = −∇jδ(x′,x). (3.346)

If we define G(x,x′) to be the Green function for the scalar Laplacian,

∇i∇iG(x,x′) = −∇2G(x,x′) = δ(x,x′), (3.347)

then the solution to (3.346) is

λj(x′,x) = ∇′jG(x,x′). (3.348)

We therefore find

i

�

[
Πi(t,x), Aj(t,x′)

]
= δi

jδ(x′,x) + ∇i∇′jG(x,x′). (3.349)

This result is also consistent with the constraint (3.341). In flat space, the
distribution appearing on the right-hand side of (3.349) can be seen to be
the ‘transverse delta function’ introduced by Bjorken and Drell (1965).
The Schwinger action principle shows how this modification of the naive
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canonical commutation relations in (3.320) is a necessary consequence of
the formalism.

Finally we turn to the use of G̃(t) in (3.86). If we take B(t) = Aj(t,x′)
it is easy to see that

[Ai(t,x), Aj(t,x′)] = 0. (3.350)

This is consistent with (3.341) and completes our evaluation of the elec-
tromagnetic field commutators.

An interesting feature of (3.349) is that for x′ �= x Πi(t,x) does not
commute with Aj(t,x′) since the Green function G(x,x′) will not vanish
in general. This means that it is not possible to measure Aj(t,x′) and
Πi(t,x) simultaneously. However, this should cause no concern because
the electric and magnetic field operators do commute for x′ �= x, and
it is these fields that are measurable. It is straightforward to show that
(3.335) and (3.336) are recovered from (3.349), the terms in the Green
function cancelling out when the field strength is computed.

We now wish to expand the field operators in terms of creation and
annihilation operators. This is easiest if we adopt the radiation gauge.
Let fn(x) be a vector field that satisfies

−∇2fn(x) = σnfn(x), (3.351)

for some eigenvalue σn. If fn(x) is to serve as an expansion function for
A(t,x), then it must satisfy the gauge condition (3.341),

∇·fn(x) = 0. (3.352)

Because of the constraint (3.352) on the solutions to (3.351) only (D −1)
linearly independent solutions will exist. We will label them by fnλ(x)
where λ has (D − 1) possible values, and assume the orthonormality
condition ∫

Σ
dσxf∗

nλ(x)·fn′λ′(x) = δnn′δλλ′ . (3.353)

It is worth remembering that A · B = A1B1 + · · · = −A1B1 + · · · =
−AiBi here with our choice for the metric signature. Thus (3.353) can
be written as ∫

Σ
dσxf∗

nλi(x)fn′λ′
i(x) = −δnn′δλλ′ (3.354)

in terms of the components fnλ
i(x) of fnλ(x). We will also assume that

{fnλ(x)} is complete in the sense that any solution to (3.351) which obeys



166 Action principle in quantum theory

the radiation gauge condition (3.341) can be expanded in terms of the
fnλ(x). It is easy to see that the completeness relation becomes∑

nλ

fnλ
i(x)f∗

nλj(x
′) = −

[
δi

jδ(x,x′) + ∇i∇′
jG(x,x′)

]
, (3.355)

with G(x,x′) satisfying (3.347).
As for the real scalar field in Section 3.6, it is convenient to regard

the eigenfunctions of the Laplacian fnλ(x) as complex. We should have,
analogously to (3.174) for scalar fields,

f∗
nλ(x) =

∑
n′λ′

Cnλn′λ′fn′λ′(x), (3.356)

for some coefficients Cnλn′λ′ . Using (3.353) shows that28

Cnλn′λ′ =
∫

Σ
dσxf∗

nλ(x)·f∗
n′λ′(x). (3.357)

Because the eigenvalues in (3.351) are real, it is easy to repeat the steps
which led up to (3.179) in the scalar field case, and prove that

F (σn)Cnλn′λ′ = F (σn′)Cnλn′λ′ . (3.358)

We now expand

A(t,x) =
∑
nλ

(2En)−1/2

{
fnλ(x)e−iEntanλ + f∗

nλ(x)eiEnta†
nλ

}
, (3.359)

for some constant operators anλ and their Hermitian conjugates a†
nλ. In

the radiation gauge (3.319) becomes Π(t,x) = −Ȧ(t,x), and (3.359)
gives

Π(t,x) = i
∑
nλ

(
En

2

)1/2
{

fnλ(x)e−iEntanλ − f∗
nλ(x)eiEnta†

nλ

}
.

(3.360)

The field equation for A follows from (3.326) as

∂2

∂t2
A − ∇2A = 0. (3.361)

28 Compare with (3.175) for the scalar field.



3.10 Electromagnetic field 167

This leads to

En =
√

σn, (3.362)

with σn defined in (3.351).
We may solve for anλ and a†

nλ in terms of A(t,x) and Π(t,x) exactly
as we did for the scalar field. From (3.359) using (3.353), (3.357) and
(3.358) leads to

anλ = eiEnt

∫
Σ

dσxf∗
nλ(x)·

{(En

2

)1/2
A(t,x) − i

(2En)1/2Π(t,x)

}
,

(3.363)

a†
nλ = e−iEnt

∫
Σ

dσxfnλ(x)·
{(En

2

)1/2
A(t,x) +

i

(2En)1/2Π(t,x)

}
.

(3.364)

It is now straightforward to show using (3.334), (3.349), and (3.350) that

[anλ, an′λ′ ] = 0 = [a†
nλ, a†

n′λ′ ], (3.365)

[anλ, a†
n′λ′ ] = δnn′δλλ′ . (3.366)

The term in G(x,x′) in (3.349) makes no contribution to (3.366) because
of the constraint (3.352).

Finally we can evaluate the Hamiltonian operator in the radiation
gauge. We have

H(t) =
∫

Σ
dσxΠi(t,x)Ȧi(t,x) − L(t)

=
∫

Σ
dσx

(
−1

2
ΠiΠi +

1
4
FijF

ij

)
, (3.367)

if we use (3.318) specialized to the radiation gauge. It is now a straight-
forward matter of substituting the field expansions (3.359) and (3.360)
to find

H(t) =
∑
nλ

1
2
En(anλa†

nλ + a†
nλanλ). (3.368)

This shows that we can consider the quantized electromagnetic field as a
collection of (D − 1) uncoupled simple harmonic oscillators. Defining the
ground state in the usual way by anλ|0〉 = 0, the energy of the ground
state is

〈0|H|0〉 =
1
2

∑
nλ

En =
1
2
(D − 1)

∑
n

En. (3.369)
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Notes

The material presented here is not to be viewed as a first introduction to
quantum mechanics; rather, it is a review of the basics and an establish-
ment of notation. Suggested references are Powell and Craseman (1961),
Sakurai (1994), and Schiff (1968) for the traditional approach, and Isham
(1995) for something different. Dirac (1958) is still worth reading for
the fundamentals. A classic discussion of the physical basis of quantum
mechanics is Heisenberg (1930). A careful treatment of the intricacies
involved in the case of operators with continuous spectra may be found
in Prugovecki (1982). My main references for the Schwinger action prin-
ciple were Schwinger’s original papers Schwinger (1951b, 1953a,b,c) and
his book Schwinger (1970). After a draft of this book had been com-
pleted, I became aware of an edition of Schwinger’s lectures on quantum
mechanics that had been published posthumously (Schwinger, 2001) that
mainly concentrates on Schwinger’s approach to quantum theory, based
on selective quantum measurements. The treatment of field theory that
we offer in the present chapter differs from that found in other books in
as much as we do not assume flat space with its accompanying momen-
tum space expansions. By keeping the volume of space finite from the
start some of the results look a bit cleaner. The idea of using what are
now called ‘Grassmann variables’ was first used by Schwinger in the field
theory context (see Schwinger (1953c) for example).



4
The effective action

4.1 Introduction

The development of relativistic quantum field theory was stimulated by
the need to deal with scattering processes in high energy physics. A suc-
cessful implementation of quantum electrodynamics was given in the late
1940s and early 1950s. The applications of this theory are described in the
classic textbooks and a history of the subject is given in Schweber (1994).
Similar methods may be applied to the more modern standard model
which deals with the weak and electromagnetic interactions of quarks
and leptons.1 It is perfectly possible to extend the start we have made in
Chapter 3 to make contact with this approach which concentrates on the
calculation of scattering amplitudes and cross-sections. Instead of pursu-
ing this more traditional path we will adopt an alternate approach which
is useful for understanding symmetry breaking and phase transitions in
physics. The principal aim of this chapter will be to develop the effective
action method in a very simple way and apply it to a number of prob-
lems. It is not necessary to use the full formalism of the effective action
to follow simple applications, and we will postpone the full development
until Chapter 8.

In the last chapter we saw how quantum field theory was obtained
from classical field theory by replacing the classical field variables with
appropriate operators. In this chapter we wish to go back to dealing with
ordinary field variables again, but with ones that somehow include quan-
tum corrections to the classical theory. We will call this field the mean
field to distinguish it from the classical field variable. If ϕ̄ is this mean
field we now wish to require that its equation of motion follow from a
principle of stationary action. The action functional which leads to the

1 See Halzen and Martin (1984) for a pedagogical introduction.
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equation of motion for ϕ̄ is called the ‘effective action’ and is denoted by
Γ[ϕ̄]. Because the field equation for ϕ̄ must include quantum corrections
to the classical field equation, we can think of Γ[ϕ̄] as being comprised
of the classical action plus all of its quantum corrections. In this chapter
we will be concerned with only the first-order quantum corrections to the
classical theory. In Chapter 8 we will consider the effective action in much
greater generality and justify the approach used in the present chapter
as the first-order term in a systematic expansion of the effective action.

Given an expression for the effective action Γ[ϕ̄] we can define an
effective Lagrangian density Leff in an obvious way by

Γ[ϕ̄] =
∫ t2

t1

dt

∫
Σ

dσx Leff(t,x). (4.1)

The principle of stationary action may be stated as

Γ [ϕ̄ + δϕ̄] = Γ[ϕ̄], (4.2)

to first order in δϕ̄. Just as in classical field theory this will give rise to an
equation of motion, except that this time it will be for the mean field ϕ̄.
Because the Lagrangian density is just the difference between the kinetic
energy density and the potential energy density, we can define the effec-
tive potential energy density by taking the mean field to be such that the
kinetic energy density vanishes. If we think of the real or complex scalar
fields, for example, this will occur if the mean fields are independent of
time. We can write

Γ[ϕ̄] = −(t2 − t1)
∫

Σ
dσx Veff , (4.3)

in this case. We will be concerned with time-independent situations for
this chapter and the subsequent one, so that we can use (4.3). By com-
plete analogy with classical mechanics we can define naturally the ground
state to correspond to the value of the mean field which minimizes the
potential energy. It may be the case that the ground state also corre-
sponds to a mean field which has no dependence on position. This would
be expected to hold if our space Σ was a homogeneous and isotropic space
such as infinite flat space, or the surface of a sphere since the mean field
would be expected to share the symmetries of the space. If this is the
case, then we have the even simpler result that

Γ[ϕ̄] = −(t2 − t1)VΣVeff , (4.4)

where VΣ is the volume of the space Σ. The equation for the mean field ϕ̄
becomes simply (∂/∂ϕ̄)Veff = 0 in cases where (4.4) applies. This will be
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the case in many of our examples, and is the case in almost all of particle
physics where Σ corresponds to flat infinite Euclidean space.

We are in the position now where if we know Γ[ϕ̄] or Veff we can obtain
the equation of motion for the mean field representing the ground state of
the system. We now need to discuss how to obtain an expression for Veff .
Because Veff can be thought of as the classical potential energy density
plus the quantum corrections to the classical result, if we only work to
first order in quantum corrections to the classical theory we can write

Veff = V
(0)
eff + V

(1)
eff + · · · , (4.5)

where V
(0)
eff is the classical contribution and V

(1)
eff is the first-order correc-

tion to the classical result which arises from quantization of the theory.
We can read off V

(0)
eff from the classical Lagrangian for the theory. To

obtain V
(1)
eff we can note that we are regarding the theory as an infinite

collection of simple harmonic oscillators. Therefore to get the ground
state energy we merely need to sum the zero-point energies. This will be
our recipe for obtaining the lowest-order effective potential. A full justifi-
cation of this recipe, and a prescription for obtaining higher-order terms
in the perturbative expansion will be considered in Chapter 8.

Suppose that we have a real scalar field described by the classical action
functional

S[ϕ] =
∫ t2

t1

dt

∫
Σ

dσx

[
1
2
∂μϕ∂μϕ − 1

2
m2ϕ2 − U(ϕ)

]
. (4.6)

In the previous chapter we discussed the free-field case where we took
U(ϕ) = 0. Here we will allow an arbitrary potential term for the field
which can represent a self-interaction or interaction with some externally
applied fields. Setting the variation of S[ϕ] with respect to ϕ to zero
results in

�ϕ + m2ϕ + U ′(ϕ) = 0. (4.7)

In order to obtain the zero-point energy in this case we will set

ϕ = ϕ̄ + ψ, (4.8)

where ψ represents the quantum fluctuation about the mean field ϕ̄ and
linearize (4.7) in ψ. This gives the equation

�ψ + m2ψ + U ′′(ϕ̄)ψ = 0. (4.9)

Note that we do not claim that ϕ̄ satisfies the zeroth-order equation
resulting from the substitution of (4.8) into (4.7); rather we have defined
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ϕ̄ to be the solution which minimizes the effective potential. However,
since ψ will be of necessity first order at least in quantum corrections,
the equation satisfied by ψ (4.9) is correct to lowest order in the quantum
corrections. (That is quantum corrections to the classical action can only
affect ψ at second order.)

We can take as our basic solutions to (4.9) the normal modes

ψn(t,x) = e−iEntfn(x), (4.10)

where fn(x) satisfies[
−∇2 + U ′′(ϕ̄)

]
fn(x) = σnfn(x), (4.11)

and

En =
√

σn + m2. (4.12)

This is a straightforward generalization of what we did in the free-field
case in Chapter 3. Our assumption that ϕ̄ is independent of time has been
used in an important way here; otherwise the time dependence of the
solutions will not be simple exponentials. We will assume that {fn(x)}
is a complete set of orthonormal solutions to (4.10). If we do not assume
that ϕ̄ is constant, then it will be impossible to solve (4.10) for fn(x) in
general, and hence we cannot know the eigenvalues σn explicitly in this
general situation.

We can now write down the formal expression for the terms in the
expansion of the effective action arising from the potential given in (4.5).
We have

Γ[ϕ̄] = Γ(0)[ϕ̄] + Γ(1)[ϕ̄] + · · ·, (4.13)

Γ(0) = −(t2 − t1)
∫

Σ
dσx

[
1
2
∂iϕ̄∂iϕ̄ +

1
2
m2ϕ̄2 + U(ϕ̄)

]
, (4.14)

Γ(1) = −(t2 − t1)
∑

n

�

2
En. (4.15)

Γ(0) is the same as the classical action with the field replaced with the time
independent mean field. The mean field satisfies the equation resulting
from making Γ[ϕ̄] in (4.13) stationary. It proves convenient to introduce
� in (4.15) to signify that the result is first order in quantum corrections.

We must now face the problem of evaluating the infinite sum of zero-
point energies if we are to evaluate Γ(1). If we take the simplest case of
a free scalar field theory in flat space, then En ∼

√
n2 + m2 and the

sum over n in (4.15) involves the evaluation of
∫
dDn

√
n2 + m2, which

is infinite. This forces us to introduce a regularization method to try
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to deal with such an infinite expression. One elegant way for doing this
is to use ζ-function regularization. The basic idea of the method is to
define the divergent sum over zero-point energies in (4.15) by the analytic
continuation of a convergent sum. We will define the energy ζ-function
E(s) by

E(s) =
∑

n

En(�En)−s. (4.16)

Here s is a complex variable and � is a constant with units of length,
called the ‘renormalization length’, introduced to keep �En dimension-
less. This ensures that E(s) has dimensions of energy for all values of s.
Because the origin of the infinite result of the sum in (4.15) was due to
the fact that En → ∞ as n → ∞, we can turn this problem into a virtue.
By taking s to be complex with2 R(s) sufficiently large we can make the
energy ζ-function in (4.16) converge. We can then analytically continue
the result for E(s) back into the region of the complex s-plane where the
expression for E(s) as the sum in (4.16) no longer applies. In particular,
we can try to define the sum over zero-point energies by E(s = 0). Thus
we can take

Γ(1)[ϕ̄] = −(t2 − t1)
�

2
E(0), (4.17)

as our definition for Γ(1). It may be that E(s) has a singularity at s = 0.
In this case we will understand (4.17) to mean the analytic continuation
of E(s) to a small neighbourhood of s = 0. The essential part of our
method is therefore an evaluation of the energy ζ-function.

In some cases we may wish to obtain an expression for the effective
potential energy density for the ground state directly. In this case 〈0|H|0〉
should give us the quantum correction to the ground state energy density,
where H is the Hamiltonian density.3 From the expansion of the scalar
field in terms of creation and annihilation operators given in (3.187) it is
easily seen that

ϕ(t,x)|0〉 =
∑

n

(2En)−1/2eiEntf∗
n(x)a†

n|0〉 (4.18)

if we use an|0〉 = 0. A similar expression follows from (3.188) for the
canonical momentum. It is then possible to evaluate 〈0|H|0〉 with H, the
integrand of the Hamiltonian given in (3.197). It is easy to show, using

2 Here R(s) denotes the real part of the complex number s.
3 It is also possible to consider the more general expression 〈0|Tμν |0〉 where Tμν is the

stress–energy–momentum operator.
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the canonical commutation relations [an, a†
n′ ] = δnn′ , that4

〈0|H|0〉 =
�

2

∑
n

En|fn(x)|2. (4.19)

The effective potential density V
(1)
eff will be defined to be

V
(1)
eff =

�

2

∑
n

En|fn(x)|2. (4.20)

If |fn(x)|2 is constant, then the normalization condition on fn(x) restricts
|fn(x)| = V

−1/2
Σ and we obtain

V
(1)
eff = �

E(0)
2VΣ

(4.21)

if we define the sum over energy levels in terms of the energy ζ-function.
If |fn(x)| is not constant, then use of (4.21) rather than (4.20) will give
us an effective potential averaged over Σ rather than a local expression. If
we really want to obtain the energy density, then (4.20) must be used. We
can, however, still use (4.21) to obtain the total energy due to quantum
effects. An example illustrating the use of and regularization of (4.20)
will be given in Section 4.7.

4.2 Free scalar field in Minkowski spacetime

As our first example we will study the free scalar field in the case where Σ
approaches flat Euclidean space in the infinite volume limit. To do this we
will choose Σ to be a D-dimensional rectangular box and impose periodic
boundary conditions on the walls of the box. Let L1, . . . , LD be the sides
of the box. Ultimately we will let L1, . . . , LD all become infinitely large.

We need the energy eigenvalues En defined in (4.12). Because of the
choice of periodic boundary conditions on the walls of the box we can pick

fn(x) = V
−1/2
Σ exp

⎧⎨⎩
D∑

j=1

(
2πinj

Lj
xj

)⎫⎬⎭ , (4.22)

with x = (x1, . . . , xD) the usual Cartesian coordinates and n standing
for the D-tuple of integers n = (n1, . . . , nD). Here ni = 0,±1,±2, . . . for
each i=1, . . . , D. The eigenvalues of the Laplacian are

4 A spatial total derivative has been discarded to get this.
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σn =
D∑

j=1

(
2πnj

Lj

)2

, (4.23)

and the energy eigenvalues are just as in (4.12). The energy ζ-function
(4.16) reads

E(s) =
∞∑

n1=−∞
· · ·

∞∑
nD=−∞

�−s(σn + m2)(1−s)/2. (4.24)

The case we are interested in corresponds to the limit L1, . . . , LD → ∞.
In this case we can approximate the sums that occur in (4.24) over
the integers n1, . . . , nD with integrals. (Later on we will examine this
procedure more closely.) This leads to

E(s) =
∫

dDp

(2π)D
�−s

⎡⎣ D∑
j=1

(2πnj

Lj

)2
+ m2

⎤⎦(1−s)/2

. (4.25)

With the change of variable nj → Ljpj/(2π) we find

E(s) = �−sVΣ

∫
dDp

(2π)D
(p2 + m2)(1−s)/2. (4.26)

This integral is of a type we will encounter many times, so it is worth
going through its evaluation in detail.

First of all we use the identity

a−z =
1

Γ(z)

∫ ∞

0
dt tz−1e−at, (4.27)

which holds for R(z) > 0 and R(a) > 0. This is just the definition of the
Γ-function (see (A1.1) in Appendix 1). With a = p2+m2 and z = (s−1)/2
we find

E(s) =
�−sVΣ

Γ[(s − 1)/2]

∫
dDp

(2π)D

∫ ∞

0
dt t(s−3)/2e−(p2+m2)t. (4.28)

The integration over p now involves simple Gaussians, and we have∫
dDp

(2π)D
e−tp2

=
(∫ ∞

−∞

dp

2π
e−tp2

)D

= (4πt)−D/2. (4.29)

Using this result back in (4.29) results in
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E(s) = �−sVΣ
1

Γ[(s − 1)/2]
(4π)−D/2

∫ ∞

0
dt t(s−3−D)/2e−m2t

=
VΣ

(4π)D/2

Γ [(s − 1 − D)/2]
Γ [(s − 1)/2]

(m2)(D+1)/2(m2�2)−s/2, (4.30)

if we use (4.27) again. In order that this last step be justified we must
assume R(s) > D + 1; however, the result in (4.30) may now be analyt-
ically continued throughout the complex s-plane using properties of the
Γ-function.

We now need to evaluate E(s = 0). Whether or not the result in (4.30)
is analytic at s = 0 is determined by the properties of the Γ-functions
occurring. The basic properties we need are summarized in Section A1.1.
Γ(z) is analytic if R(z) > 0 and has simple poles on the real axis at
z = 0,−1,−2, . . . . The Laurent expansion about the poles is given in
(A1.5), (A1.8), (A1.12), and (A1.16). In (4.30) the only poles at s = 0
can come from Γ[(s − 1 − D)/2], and these can only occur if D is odd. If
D is even we can conclude that E(s) is analytic at s = 0 with the result

E(0) =
VΣ

(4π)D/2

Γ [−(D + 1)/2]
Γ [−(1/2)]

(m2)(D+1)/2

= VΣ

(
− 1

π

)D/2 (D/2)!
(D + 1)!

(m2)(D+1)/2, (4.31)

if we use (A1.20) to simplify the expressions in the Γ-functions. The
quantum correction to the effective potential therefore contains

V
(1)
eff =

�

2

(
− 1

π

)D/2 (D/2)!
(D + 1)!

(m2)(D+1)/2, (4.32)

if the spatial dimension D is even. (Note from (4.22) that |fn(x)|2 = 1/VΣ
is constant so (4.21) can be used.)

When D is odd Γ[(s − 1 − D)/2] has a simple pole at s = 0. If we
expand about the pole we find

E(0) = − VΣ

[(D + 1)/2]!

(
−m2

4π

)(D+1)/2 [ 2
s

− 1 +
1
2

+
1
3

+ . . .

+
2

D + 1
− ln

(�2m2

4

)]
. (4.33)
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The quantum part of the effective potential is therefore

V
(1)
eff = − �

2 [(D + 1)/2]!

(
−m2

4π

)(D+1)/2 [ 2
s

− 1 +
1
2

+
1
3

+ · · ·

+
2

D + 1
− ln

(�2m2

4

)]
, (4.34)

in the case where the spatial dimension D is odd.
There are two obvious differences between the results found for even

and odd D. In the case where D is odd, V
(1)
eff has a simple pole at s = 0

and in addition depends on the arbitrary length scale �. For even D the
effective potential V

(1)
eff is finite at s = 0 and has no dependence on �. As

we will discuss later the presence of the pole term in 1/s as s → 0 and
the dependence on � are linked.

In either case we get the complete effective potential by combining
V

(1)
eff with V (0), where V (0) comes from the classical Lagrangian. We have

taken U ′(ϕ) = 0 in (4.7) so that we have a free field theory. This means
that U(ϕ) is a constant independent of ϕ. We can write

V
(0)
eff =

1
2
m2ϕ̄2 + c +

1
2
|∇ϕ̄|2, (4.35)

where c is an arbitrary constant. At this stage we can introduce the
concept of renormalization. Because our example is so simple, V

(1)
eff has

no dependence on the background field ϕ̄ in this case. The only effect
of quantum corrections to the classical theory was to alter the value of
the constant term in the potential. Generally what we wish to do is to
try and identify terms in the effective action with physically measurable
quantities. As a step in this direction we will impose renormalization
conditions on the effective action. In our simple example above, this
entails only a condition on the constant term in the potential. Because we
are considering flat Minkowski spacetime here the natural condition to
impose is that the ground state energy vanishes. This is natural because
any non-zero value for the ground state energy would lead to a curva-
ture of spacetime using the Einstein equations of general relativity. (The
argument often given is that only energy differences have any physical
meaning, therefore the absolute value of the energy scale can be set to
zero.) We therefore impose a renormalization condition

Veff(ϕ̄ = 0) = 0, (4.36)

which fixes

0 = c + V
(1)
eff . (4.37)
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This leaves us with simply

Veff =
1
2
m2ϕ̄2 +

1
2
|∇ϕ̄|2, (4.38)

in this case. The quantum correction to the classical potential energy
makes no contribution for this simple example. We will return to this pro-
cess of renormalization with a less trivial example in subsequent sections.

At this stage we can reconsider the process of normal ordering the
Hamiltonian. Had we normal ordered H we would have obtained exactly
the same conclusion as in (4.38) without doing any work at all. How-
ever, if we do normal order H we will always obtain 〈0|H|0〉 = 0 for any
choice of Σ. As we will show, this is not the correct thing to do. If we
are only interested in field theory in flat Minkowski spacetime, then nor-
mal ordering H is completely equivalent to imposing the renormalization
condition (4.36).

4.3 Casimir effect

A more interesting example of the evaluation of the effective potential
occurs if instead of regarding Σ as infinite space, we introduce some
boundaries. A prototype for this calculation is the Casimir effect (Casimir
(1948)) which is concerned with vacuum fluctuations in the electromag-
netic field between two uncharged parallel conducting plates. In this
section we will consider the scalar field analogue of this. We will take
a massive real scalar field which satisfies Dirichlet boundary conditions
at x1 = 0 and x1 = L1 but is unconfined in the remaining directions.5

We will deal with the directions where the field is not confined by again
imposing periodic boundary conditions on the field in these directions
and then taking the infinite volume limit. The mode functions, which are
normalized eigenfunctions of the Laplacian, are

fn(x) =
(

2
VΣ

)1/2

sin
(

πn1x
1

L1

) D∏
j=2

e(2πinjxj/Lj), (4.39)

where n1 = 1, 2, . . . and nj = 0,±1,±2, . . . for j = 2, . . . , D.6 It is easy to
see that

σn =
(

πn1

L1

)2

+
D∑

j=2

(
2πnj

Lj

)2

. (4.40)

5 Dirichlet boundary conditions means that the field vanishes at x1 = 0 and x1 = L1.
6 Note that n1 = 0 is not allowed because it leads to fn(x) = 0 which is not a

normalizable eigenfunction.
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The energy ζ-function becomes

E(s) =
∞∑

n1=1

∞∑
n2=−∞

· · ·
∞∑

nD=−∞
�−s(σn + m2)(1−s)/2

= �−sL2 · · ·LD

∞∑
n1=1

∫
dD−1p

(2π)D−1

[(
πn1

L1

)2

+ p2 + m2

](1−s)/2

(4.41)

if we take L2, . . . , LD very large and replace the sums over n2, . . . , nD

with integrals. The integration over p is performed exactly as described
in the previous section with the result

E(s) = �−s L2 · · ·LD

(4π)(D−1)/2

Γ [(s − D)/2]
Γ [(s − 1)/2]

∞∑
n1=1

[(
πn1

L1

)2

+ m2

](D−s)/2

.

(4.42)

If we wish to keep L1 finite we cannot just replace the sum over n1 in
(4.42) with an integral as we have done up to now. We will first proceed
more heuristically and examine the limit where mL1 << 1. Later we will
return to the exact result.

Physically the limit mL1 << 1 corresponds to the Compton wave-
length of the scalar field much larger than the separation between the two
idealized parallel plates located at the boundaries x1 = 0 and x1 = L1 of
Σ. This limit is of interest if we also wish to examine the massless limit
of the theory. For mL1 << 1, we may expand the argument of the sum
in (4.42) in powers of mL1 using the binomial expansion. We will special-
ize to the case D = 3 here since this is of most direct physical interest.
(We will give the result for general D later when we evaluate the exact
expression.) If we keep only the first few terms in the expansion we find

E(s) =
L2L3

4π�s

(
2

s − 3

)(
π

L1

)3−s ∞∑
n1=1

n3−s
1

[
1 +

(
3 − s

2

)(
mL1

πn1

)2

+
1
2

(
3 − s

2

)(
1 − s

2

)(
mL1

πn1

)4
]

=
L2L3

4π�s

(
π

L1

)3−s
[

2
(s − 3)

ζ(s − 3) −
(

mL1

π

)2

ζ(s − 1)

−1
4
(1 − s)

(
mL1

π

)4

ζ(s + 1)

]
. (4.43)
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The definition of the Riemann ζ-function ζ(s) =
∑∞

n=1
n−s for R(s) > 1

has been used here. (See Appendix A1.2 for a brief summary of the prop-
erties of the Riemann ζ-function.) Using results given in Sections A1.1
and A1.2, and noting that VΣ = L1L2L3, we find

V
(1)
eff =

�π2

8L4
1

{
− 1

180
+

1
12

(
mL1

π

)2

−1
4

(
mL1

π

)4 [1
s

+ γ − ln
(

π�

L1

)]}
.

(4.44)

If we compare the result (4.44) with (4.34) where D = 3 is used, it
can be observed that the pole parts of both expressions are the same
(i.e., both expressions have the same coefficients of 1/s). The divergent
part of the effective potential is not sensitive to whether Σ is infinite space
or a semi-infinite space with two parallel plane boundaries. A consequence
of this is that a natural procedure to adopt is to fix the constant c which
occurs in the classical potential to be the same as it was in infinite flat
space. If we do this then we are guaranteed that as we let L1 → ∞ the
energy associated with the ground state will vanish. The renormalized
effective potential becomes (to the order of mL1 that we are working)

Veff =
1
2
|∇ϕ̄|2 +

1
2
m2ϕ̄2 − π2

�

1440L4
1

[
1 − 15

(
mL1

π

)2
]

− �m4

32π2

[
1
4

+ γ +
1
2

ln
(

m2L2
1

4π2

)]
. (4.45)

In this case there is a non-zero energy associated with the vacuum state.
If we take the limit of a massless theory by letting m → 0, we are left
with simply

Veff =
1
2
|∇ϕ̄|2 − π2

�

1440L4
1
. (4.46)

This result is exact.
The result in (4.46) has an immediate physical consequence. We may

first set ϕ̄ = 0 since this should represent the ground state of the theory.
If we take the planes x1 = 0 and x1 = L1 to represent physical bound-
aries, such as a pair of parallel uncharged conducting plates whose area
A = L2L3 is very large in comparison to their separation L1, then (4.46)
tells us that the total energy associated with the vacuum is

Evac = − �π2A

1440L3
1
. (4.47)
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This is observed to be negative and is solely a consequence of quantum
effects. It is half of the result found originally by Casimir (1948). The
reason for the factor of one-half between our result and that of Casimir
is easily understood as a consequence of the fact that for the electro-
magnetic field there are two possible polarizations; the scalar field having
spin 0 has only one possible spin state. What this negative energy means
physically is that work must be done to keep the two parallel plates apart.
Thus the two plates will attract each other. If we move the plates from
separation L1 to L1 + δL1, the force we must apply is Fapp given by

FappδL1 = δEvac, (4.48)

where δEvac represents the change in the vacuum energy. The attractive
force between the plates is just the negative of the applied force, so that

F = −∂Evac

∂L1
= − �π2A

240L4
1

(4.49)

represents the force between the plates. The force between them varies
as L−4

1 where L1 is the separation. This was first looked for by Spar-
naay (1958), and later demonstrated in subsequent experiments (see
Lamoreaux (1999) for example). The real experiment pertains to the
electromagnetic field, so that the result should be twice as big as (4.49).

4.4 Constant gauge field background

Suppose that we consider a complex scalar field Φ coupled to an elec-
tromagnetic gauge field Aμ. The classical action functional for the scalar
field is

Sscalar =
∫ t2

t1

dt

∫
Σ

dσx

[
(DμΦ)†(DμΦ) − m2Φ†Φ + c

]
, (4.50)

if we do not include scalar self-interactions. Here

DμΦ = ∂μΦ − ieAμ (4.51)

is the gauge covariant derivative and c is an arbitrary constant that we
expect to be needed to renormalize the vacuum energy. If we take

Φ′(t,x) = eieθ(t,x)Φ(t,x) (4.52)

as our local gauge transformation, then

A′
μ(t,x) = Aμ(t,x) + ∂μθ(t,x), (4.53)
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for the theory to have local gauge invariance. To the scalar field action
(4.50) we must add the action for the electromagnetic field which is

Sem = −1
4

∫ t2

t1

dt

∫
Σ

dσx FμνFμν, (4.54)

to obtain the total action (Fμν = ∂μAν − ∂νAμ). The field equations
which follow from varying (4.50) and (4.54) with respect to Φ† and Aμ

are

DμDμΦ + m2Φ = 0, (4.55)

∂νFμν = ie(Φ†∂μΦ − ∂μΦ†Φ) + 2e2AμΦ†Φ. (4.56)

The last equation can be recognized as the Maxwell equations with a cur-
rent source derived from the scalar field. The current source corresponds
to the Noether current arising from local gauge symmetry. There is also
another equation which is simply the Hermitian conjugate of (4.55). We
are free to impose a gauge condition on Aμ.

In this example instead of working out the effective action for the scalar
field as we have done before, we will look at the effective action for the
electromagnetic field. We will therefore set the value of the background
scalar field to zero and write

Aμ = Āμ + aμ, (4.57)

where Āμ represents the background vector potential, and aμ represents
the fluctuation about the background. If we linearize the equations of
motion (4.55) and (4.56) in the fluctuations about the background fields,
we find

D̄μD̄μΦ + m2Φ = 0, (4.58)

∂νfμν = 0, (4.59)

where fμν = ∂μaν−∂νaμ, and D̄μ is like Dμ in (4.51) but with Aμ replaced
with the background field Āμ. The linearized Maxwell equation (4.59) has
no dependence on the background field Āμ. If we are only interested in the
contribution to the effective action which has a dependence on Āμ, we can
ignore the zero-point energy from the vector field since, although it will
not vanish, it can have no background field dependence. This would no
longer be true if we included scalar field self-interactions with a non-zero
background scalar field. Written out in detail (4.58) becomes7

0 = �Φ − ie(∂μĀμ)Φ − 2ieĀμ∂μΦ − e2ĀμĀμΦ + m2Φ. (4.60)

7 There is also the Hermitian conjugate of this equation.
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Suppose that we take Σ = R
D−1 × S

1 where the x coordinate obeys
0 ≤ x ≤ L with x = 0 and x = L identified to give the topology of a
circle.8 As before we can deal with the D − 1 non-compact dimensions
by imposing box normalization and taking the large box limit. The space
here is like that for the Casimir effect in the last example, except that
instead of adopting Dirichlet (vanishing) boundary conditions in the x-
direction we choose periodic ones. The background electromagnetic field
classically must satisfy ∂νF̄μν = 0. An obvious solution to this is F̄μν = 0,
corresponding to no electromagnetic field present. This would be expected
to describe the ground state. If we impose the radiation gauge condition

Ā0 = 0, ∇·Ā = 0, (4.61)

then a solution to F̄μν = 0 is Ā = �α where �α is an arbitrary constant
vector. Normally by performing the gauge transformation Ā′ = Ā + ∇θ
and choosing θ = −�α ·x, we can see that without loss of generality we can
choose Ā′ = 0. However, if the space Σ is not simply connected there is a
problem with this. Because we have identified x = 0 with x = L to give a
circle, the gauge transformation required to set αx = 0 (where αx is the
x-component of �α) is not single-valued: θ(x = L) = −αxL + θ(x = 0).
This means that if our original scalar field Φ satisfies periodic bound-
ary conditions on the circle, when we perform the gauge transformation
(4.52), we end up with a field Φ′ which is no longer periodic; the bound-
ary conditions are changed by the gauge transformation because it is
not single-valued. There are two equivalent ways we can deal with this.
The first is to restrict ourselves to single-valued gauge transformations.
This allows us to regard the boundary conditions imposed on the fields
as fixed. However, we must then take Ā = �α to be non-zero since we
are not allowed to perform the gauge transformation required to set it
to zero. The second viewpoint is to allow gauge transformations that are
not single-valued. In this case we are allowed to set Ā = 0. However,
we can no longer fix the boundary conditions on the scalar fields. The
boundary conditions must be allowed to vary in a way which depends on
the arbitrary constant vector �α.

In the case of Σ = R
D−1 × S

1, we may set all components of Ā to zero
except for the x-component chosen as

Āx = α. (4.62)

Take the scalar field Φ to be periodic around the circle: Φ(x = L) =
Φ(x = 0). If we allow gauge transformations which are not single-valued,

8 In other words, we impose periodic boundary conditions in one of the spatial
directions.
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then by choosing θ = −αx the gauge transformed field Φ′ in (4.52) will
obey

Φ′(x = L) = e−ieαLΦ′(x = 0). (4.63)

The gauge transformed field changes by a phase. We now have Ā′ = 0 so
that (4.60) becomes

0 = �Φ′ + m2Φ′. (4.64)

We wish to solve (4.64) with the boundary condition (4.63). Write

fn(x) = eiκx
D∏

j=2

e(2πinjxj/Lj). (4.65)

where the constant κ is chosen so that (4.63) holds. It is easy to see that

En =

⎡⎣κ2 +
D∑

j = 2

(
2πnj

Lj

)2

+ m2

⎤⎦1/2

. (4.66)

Demanding that fn(x) satisfies (4.63) results in

eiκL = e−ieαL. (4.67)

This is satisfied if κL = −eαL + 2πn1, for n1 = 0,±1,±2, . . . . We then
find En in (4.66) to be

En =

⎡⎣(2πn1

L
− eα

)2

+
D∑

j = 2

(
2πnj

Lj

)2

+ m2

⎤⎦1/2

. (4.68)

The quantum part of the effective potential is

V
(1)
eff =

�

VΣ
E(0), (4.69)

where E(s) is the energy ζ-function defined in (4.16). This differs by a
factor of 2 from the expression given in (4.21) because we have a complex
scalar field with two real degrees of freedom here. Taking the large box
limit for the D − 1 non-compact dimensions and proceeding as in our
previous examples, we find

E(s) =
L2 · · ·LD

(4π)(D−1)/2 �−s Γ [(s − D)/2]
Γ [(s − 1)/2]

×
∞∑

n1=−∞

[(
2πn1

L
− eα

)2

+ m2

](D−s)/2

. (4.70)
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The remaining sum is similar to that we encountered for the Casimir
effect in Section 4.3. A method to evaluate it is given in Section A1.3.
Using the notation of Section A1.3, we find

E(s) =
VΣ

(4π)D/2 �−s Γ [(s − D − 1)/2]
Γ [(s − 1)/2]

mD+1−s

+
4VΣ

(4π)(D−1)/2L
�−s

(
2π

L

)D−s f(s−D)/2 (eαL/2π, mL/2π)
Γ [(s − 1)/2] Γ [1 + (D − s)/2]

.

(4.71)

fλ(a, b) is the integral given in (A1.65).
The first term on the right-hand side of the energy ζ-function may be

seen to be identical to that found in (4.30). As s → 0 this term is finite for
even D and has a simple pole for odd D. All of the physical consequences
of the non-trivial topology of the circle are contained in the second term
of (4.71). If we impose the renormalization condition that Veff = 0 as
L → ∞, we are left with

Veff = − 4�π1+D/2

LDΓ [1 + (D/2)]
f−D/2

(
eαL

2π
,
mL

2π

)
. (4.72)

as the renormalized effective potential. The background gauge field enters
through the constant α. We can now look at the stationary points of Veff
to find the ground state, since for α constant the minima of Veff should
give the effective field equations.9

Minimizing Veff entails knowing the stationary points of f−D/2(a, b). If
we assume a and b to be real here, then

∂

∂a
f−D/2(a, b) = −2π�

∫ ∞

b

(x2 − b2)D/2 e2π(x+ia)[
e2π(x+ia) − 1

]2 dx, (4.73)

where � denotes the imaginary part. It is obvious that the integrand
in (4.73) will have a non-vanishing imaginary part unless e2πia is real.
We therefore have (∂/∂a)f−D/2(a, b) = 0, when a is an integer or a half-
integer: a = k/2 for k = 0,±1, . . . . To see if a = k/2 corresponds to
a maximum or a minimum we simply need to compute the sign of the
second derivative of f−D/2(a, b) with respect to a evaluated at a = k/2.
A straightforward calculation shows that

sign
[

∂2

∂a2 f−D/2(a, b)
]∣∣∣∣

a=k/2
= (−1)k. (4.74)

9 Even if we adopt a different renormalization prescription the first term in (4.71) is
independent of α and therefore will not contribute to the effective field equations.
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Thus f−D/2(a, b) has a minimum when k is an even integer and a maxi-
mum when k is an odd integer. Because of the overall minus sign in (4.72)
we conclude that the effective potential has a minimum when eαL =
2πl + π for k = 0,±1, . . . , and a maximum when eαL = 2πk for k =
0,±1, . . . . It is interesting to note that if we had chosen α = 0 we would
not have found the ground state. To express this another way, the gauge
potential Āμ = 0 is not a stable solution to the Maxwell equations.10 The
ground state is determined by

eα =
π

L
(2k + 1), (4.75)

for k = 0,±1, . . . . This ground state has been found from the quantum
part of the effective potential. Classically the value of α can be any real
number and the ground state is continuously degenerate. Quantum effects
result in a discrete set of possible values for α which lifts the ground state
degeneracy from a continuum to be denumerable. Finally we note that
the value of the ground state fixes the boundary conditions on the scalar
field to be anti-periodic, as is evident from using (4.75) in (4.63).

4.5 Constant magnetic field

We now consider a complex scalar field in a constant background magnetic
field. The eigenfunctions fn(x) must satisfy

−D2fn(x) = σnfn(x), (4.76)

where D = ∇ − ieA. A is the vector potential which gives rise to the
constant magnetic field. We are free to fix a gauge condition on A and
we choose the radiation gauge A0 = 0 with ∇ · A = 0. Take Σ to be a
box with sides L1, . . . , LD with boundary conditions on the walls of the
box to be specified. We will only take F12 = −F21 = B to be non-zero,
corresponding to a constant magnetic field in the z-direction. With the
radiation gauge condition imposed, we may pick

A1 = αy + a1, A2 = (B + α)x + a2, (4.77)

where α, a1, a2 are arbitrary constants. We have labelled x1 = x and
x2 = y for simplicity of notation here. The constant α can be freely chosen
to be what we like (popular choices are α = 0 or −B/2), but as we saw
in Section 4.4 it will not be possible to remove the constants a1 and a2

10 This conclusion was first observed by Ford (1980).
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with a single-valued gauge transformation in general. We must therefore
solve

−
{( ∂

∂x
− ieαy − iea1

)2
+
( ∂

∂y
− ie(B + α)x − iea2

)2

+
D∑

j=3

∂2

∂xj 2

}
fn(x) = σnfn(x). (4.78)

The boundary conditions on fn(x) remain to be specified. It is tempt-
ing to simply demand that fn(x) satisfy periodic boundary conditions on
the walls of the box, but there is a problem with this. Unlike the cases
we have considered up until now, the operator in (4.78) is not periodic
in the spatial coordinates. There is no problem with imposing periodic
boundary conditions in the coordinates x3, . . . , xD, but the operator is
not periodic in x and y. If we translate x → x + L1, we see from (4.77)
that A2 → A2 + (B + α)L1. Similarly if we translate y → y + L2, we see
that A1 → A1 + αL2. There is no choice of α we can make to eliminate
both changes in the vector potential simultaneously. The key to deal-
ing with this is to regard the transformations of A arising from spatial
translations as gauge transformations. We can then obtain covariance of
the eigenvalue equation (4.78) by performing a gauge transformation on
fn(x) at the same time as we translate the coordinates x and y. Let

fn(x + L1, y) = eiθxfn(x, y), (4.79)
fn(x, y + L2) = eiθyfn(x, y), (4.80)

for some functions θx and θy. We will fix θx and θy by requiring that
when x → x + L1,

D2fn(x, y) → eiθyfn(x, y), (4.81)

and when y → y + L2 we have11

D1fn(x, y) → eiθxfn(x, y). (4.82)

To summarize, we demand that on the walls of the box the eigenfunctions
fn(x) (and hence the scalar field) are only periodic up to a phase factor
(or gauge transformation).

It is easy to find θx and θy using (4.81) and (4.82). We can choose

θx = e(B + α)L1y, (4.83)
θy = eαL2x. (4.84)

11 Here D1 = (∂/∂x) − ieA1 with a similar expression for D2.
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Because θx and θy involve the coordinates x and y it is not clear that
the boundary conditions we have chosen may be imposed in a consis-
tent manner. Because the order that we perform translations in the x
and y directions should not matter we must require that a translation
x → x + L1 followed by y → y + L2 has the same result on fn(x) as
the translation y → y + L2 followed by x → x + L1, since both result in
fn(x + L1, y + L2). Using (4.79) with (4.83) we find

fn(x + L1, y) = eie(B+α)L1yfn(x, y).

Performing the translation in the y-direction using (4.80) with (4.84) now
results in

fn(x + L1, y + L2) = eie(B+α)L1(y+L2)+ieαL2xfn(x, y). (4.85)

If we translate first in the y-direction using (4.80) with (4.84), we find

fn(x, y + L2) = eieαL2xfn(x, y).

Translation of this in the x-direction gives

fn(x + L1, y + L2) = eieαL2(x+L1)+ie(B+α)L1yfn(x, y). (4.86)

Demanding equality of the two expressions (4.85) and (4.86) results in

eieBL1L2 = 1. (4.87)

This requires

eBL1L2 = 2πk. (4.88)

for some integer k. This consistency condition is independent of the arbi-
trary gauge parameter α as well as the constants a1 and a2. The physical
interpretation of (4.88) is that the magnetic flux through the sides of the
box must be quantized for the theory to be consistent.

The next task is to solve for the eigenvalues σn in (4.78). Because of
the boundary conditions (4.79) and (4.80) on the eigenfunctions, this is
not so straightforward. First of all define

f̃n(x, y) = e−ieαxyfn(x, y), (4.89)

where the factor of e−ieαxy is chosen so that

f̃n(x, y + L2) = f̃n(x, y). (4.90)

The boundary condition in the x-direction is

f̃n(x + L1, y) = eieBL1yf̃n(x, y). (4.91)
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We can substitute for f̃n(x) in (4.78) to find

−
[( ∂

∂x
− iea1

)2
+
( ∂

∂y
− ieBx − iea2

)2
+

D∑
j=3

∂

∂xj 2

]
f̃n(x) = σnf̃n(x).

(4.92)

In addition to simplifying the boundary condition in the y-direction, the
transformation (4.89) shows that the gauge parameter α has cancelled
out of the equation and therefore does not affect the eigenvalues, as would
be expected.

Because f̃n(x, y, x3, . . . , xD) is periodic in xj, where j = 3, . . . , D with
period Lj we can Fourier expand it as

f̃n(x, y, x3, . . . , xD) = (L3 · · ·LD)−1/2 exp

⎛⎝2πi
D∑

j=3

njx
j

Lj

⎞⎠ϕn(x, y).

(4.93)

Here nj = 0,±1,±2, . . . and ϕn(x, y) satisfies

[
−
(

∂

∂x
− iea1

)2

−
(

∂

∂y
− ieBx − iea2

)2

+
D∑

j=3

(
2πnj

Lj

)2
⎤⎦ϕn

= σnϕn, (4.94)

with the boundary conditions (4.91) and ϕn(x, y + L2) = ϕn(x, y).
Because ϕn(x, y) is periodic in y, we can Fourier expand it as12

ϕn(x, y) = L
−1/2
2

∞∑
l=−∞

cl(x)e(2πily/L2). (4.95)

Substitution into (4.94) leads to⎡⎣−
(

∂

∂x
− iea1

)2

−
(

2πl

L2
− eBx − ea2

)2

+
D∑

j=3

(
2πnj

Lj

)2
⎤⎦ cl(x)

= σncl(x). (4.96)

12 For simplicity of notation we will suppress the label n on cl(x).
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The remaining boundary condition (4.91) turns into a condition on cl(x).
We have

L
−1/2
2

∞∑
l=−∞

cl(x + L1)e2πily/L2 = eieBL1yL
−1/2
2

∞∑
l=−∞

cl(x)e2πily/L2 ,

(4.97)
if we use (4.95). However, eBL1 = 2πk/L2 from (4.88). This allows us to
simplify (4.97):

∞∑
l=−∞

cl(x + L1)e2πily/L2 =
∞∑

l=−∞
cl(x)e(2πi/L2)(k+l)y

=
∞∑

l=−∞
cl−k(x)e2πily/L2 ,

where the second line has followed by relabelling the summation index.
It therefore follows that we must solve (4.96) with cl(x) obeying the
condition

cl(x + L1) = cl−k(x). (4.98)

The solution to (4.96) proceeds as in the case of the simple harmonic
oscillator. Define

D± = i
∂

∂x
+ ea1 ± i

(
2πl

L2
− ea2 − eBx

)
. (4.99)

It is easy to show that these two operators obey

[D+, D−] = −2eB, (4.100)

and that (4.96) may be written as

[D+D− + eB]cl(x) = σ̃ncl(x), (4.101)

with

σ̃n = σn −
D∑

j=3

(
2πnj

Lj

)2

. (4.102)

Because of (4.100) we have

[D+D−, D+] = 2eBD+, (4.103)
[D+D−, D−] = −2eBD−. (4.104)

Comparison of these results with those found for the simple harmonic
oscillator in Section 3.5 shows that we may interpret D+ as a raising
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operator and D− as a lowering operator. The argument given for the
existence of a state of lowest energy may be repeated here to conclude
that there must exist an eigenvector c

(0)
l satisfying

D−c
(0)
l (x) = 0. (4.105)

It is easily seen that

σ̃0 = eB (4.106)

is the corresponding eigenvalue. Because D+ acts like a raising operator,
we expect that c

(m)
l ∝ Dm

+ c
(0)
l with eigenvalue

σ̃m = (2m + 1)eB, (4.107)

since each application of D+ will increase the eigenvalue by 2eB.13 The
eigenvalues in (4.96) are therefore given by

σn = (2m + 1)eB +
D∑

j=3

(
2πnj

Lj

)2

, (4.108)

where m = 0, 1, 2, . . . . It can be noted that the arbitrary phases a1 and
a2 do not enter the eigenvalue. Because the eigenvalue depends only on
(D − 1) quantum numbers (m and nj for j = 3, . . . , D), it must have a
degeneracy that we need to determine. This can be done from studying
the eigenfunctions corresponding to the eigenvalues (4.108).

The determination of the eigenfunctions is more complicated than in
the case of the simple harmonic oscillator because of the need to sat-
isfy the condition (4.98). However, if we can find the eigenfunction cor-
responding to the lowest eigenvalue, all of the rest are determined by
repeated application of D+. The eigenfunction of lowest eigenvalue sat-
isfies (4.105). Using the result for D− in (4.99) it is easy to show that

c
(0)
l (x) = e−(1/2)eBx2+iea1x−ea2x+(2πl/L2)xc

(0)
l , (4.109)

where c
(0)
l on the right-hand side is a constant. This solution must obey

the condition (4.98) following from the requirement that the constant c
(0)
l

must obey

c
(0)
l−k = e−(1/2)eBL2

1+iea1L1−ea2L1+(2πlL1/L2)c
(0)
l . (4.110)

13 This can be seen from (4.103).
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Because of the quadratic dependence on L1, this suggests that we try a
solution to (4.110) of the form

c
(0)
l = e−αl2−βl, (4.111)

for some appropriately chosen values of α and β. A straightforward
substitution of (4.111) into (4.110) shows that

e−(1/2)eBL2
1+(2πlL1/L2)+(iea1−ea2)L1 = eαk(2l−k)+βk.

The integer k is given in (4.88) and it is easily seen that

−1
2
eBL2

1 +
2πlL1

L2
=

πL1

L2
(2l − k).

If we choose

α =
πL1

kL2
=

2π2

eBL2
2
, (4.112)

β =
2πi

BL2
(a1 + ia2), (4.113)

this gives us the solution for c
(0)
l and hence determines the eigenfunctions.

Because of the relation (4.110) between c
(0)
l−k and c

(0)
l , there are exactly

k undetermined values for c
(0)
l . Thus the ground state is k-fold degen-

erate where k = eBL1L2/2π. Because the excited states follow from a
mechanical application of D+ to the ground state, they will also be k-
fold degenerate. For a more heuristic and physical interpretation of this
degeneracy, see Landau and Lifshitz (1958). The treatment here has been
based on that in Laughlin (1989).

Now that we have the energy eigenvalues and their degeneracy we can
proceed with the calculation of the effective action by evaluating the
energy ζ-function. We have

E(s) = �
eBL1L2

2π�s

∞∑
n=0

∞∑
n3=−∞

· · ·
∞∑

nD=−∞

[
(2n + 1)eB

+
D∑

j=3

(
2πnj

Lj

)2

+ m2

](1−s)/2

. (4.114)

Taking the large box limit, and turning the sums over n3, . . . , nD into
integrals, we find
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E(s) =
�eBVΣ

2π�s
(4π)1−D/2 Γ [(s − D + 1)/2]

Γ [(s − 1)/2]
∞∑

n=0

[
(2n + 1)eB + m2](D−s−1)/2

=
�eBVΣ

2π�s
(4π)1−D/2 Γ [(s − D + 1)/2]

Γ [(s − 1)/2]
(2eB)(D−s−1)/2

×ζ

(
s − D + 1

2
,
m2 + eB

2eB

)
, (4.115)

where ζ(z, a) is the Hurwitz ζ-function defined in Section A1.2.
The expression given in (4.115) is sufficient for obtaining the energy

for general spatial dimension D. To obtain a more explicit expression, we
must expand about s = 0 using properties of the Γ- and ζ-functions, and
again even and odd D must be considered separately. By making use of
the results of Sections A1.1 and A1.2 it is possible to obtain an expression
valid for arbitrary D; however, in order to illustrate a simpler alternative,
we will only look at D = 3. Putting D = 3 in (4.115) we find

E(s) = �VΣ
e2B2

2π3/2 (2eB�2)−s/2 Γ(s/2 − 1)
Γ [(s − 1)/2]

ζ

(
s

2
− 1,

1
2

+
m2

2eB

)
.

(4.116)

The most straightforward way to proceed is to make use of the various
properties of the Γ- and ζ-functions, and expand about s = 0 in an obvi-
ous way. If we proceed in this manner, because of the pole in Γ(s/2 − 1)
at s = 0, we will encounter (d/dz)ζ(z, a)|z=−1 from the expansion of the
Hurwitz ζ-function, and it is not easy to obtain a simple representation for
this quantity. Instead we will proceed differently by first of all noting from
(4.116) that we really only require the combination Γ(z)ζ [z, (1/2) + α]
near z = −1, with the definition

α =
m2

2eB
. (4.117)

Using the integral representation (A1.29), we find

Γ(s/2 − 1)ζ
(

s

2
− 1,

1
2

+ α

)
=
∫ ∞

0
dt ts/2−2e−[(1/2)+α]t(1 − e−t)−1,

(4.118)

valid for R(s) > 4. Our aim is to perform an analytic continuation to
s = 0. If we simply set s = 0 in (4.118) the integral diverges, since as
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t → 0 the integrand behaves like t−3. However, by adding and subtracting
terms to the integrand in a suitable way we can end up with an expres-
sion that can be analytically continued to s = 0. Noting the expansion
(A1.30), we will define

F (t) = e−t/2(1 − e−t)−1 − 1
t

+
t

24
, (4.119)

so that as t → 0, F (t) behaves like t3. By adding and subtracting the last
two terms of (4.119) to the integrand in (4.118) we obtain

Γ(s/2 − 1)ζ
(

s

2
− 1,

1
2

+ α

)
=
∫ ∞

0
dt ts/2−2e−αtF (t)

+
∫ ∞

0
dt ts/2−2e−αt

(
ts/2−3 − 1

24
ts/2−1

)
=
∫ ∞

0
dt ts/2−2e−αtF (t)

+Γ(s/2 − 2)α2−s/2 − 1
24

Γ(s/2)α−s/2.

(4.120)

We have used the integral representation of the Γ-function in (A1.1) here,
which we are allowed to do because we are assuming that R(s) > 4. The
expression in (4.120) may now be analytically continued to a neighbour-
hood of s = 0 using the known behaviour of the Γ-function, and the fact
that the integral is finite at s = 0. (We know that t−2F (t) behaves like
t as t → 0 ensuring convergence of the integral at its lower limit, and
the exponential factor ensures convergence at the upper limit since we
assume that α > 0.) It is now easy to expand about s = 0.

To evaluate E(s) we also need

(2eB�2)−s/2

Γ [(s − 1/2)]
= − 1

2π1/2

{
1 + s

[
1
2
γ − 1 − 1

2
ln
(

eB�2

2

)]
+ · · ·

}
.

(4.121)
After a bit of calculation we find

E(s) = −�
VΣ

4π2

{(
m4

4
− e2B2

12

)[
1
s

− 1
2

ln
(

m2�2

4

)]
−m4

16
+

e2B2

12
+ e2B2I

(
m2

2eB

)}
(4.122)

where

I(α) =
∫ ∞

0
dt t−2e−αtF (t) (4.123)
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is the integral appearing in (4.120).
We can see that the pole term of (4.122) involves m4, familiar from

our earlier discussion of the free scalar field, and in addition a new term
proportional to B2. We can deal with the m4 pole by a renormalization
of the vacuum energy as before. To deal with the pole proportional to
B2, we will first of all consider the classical energy density for a magnetic
field, which is (1/2)B2. If we regard the field B which appears here as
a bare field strength which gets renormalized, then we will be able to
absorb the pole term in (4.122) proportional to B2. The classical energy
density is

V (0) = cB +
1
2
B2

B, (4.124)

where cB is the bare vacuum energy density, and BB is the bare magnetic
field which gets renormalized. Write

BB = Z
1/2
B B, (4.125)

where ZB is the magnetic field renormalization factor, and B on the right-
hand side is the renormalized magnetic field strength. We can express

ZB = 1 + � δZ
(1)
B + · · · , (4.126)

if we work to order �. Choosing the renormalized value of the constant c
to vanish, we have

cB = � δc(1) + · · · . (4.127)

The classical potential becomes

V (0) =
1
2
B2 + � δc(1) +

1
2

� δZ
(1)
B B2, (4.128)

if we work to order �. The complete effective potential density then follows
from (4.122) and (4.128) as14

Veff =
1
2
B2 + � δc(1) +

1
2

� δZ
(1)
B B2

+
�

4π2

(
e2B2

12
− m4

4

)[
1
s

− 1
2

ln
(

m2�2

4

)]
+�

m4

64π2 − �
e2B2

48π2 − �
e2B2

4π2 I

(
m2

2eB

)
. (4.129)

14 As in our earlier discussions of renormalization, to order � we can regard all of the
parameters coming from E(s) as renormalized.



196 The effective action

We will choose renormalization conditions so that

Veff(B = 0) = 0, (4.130)
∂

∂B2 Veff(B)
∣∣∣∣
B=0

=
1
2
, (4.131)

to agree with the classical potential. The last term of (4.129) makes no
contribution to either of the renormalization conditions, and we find

δ c(1) =
m4

16π2

[
1
s

− 1
2

ln
(

m2�2

4

)
− 1

4

]
,

δ Z
(1)
B = − e2

24π2

[
1
s

− 1
2

ln
(

m2�2

4

)
− 1
]

, (4.132)

for the renormalization counterterms. The renormalized effective poten-
tial follows as

Veff =
1
2
B2 − �

4π2 e2B2 I

(
m2

2eB

)
. (4.133)

The quantum corrections to the classical theory are therefore embodied
in the second term on the right-hand side of (4.133) and will result in a
non-linear modification of Maxwell’s laws.

For small values of the magnetic field, specifically for eB << m2, the
integral I(α) may be approximated as follows. Because the exponential
factor e−αt in the integrand falls off very rapidly for large α as t increases,
the dominant contribution to the integral should come from small values
of t. If we expand t−2F (t) about t = 0, it can be shown that

I(α) � 7
5760

α−2 − 31
161 280

α−4 + O(α−6),

give the leading terms for large α. Using this in our expression (4.133)
for the effective potential results in the expansion

Veff � 1
2
B2 − 7� e4B4

5760π2m4 +
31� e6B6

40 320π2m8 + · · · . (4.134)

This result can be shown to agree with that found by Schwinger (1951a).

4.6 Self-interacting scalar field

Up to now we have been considering only fields interacting with back-
ground fields that can be treated classically. Here we wish to consider
a field with a self-interaction. We will choose the space Σ to be flat
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D-dimensional space. Because Σ is isotropic and homogeneous the back-
ground field ϕ̄ representing the ground state would be expected to be
constant. We will assume this in what follows. The eigenfunctions and
eigenvalues are determined by (4.9)–(4.12).

At this stage we note the simplicity arising from assuming ϕ̄ to be con-
stant. Although the potential term in (4.9) can be non-trivial, it must be
constant. Thus the only change from the free-field case is that we replace
m2 in our free-field results with m2 + U ′′(ϕ̄). We find immediately from
(4.32) that for the spatial dimension D even,

V
(1)
eff =

�

2

(
− 1

π

)D/2 (D/2)!
(D + 1)!

[m2 + U ′′(ϕ̄)](D+1)/2. (4.135)

There is no pole term in the energy ζ-function in this case. For D odd we
use (4.34) to obtain

V
(1)
eff = − �

2 [(D + 1)/2]!

[
−m2 + U ′′(ϕ̄)

4π

](D+1)/2(2
s

− 1 +
1
2

+
1
3

+ · · ·

+
2

D + 1
− ln

{
�2

4
[m2 + U ′′(ϕ̄)]

})
. (4.136)

In either case the total effective potential is

Veff(ϕ̄) =
1
2
m2ϕ̄2 + U(ϕ̄) + V

(1)
eff . (4.137)

The renormalization procedure is not quite so simple as it was for the
free field theory. We will look at the case15 where the potential U(ϕ) is a
polynomial in ϕ of degree N ,

U(ϕ) =
N∑

n=3

λn

n!
ϕn + c. (4.138)

The basic idea of renormalization theory is that the pole terms in
(4.136) should be removable by a renormalization of the coupling con-
stants c, m2, λn appearing in the classical theory. We will write

c = cR + δc, (4.139)
m2 = m2

R + δm2, (4.140)
λn = λnR + δλn, (4.141)

15 Because the mass term is already quadratic in the field, we will start the potential
off at cubic order.
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where the subscript ‘R’ denotes a renormalized value for the relevant
quantity.16 The terms in δc, δm2, and δλn are called ‘counterterms’.
Because we do not need to perform any renormalization in the classical
theory these counterterms are at least of order �. It is these counterterms
that will absorb any divergences which might be present. Right away we
can see that there is a problem with (4.136). The pole term contains

[
m2 +

N∑
n=3

λn

(n − 2)!
ϕ̄n−2

](D+1)/2

.

The highest power of ϕ̄ occurring is ϕ̄(N−2)(D+1)/2, and if we are to renor-
malize Veff using the counterterms above, we must have (N − 2)(D +
1)/2 ≤ N or N ≤ (2D+2)/(D−1) (assuming D > 1). (For D = 1, corre-
sponding to a theory in two spacetime dimensions, there is no restriction
on the potential.) If we put D = 3 we must have N ≤ 4. For D = 5
we require N ≤ 3. For D ≥ 7 we must have N < 3 meaning that the
self-interacting theory is not renormalizable with any interaction of the
form (4.138). For D even, since there is no pole term, we do not need to
perform any infinite renormalizations; however, it must be remembered
that we are only working to lowest order in perturbation theory with a
single real scalar field. At higher orders in perturbation theory the upper
limit of D = 5 still holds for a potential of the form (4.138) to lead to a
renormalizable theory. Requiring renormalizability leads to a restriction
on the types of interactions allowed.

Suppose that we do not require the theory to be renormalizable. For
concreteness, take U ∝ ϕ̄6 and D = 3. Then (4.136) requires us to add
on a counterterm proportional to ϕ̄8. This entails adding on the bare
term λ8ϕ̄

8 to U(ϕ̄). Unless we have some good reason for demanding the
renormalized value of λ8 to vanish, we will end up with a pole term pro-
portional to ϕ̄12 in V

(1)
eff . This requires us to add on the term λ12ϕ̄

12 to
U(ϕ̄) and so on. Allowing a non-renormalizable interaction results in a
theory with an infinite number of coupling constants. These parameters
must ultimately be fixed by experiment, so there is no predictive power
in such a theory. If, on the other hand, we have only a finite number of
coupling constants to fix by comparing our theory with experiment, then
once these parameters have been fixed we can then use the theory to
calculate and predict the results of other experiments. This is the basic

16 In general, we would also have to renormalize ϕ̄, but this proves to not be required
if we only work to order �. This will be shown in Chapter 8.
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reason for insisting on renormalizability as a criterion, and the require-
ment of renormalizability permeates the classic texts on quantum field
theory.

However, over about the past 20 years, a new way of thinking about
quantum field theory has emerged. This makes a break with the older tra-
dition of regarding our field theories as providing a fundamental and ulti-
mate description of the physical world. Rather, because we only compare
our theories with experiments at low energies, all that we can describe
with any confidence is the low energy effective field theory. If Emax is
some energy scale, then when E > Emax we do not necessarily trust the
results of our low energy effective field theory. Instead of energy we can
talk equally well about length scales. If Lmin is some minimum length
scale, then the effective field theory is good for lengths which are greater
than Lmin. In order to see how this applies to renormalizable versus
non-renormalizable theories, suppose that we consider the dimensions of
λn in (4.138). We know that m2ϕ2 has dimensions of energy density,
which is mass/volume in units with the speed of light c = 1. We have
also set � = 1 so that mass has units of inverse length.17 Thus m2ϕ2

has dimensions of L−(D+1) where L is an arbitrary length scale. Since
m2 has dimensions of L−2 we find the dimensions of ϕ to be L(1−D)/2.
This means that λn has dimensions L(D−1)n/2−D−1. If D = 1, we find
that λn has dimensions of L−2 for any value of n. If D > 1, we can
write dim(λn) = L[(D−1)/2]{n−[2(D+1)/(D−1)]}. The requirement of renor-
malizability therefore translates into the requirement that dim(λn) =
L−α where α ≥ 0. Non-renormalizable interactions are characterized
by α < 0.

We can broaden our interpretation of an acceptable field theory by
adopting the effective field theory point of view. We will look at the
theory at length scales L >> Lmin with Lmin some minimum length
scale. We do not ask what happens when L < Lmin. The natural length
scale in the theory is Lmin. Non-renormalizable interactions will lead to
results proportional to (Lmin/L)β for β > 0 at length scale L. Thus for
L >> Lmin the effects of non-renormalizable interactions are suppressed
relative to renormalizable ones. The effective theory at large distances is
determined to high accuracy by the renormalizable part. From the effec-
tive field theory viewpoint, this is why we can focus on renormalizable
theories. Although the motivation is different from the older viewpoint,
the net result is that at large distances (or low energies) the important
physics is determined by a renormalizable field theory.

17 Think about the Compton wavelength of a particle of mass m which is �/mc in
conventional units.
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As a concrete application of the renormalization process in action,
suppose that we take D = 3, and

U(φ) = c +
λ

4!
φ4. (4.142)

In this case we have

V
(1)
eff = − �

64π2

(
m2 +

λ

2
ϕ̄2
)2{2

s
− 1

2
− ln

[
�2

4

(
m2 +

λ

2
ϕ̄2
)]}

.

(4.143)

In order to deal with the pole term at s = 0 we now use the expressions
(4.139)–(4.141) for the coupling constants expressed in terms of renormal-
ized values and counterterms. If the counterterms are of order �, which
they must be if they are to absorb the 1/s pole in V

(1)
eff , then we may take

m2 and λ in V
(1)
eff to be renormalized values if we work only to O(�). We

then have (from (4.137))

Veff(ϕ̄) = cR + δc +
1
2
(m2

R + δm2)ϕ̄2 +
(λR + δλ)

4!
ϕ̄4

− �

64π2

(
m2

R +
λR

2
ϕ̄2
)2{2

s
− 1

2
− ln

[
�2

4

(
m2

R +
λR

2
ϕ̄2
)]}

.

(4.144)

In order to fully fix the counterterms we will adopt a set of renormaliza-
tion conditions

Veff(ϕ̄ = 0) = cR, (4.145)
∂2

∂ϕ̄2 Veff

∣∣∣∣
ϕ̄=0

= m2
R, (4.146)

∂4

∂ϕ̄4 VR

∣∣∣∣
ϕ̄=0

= λR. (4.147)

The values on the right-hand side are chosen to agree with what is found
for the classical potential. A straightforward exercise in differentiation
leads to

δc =
�

64π2 m4
R

[
2
s

− 1
2

− ln
(

�2

4
m2

R

)]
, (4.148)

δm2 =
�

32π2 λRm2
R

[
2
s

− 1 − ln
(

�2

4
m2

R

)]
, (4.149)

δλ =
3�

32π2 λ2
R

[
2
s

− 2 − ln
(

�2

4
m2

R

)]
. (4.150)



4.6 Self-interacting scalar field 201

The renormalized effective potential is therefore

Veff(ϕ̄) = cR +
1
2
m2

Rϕ̄2 +
λR

4!
ϕ̄4 − �λR

128π2 m2
Rϕ̄2

− 3�λ2
R

512π2 ϕ̄4 +
�

64π2

(
m2

R +
λR

2
ϕ̄2
)2

ln
(

1 +
λRϕ̄2

2m2
R

)
.

(4.151)

The terms of zeroth order in � agree with the classical potential with
renormalized coupling constants appearing.

The expression (4.151) has no explicit dependence on the renormaliza-
tion length �. Like the pole term in 1/s, the renormalization length has
disappeared into the counterterms. Because the renormalization length is
introduced through the process of regularization and renormalization, we
can assume that � does not enter the unrenormalized, or bare, coupling
constants. So18

�
d

d�
c = 0, (4.152)

�
d

d�
m2 = 0, (4.153)

�
d

d�
λ = 0. (4.154)

If we use (4.139)–(4.141) along with the counterterms given in (4.148)–
(4.141) we find (to order �)

�
d

d�
cR =

�

32π2 m4
R, (4.155)

�
d

d�
m2

R =
�

16π2 λRm2
R, (4.156)

�
d

d�
λR =

3�

16π2 λ2
R. (4.157)

These differential equations tell us how the renormalized coupling con-
stants depend on the arbitrary renormalization length �. If we decide to
change the renormalization length �, then we must change the renormal-
ized coupling constants in the manner determined by (4.155)–(4.157).
These equations are usually called the ‘renormalization group equations’.
Note that the terms appearing on the right-hand side of (4.155)–(4.157)

18 We take �(d/d�) so that the differential operator is dimensionless.
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are the 1/s pole terms appearing in the counterterms. This is not a
coincidence.

Suppose that we had a massless theory. If we try to let m2
R → 0 in

(4.151) there is a problem in the last term. This is due to our choice
for δλ in (4.150) which is seen to diverge as m2

R → 0. The behaviour
of δλ is due in turn to our choice of renormalization condition (4.147).
Recall from the discussion at the start of this section that the theory is
like a free massive theory with m2 → m2 + (λ/2)ϕ̄2. If we set m2 = 0,
then the theory is like a free massive theory with (λ/2)ϕ̄2 playing the
role of the mass. By imposing the renormalization conditions at ϕ̄ = 0
we are encountering infra-red divergences due to the fact that the energy
ζ-function will not remain finite if En → 0.19 The resolution of this prob-
lem is simple if we note that the choice of imposing the renormalization
conditions (4.145)–(4.147) at ϕ̄ = 0 was an arbitrary decision. We could
instead choose

∂4Veff

∂ϕ̄4

∣∣∣∣
ϕ̄=M

= λR, (4.158)

where M is arbitrary. If we take m2
R → 0 in (4.144) we have

Veff(ϕ̄) = cR +δc +
1
2
δm2ϕ̄2 +

(λR + δλ)
4!

ϕ̄4

− �

128π2 λ2
Rϕ̄4

[
2
s

− 1
2

− ln
(

�2λR

8
ϕ̄2
)]

. (4.159)

For the massless theory we see that the only pole term is proportional to
ϕ̄4; thus, there is no need for any δc or δm2 counterterms. This is consis-
tent with the massless limit of (4.148) and (4.149). If we impose (4.158),
we find

δλ =
�λ2

R

16π2

[
3
s

− 7 − 3
2

ln
(

λR�2M2

8

)]
. (4.160)

This leads to the result

Veff(ϕ̄) = cR +
λR

4!
ϕ̄4 +

�λ2
R

256π2 ϕ̄4
[
ln
(

ϕ̄2

M2

)
− 25

6

]
, (4.161)

first given by Coleman and Weinberg (1973).
The fact that this result appears to depend on the arbitrary parameter

M might seem to present a problem. However, renormalization theory

19 The divergences we have met up to now have corresponded to the divergence of the
energy ζ-function as En → ∞. These are called ‘ultraviolet divergences’.
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turns this problem into a virtue. Just as we discussed earlier when consid-
ering the dependence on the renormalization length �, the bare coupling
constant λ should not depend on M :

M
dλ

dM
= 0. (4.162)

A consequence of this is that the renormalized value of λ, namely λR,
must depend on M , and it is simple to see that

M
dλR

dM
=

3�λ2
R

16π2 . (4.163)

This is the same as (4.157) if we replace � → M−1.20 Now suppose that
we compute M(d/dM)Veff working for consistency to order �. Because
the last term of (4.161) is already of order �, we can regard λR in this
term as fixed. However, the (λR/4!)ϕ̄4 term is of zeroth order in � so we
must use (4.163) to evaluate its change. We find

M
d

dM
Veff =

ϕ̄4

4!
M

dλR

dM
− �λ2

R

128π2 ϕ̄4

= 0. (4.164)

Thus the apparent dependence on M in (4.161) is an illusion.

4.7 Local Casimir effect

Suppose that we are interested in the energy density, as opposed to the
total energy. We mentioned at the beginning of this section that the
energy density can differ from the constant value of E/V where E is the
total energy. Consider the case of a real scalar field whose Hamiltonian
density is given in (2.45) as

H =
1
2
ϕ̇2 +

1
2
|∇ϕ|2 +

1
2
m2ϕ2

=
1
2
ϕ̇2 +

1
2
ϕ(−∇2)ϕ +

1
2
m2ϕ2 + · · · , (4.165)

where · · ·denotes a total derivative term. The expansion of the field oper-
ator ϕ in terms of creation and annihilation operators was given in
(3.187) as

ϕ(t,x) =
∑

n

(2En)−1/2 [e−iEntfn(x)an + eiEntf∗
n(x)a†

n

]
. (4.166)

20 Note that M has dimensions of mass or inverse length.
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Operating with ϕ(t,x) on the vacuum state results in

ϕ(t,x)|0〉 =
∑

n

(2En)−1/2eiEntf∗
n(x)a†

n|0〉. (4.167)

If we discard the total derivative in H, we find

〈0|H|0〉 =
1
2

∑
n

En|fn(x)|2. (4.168)

Integration over all space produces the result of Section 4.3 for the zero-
point energy, since

∫
Σ dσx|fn(x)|1/2 = 1.

As a generalization of the ζ-function method we have been considering,
define

ρ(s;x,x′) =
∑

n

En(�2En)−sfn(x)f∗
n(x′). (4.169)

It is obvious that the energy ζ-function is given in terms of ρ(s;x,x′) by

E(s) =
∫

Σ
dσxρ(s;x,x). (4.170)

We can call ρ(s;x,x′) the local energy ζ-function. The regularised zero-
point energy density will be defined as

〈0|H|0〉 =
1
2
ρ(0;x,x). (4.171)

As with our previous method, the right-hand side is defined by analytic
continuation to s = 0.

For the Casimir effect in Section 4.3 we had fn(x) given in (4.39) with
σn in (4.40). It follows from (4.169) that

ρ(s;x,x) =
2

�2sL1

∞∑
n=1

∫
dD−1k

(2π)D−1 sin2
(

πnx

L1

)

×
[(

πn

L1

)2

+ k2 + m2

](1−s)/2

(4.172)

where we have taken L2, . . . , LD to be very large and replaced sums with
integrals as usual. This is very similar to what we had in our energy ζ-
function in Section 4.3 except for the presence of sin2 (πnx/L1). If we
integrate (4.172) over space, we recover exactly the energy ζ-function we
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had earlier. The momentum integral in (4.172) can be performed as in
Section 4.2 to give

ρ(s;x,x) =
2
L1

�−2s(4π)−(D−1)/2 Γ [(s − D)/2]
Γ [(s − 1)/2]

×
∞∑

n=1

sin2
(

πnx

L1

)[(
πn

L1

)2

+ m2

](D−s)/2

. (4.173)

It is possible to derive an integral representation for the sum in (4.173)
using the method described in Section A1.3. However, for simplicity we
will only consider the massless limit here. In this limit, (4.173) becomes

ρ(s;x,x) =
2
L1

(4π)(D−1)/2�−2s Γ [(s − D)/2]
Γ [(s − 1)/2]

(
π

L1

)D−s

×
∞∑

n=1

nD−s sin2
(

πnx

L1

)
. (4.174)

The remaining sum can be done a simple way as follows. Note that

∞∑
n=1

n−z sin2(an) =
1
2

∞∑
n=1

n−z(1 − cos 2an)

=
1
2
ζ(z) − 1

2
g(z, 2a) (4.175)

where

g(z, b) =
∞∑

n=1

n−z cos bn. (4.176)

We have

ρ(s;x,x) =
1
L1

(4π)−(D−1)/2�−2s Γ [(s − D)/2]
Γ [(s − 1)/2]

(
π

L1

)D−s

×
[
ζ(s − D) − g

(
s − D,

2πx

L1

)]
. (4.177)

All we need is the evaluation of g(z, b) to complete the analysis. There are
many ways to deal with this, but a quick method begins by differentiating
(4.176) twice,

∂2

∂b2 g(z, b) = −g(z − 2, b). (4.178)
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Also, by taking z = 1 in (4.176), we have

g(1, b) =
∞∑

n=1

cos bn

n

= R
∞∑

n=1

eibn

n

= R
[
− ln

(
1 − eib

)]
= − ln |2 sin

b

2
| (4.179)

if we assume 0 < b < 2π. If b = 0 or 2π we must use

g(z, 0) = g(z, 2π) = ζ(z) (4.180)

which follows from (4.176) for R(z) > 1, and for all other values of z by
analytic continuation. We can use (4.178) with (4.179) to find21

g(−1, b) = − ∂2

∂b2 g(1, b)

= − 1
4 sin2(b/2)

, (4.181)

and

g(−3, b) = − ∂2

∂b2 g(−1, b)

=
3 − 2 sin2(b/2)

8 sin4(b/2)
. (4.182)

If we set D = 3 in (4.177) and analytically continue s to s = 0 we have22

ρ(0;x,x) = − π2

48L4
1

[
1
15

− 3 − 2 sin2(πx/L1)
sin4(πx/L1)

]
. (4.183)

The regularized energy density follows from (4.171) as

〈0|H|0〉 = − π2

96L4
1

[
1
15

− 3 − 2 sin2(πx/L1)
sin4(πx/L1)

]
(4.184)

21 Take z = 1 and z = −1 respectively in (4.178).
22 We have used ζ(−3) = 1/120 here. See Section A1.2.



Notes 207

if we assume 0 < x < L1. If we let x → 0 in (4.184) it can be seen that
〈0|H|0〉 diverges. Expanding (4.184) about x = 0 results in

〈0|H|0〉 =
1

32π2x4 +
π2

1512L6
1
x2 + · · · . (4.185)

A similar behaviour is easily found for x → L1. This divergent behaviour
is linked to the boundary conditions that we have adopted. In the case
of the electromagnetic field with real conducting plates, the electromag-
netic field would be expected to penetrate the plates in a way determined
by the skin depth of the conducting material. This must be taken into
account in any realistic model of a conductor.23

It is also worth pointing out how an erroneous conclusion about the
divergent behaviour of the energy density could have been obtained. The
mode functions (4.39) vanish on the boundaries at x = 0 and x = L1. If
we naively take x = 0 or x = L1 in (4.174), then we deduce that the local
energy ζ-function will vanish at these values of x, rather than diverge
leading to the behaviour that we found in (4.184). The resolution to this
contradiction results from noticing that taking x → 0 in (4.174) inter-
changes the orders of limit and sum. The sum is not uniformly convergent
vitiating this exchange of order.

Notes

The effective action was first introduced by Schwinger (see the comments
by DeWitt (1996)) and developed extensively by DeWitt (1965). Many
other people contributed to the method and related functional methods
that we consider in Chapter 8. The simple approach described in the
present chapter was given in Toms (1997). The regularization method
is an adaptation of the method of generalized ζ-function regularization
used in quantum field theory by Hawking (1977) and Dowker and Critch-
ley (1976). It is related to the analytic regularization method of Bollini
et al. (1964). For a more complete discussion of effective field theories,
see Weinberg (1996). The extension of the calculation described in Sec-
tion 4.4 was given originally by Hosotani (1983) and Toms (1983). A more
complete treatment of the Casimir effect can be found in Milton (2001)
or Bordag et al. (2005).

23 See Sopova and Ford (2002) for example.



5
Quantum statistical mechanics

5.1 Introduction

In our treatment of quantum mechanics we discussed the notion of the
state of a given system. The state was specified by giving the eigenvalues
of a maximal set of mutually commuting observables. This represented
the most information we could have about a given system in principle.
In practice, of course, we do not really have all of the necessary infor-
mation about the eigenvalues available. No experimentalist sets out with
the primary intention of obtaining results which correspond to a maximal
set of mutually compatible observables for any macroscopic system, such
as a gas. Even a very small volume of gas contains an enormous number
of particles. The quantum mechanical state would require us to know a
great deal of information about the internal states of the electrons and
nuclei of the gas molecules. The experimentalist may only be concerned
with gross properties such as the pressure, internal energy, or specific
heat for example. Most of the detailed information about the detailed
state of the system is neither observed, nor of direct interest. Instead we
must content ourselves with a description of the average, or most likely,
behaviour of the system in the probabilistic sense. The usual technique
for doing this consists of the introduction of an ensemble, meaning a very
large collection of systems whose measured macroscopic properties are
the same as those for the system we are interested in, but whose unob-
served properties can vary. The details of this is the subject of statistical
mechanics and is discussed in some detail in any good textbook (Tolman,
1938; ter Haar, 1958; Pathria, 1972; Huang, 1987). We will assume that
the reader is familiar with the basic principles of statistical mechanics,
and will briefly review only the basic necessities here.

We will assume that each member of our statistical ensemble has the
same Hamiltonian H, and we will assume that H is time-independent. We

208
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will let H|n〉 = En|n〉 define the energy eigenstates |n〉 with energy eigen-
values En. As usual it is assumed that {|n〉} is a complete orthonormal
set.1 Let Pn denote the probability that a given member of the ensemble
has an energy En. The statistical, or ensemble, average of any observable
A is defined by

〈A〉 =
∑

n

Pn〈n|A|n〉. (5.1)

It proves convenient to define the density operator ρ by

ρ =
∑

n

Pn|n〉〈n|. (5.2)

Since Pn is real and must satisfy
∑

n Pn = 1, it is easy to see that ρ is
Hermitian (i.e. ρ† = ρ) with

trρ =
∑

n

〈n|ρ|n〉 = 1. (5.3)

If the system under investigation is to be in equilibrium, Pn should be
independent of time. It is easy to deduce from (5.2) that ρ satisfies the
equation of motion

iρ̇ = [H, ρ] . (5.4)

ρ may be thought of as the quantum mechanical generalization of the
classical phase space density, and (5.4) as the generalization of Liouville’s
theorem.

If we note from (5.2) that

ρ|n〉 = Pn|n〉, (5.5)

then we can write

〈A〉 =
∑

n

〈n|Aρ|n〉

= tr(Aρ) (5.6)

from (5.1). Although we have chosen to adopt the basis vectors specified
by the energy eigenstates, because the trace is invariant under any unitary
transformation of basis, the statistical average in (5.6) is also independent
of the choice of basis. The use of the energy basis is convenient because
(5.5) shows that 〈m|ρ|n〉 = 0 if m �= n, and 〈n|ρ|n〉 = Pn.

1 We will not put the usual prime on the eigenvalues since we do not need to distinguish
operators from eigenvalues here.
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For a system in equilibrium it is natural to assume that ρ̇ = 0 since
this guarantees Ṗn = 0. In this case (5.4) shows that [H, ρ] = 0, so that
ρ must depend only on constants of the motion. The choice for ρ is dic-
tated by the nature of the ensemble. We will be concerned with the grand
canonical ensemble here that allows our system to exchange energy and
particles (or charge) with its surroundings. This is the most physically
relevant in many cases of interest, and can be viewed as a smaller sub-
system of a much larger isolated system (Tolman, 1938; ter Haar, 1958).
For non-relativistic systems it is conventional to speak about the number
of particles, although strictly speaking the particle number is not really
conserved, but is only approximately conserved. In relativistic systems we
can create both particles and antiparticles, that have opposite charges, so
it is really the difference between the number of particles and the number
of antiparticles that is conserved (Haber and Weldon, 1982). For parti-
cles of rest mass m, when kT << mc2, we would expect the creation of
particles and antiparticles to be highly suppressed. This is the case for
molecules or atoms of a gas under normal experimental temperatures,
and because we normally have matter, as opposed to antimatter, we are
justified to a very good approximation in ignoring the creation of particles
and may speak about the particle number as if it was conserved. Of course
there may be situations, such as the early universe, where kT >> mc2,
in which case we must be more careful. It should be clear from the nature
of the system under consideration whether or not we need to consider the
distinction between particle number and charge conservation.2

Let Ni be a set of operators corresponding to a set of conserved quan-
tities.3 The density operator for the grand canonical ensemble is defined
to be

ρ = e−q−βH̄ , (5.7)

where

H̄ = H − μ · N . (5.8)

We use μ · N =
∑

i μiNi here. β is a constant given in terms of the
temperature T by

β = (kT )−1 (5.9)

2 We will discuss the non-relativistic limit of the relativistic theory in more detail later
in this chapter.

3 For non-relativistic systems we could have Ni as the number operators for different
species of particles. For relativistic systems we could have Ni as the charge operators
for different particle species.
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with k the Boltzmann constant. We will choose units in which k = 1 so
that β becomes just the inverse temperature. q is a constant called the ‘q-
potential’ (ter Haar, 1958; Pathria, 1972) which is fixed by the condition
(5.3) to be

q = ln tr e−βH̄. (5.10)

The grand partition function Z is often defined by

Z = tr e−βH̄, (5.11)

so that we have

q = ln Z. (5.12)

The physical meaning of the grand canonical ensemble is that it repre-
sents a system which is weakly coupled to a much larger reservoir with
which it can exchange energy and particle number (or charge). There will
be fluctuations in both energy and particle number about their average
values.

In order to establish the connection between statistical mechanics and
thermodynamics it is useful to consider a variation of q when parameters
which enter the grand canonical ensemble are changed (ter Haar, 1958).
Under a general variation it is easy to show from (5.11) and (5.12) that

δq = −〈δ(βH̄)〉, (5.13)

if we use the definition of the statistical average (5.6). From this result it
follows quite simply that

1
β

δ[q + 〈βH̄〉] = δ〈H̄〉 − 〈δH̄〉. (5.14)

It is this relation which allows us to make the connection with macroscopic
thermodynamics (ter Haar, 1958). By thinking of H̄ as a generalized
Hamiltonian, 〈δH̄〉 represents the work done on the system, and δ〈H̄〉
represents the change in the internal energy. The right-hand side of (5.14)
can therefore be thought of as the heat added to the system which leads
to the identification

1
β

δ[q + 〈βH̄〉] = TδS (5.15)

with S the entropy. Given that β = 1/T , we find

S = q + β(E − μ · N), (5.16)
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with

E = 〈H〉, (5.17)
N = 〈N〉. (5.18)

We can now invoke standard results from thermodynamics. Of special
importance is the Helmholtz free energy

F = E − TS (5.19)

= − q

β
+ μ · N. (5.20)

Various other thermodynamic functions can be easily defined.
An explicit evaluation of δq in (5.13) leads to

δq = −δβE + δ(βμ) · N − β〈δH〉 + βμ · 〈δN〉. (5.21)

We can therefore conclude that

E = −
(

∂q

∂β

)∣∣∣∣
βμi,...

(5.22)

Ni = −
[

∂q

∂(βμi)

]∣∣∣∣
β,...

(5.23)

where . . . represents whatever needs to be held constant for the last two
terms of (5.21) to vanish. Generally we will hold the volume of the system
and the fields fixed as discussed in the examples to follow.

The importance of the Helmholtz free energy resides in the fact that
for a fixed T, V,N it is a minimum for a system in thermodynamic equi-
librium (Guggenheim, 1959). The fact that F is stationary follows imme-
diately from (5.19) and the first law of thermodynamics (Guggenheim,
1959) which reads (with P the pressure)

dE = TdS − PdV + μ · dN. (5.24)

We find

dF = −SdT − PdV + μ · dN. (5.25)

Another useful definition is the thermodynamic potential Ω given by

Ω = − q

β
= F − μ · N. (5.26)

Ω is the generalization of the effective action to finite temperature.
Because Ω and F differ by only a Legendre transformation we can freely
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use Ω in place of F whenever convenient. Minimizing F at fixed T, V,N
is completely equivalent to minimizing Ω at fixed T, V, μ. We have

dΩ = −SdT − PdV − dμ · N. (5.27)

This shows that

S = −
(

∂Ω
∂T

)∣∣∣∣
V,μ

, (5.28)

P = −
(

∂Ω
∂V

)∣∣∣∣
T,μ

, (5.29)

Ni = −
(

∂Ω
∂μi

)∣∣∣∣
T,V

, (5.30)

In most cases we will be interested in the limit in which the volume V
becomes very large. We will find that Ω ∝ V just as we did for the
effective action at zero temperature in Chapter 3.

5.2 Simple harmonic oscillator

We will begin with the one-dimensional simple harmonic oscillator whose
quantum mechanics was described in Section 3.5. The energy levels are
En = [n + (1/2)]ω (with � = 1) and n is the eigenvalue of the number
operator.4 According to (5.8) and (5.10) we have (since N is the number
operator with eigenvalue n)

q = ln tr e−β(H−μN )

= ln
∞∑

n=0

e−β{[n+(1/2)]ω−μn}

= ln
{

e−(1/2)βω
[
1 − e−β(ω−μ)

]}−1
(5.31)

= − 1
2
βω − ln

[
1 − e−β(ω−μ)

]
. (5.32)

The grand partition function is just the argument of the logarithm in
(5.31) according to the definition (5.12). In obtaining (5.31) from the
previous line we have just summed the geometric series.

From (5.22) we find the internal energy to be

E =
1
2
ω + ω[eβ(ω−μ) − 1]−1. (5.33)

4 We drop the primes on the eigenvalues here.
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From (5.23) the average particle number is

N = [eβ(ω−μ) − 1]−1. (5.34)

Using (5.34) in (5.33) results in

E =
1
2
ω + ωN. (5.35)

The thermodynamic potential follows from (5.26) and (5.32) as

Ω =
1
2
ω +

1
β

ln
[
1 − e−β(ω−μ)

]
. (5.36)

If we let T → 0, or β → ∞, then N → 0 and the internal energy is
comprised of just the zero-point energy, and the thermodynamic poten-
tial becomes Ω → (1/2)ω = E. This was what we used in the previous
chapter to evaluate the effective potential. At non-zero temperature it is
clear from (5.33) that we must include the thermal contribution.

The generalization of the simple harmonic oscillator to more than three
spatial dimensions is straightforward. We can define

En =
D∑

j=1

(
nj +

1
2

)
ωj (5.37)

as the energy levels where nj = 0, 1, 2, . . . with ωj the classical oscillator

frequency in the jth direction. Because [H̄j, H̄j′ ] = 0, where H̄ =
∑D

j=1
H̄j

with H̄j the one-dimensional Hamiltonian for the jth direction, we have

Ω =
1
2

D∑
j=1

ωj +
1
β

D∑
j=1

ln[1 − e−β(ωj−μ)]. (5.38)

The internal energy is

E =
1
2

D∑
j=1

ωj +
D∑

j=1

ωj[eβ(ωj−μ) − 1]−1. (5.39)

The average particle number is

N =
D∑

j=1

[eβ(ωj−μ) − 1]−1. (5.40)
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It is also instructive to approach the evaluation of 〈A〉 for observable A
from a different point of view that will prove useful later. We know that
the Hamiltonian operator for a simple harmonic oscillator in D dimen-
sions, which is equivalent to a system of D one-dimensional oscillators, is

H =
D∑

j=1

(
a†

jaj +
1
2

)
ωj, (5.41)

where aj and a†
j are the annihilation and creation operators (see the def-

initions in Section 3.5). The operator for the total number of particles is

N =
D∑

j=1

a†
jaj. (5.42)

Thus

H̄ = H − μN =
D∑

j=1

1
2
ωj +

D∑
j=1

(ωj − μ)a†
jaj. (5.43)

We now wish to compute 〈A〉 = Z−1tr(ρA) where ρ = e−βH̄. To do this
we can use the identity (3.165) with λ defined in (3.163) if we replace H
with H̄. If A is such that

[H̄, A] = −λA (5.44)

then

〈A〉 =
1
Z

tr(e−βH̄A)

=
1
Z

tr(e−βH̄AeβH̄e−βH̄)

=
1
Z

tr(eλβAe−βH̄)

= eλβ〈A〉. (5.45)

This is sufficient to show that unless λ = 0, so that the observable A
commutes with H̄, we must have 〈A〉 = 0. Note that we have not shown
that 〈A〉 = 0 unless [H̄, A] = 0 for all operators A; rather we have only
shown this for special operators which satisfy the relation (5.44) for some
constant λ.

An important class of operators of interest to us are those which can
be expressed in terms of the creation and annihilation operators. Suppose
that we take A = aj. Then

[H̄, A] = −ωjaj (5.46)
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satisfies (5.44) with λ = ωj. We can conclude immediately from (5.45)
that

〈aj〉 = 0. (5.47)

In a similar way it can be shown that

〈a†
j〉 = 0. (5.48)

The next simplest possibility for A occurs if A is the product of two of
the aj or a†

j. Consider first A = ajaj′ . Then

[H̄, ajaj′ ] = −(ωj + ωj′)ajaj′ ,

and we again conclude from (5.45) that

〈ajaj′〉 = 0, (5.49)

with the similar result 〈a†
ja

†
j′〉 = 0. If we take A = a†

jaj′ , we find

[H̄, a†
jaj′ ] = (ωj − ωj′)a

†
jaj′ . (5.50)

We can conclude

〈a†
jaj′〉 = 0 for j �= j′. (5.51)

However, if j = j′ we cannot conclude anything about the average of
a†

jaj. In fact a†
jaj may be recognized as the number operator for the jth

oscillator and we would not expect its statistical average to vanish.
To evaluate 〈a†

jaj〉 we can go back and note that

e−βH̄a†
j = e−βωja†

je
−βH̄ (5.52)

from (3.165). We then have

〈a†
jaj′〉 = Z

−1tr[e−βH̄a†
jaj′ ]

= e−βωjZ
−1tr[a†

je
−βH̄aj′ ]

= e−βωj 〈aj′a
†
j〉 (5.53)

where in the last line we have used the cyclic property of the trace
(i.e. tr(AB) = tr(BA)). We also know that the creation and annihilation
operators satisfy the canonical commutation relations aj′a

†
j −a†

jaj′ = δjj′ ,
so by taking the statistical average we have

〈aj′a
†
j〉 = δjj′ + 〈a†

jaj′〉. (5.54)
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If we now use (5.54) in (5.53), we find

〈a†
jaj′〉 = eβ(ωj−μ)[eβ(ωj−μ) − 1]−1δjj′ , (5.55)

〈aj′a
†
j〉 = [eβ(ωj−μ) − 1]−1δjj′ . (5.56)

The previous results (5.39) and (5.40) now follow easily from the average
of (5.41) and (5.42).

We can also work out the q-potential if we note that5

a†
jaj =

∂H̄

∂ωj
− 1

2
.

Taking the statistical average of this last result gives

〈a†
jaj〉 =

〈
∂H̄

∂ωj

〉
− 1

2

= Z
−1tr

(
e−βH̄ ∂H̄

∂ωj

)
− 1

2

= − 1
β

∂

∂ωj
lnZ − 1

2

= − 1
β

∂q

∂ωj
− 1

2
. (5.57)

An integration of this result using (5.55) with j = j′ on the left-hand side
recovers (5.38) up to a constant of integration.

5.3 Real scalar field

Having discussed the simple harmonic oscillator in the previous section
we can move on to field theory. As noted in Section 3.6, the real scalar
field is just an infinite collection of simple harmonic oscillators, so we
can proceed immediately to field theory at finite temperature using the
results of the previous section. The Hamiltonian operator was given in
Section 3.6 as

H =
1
2

∑
n

En(a†
nan + ana†

n),

with En given in (3.185) as En =
√

σn + m2 with σn the eigenvalues of
the Laplacian −∇2. When we use the canonical commutation relations
to write ana†

n = 1 + a†
nan, we see that H is given as in (5.41) but with

5 We treat all of the frequencies as independent.
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the oscillators labelled with the index n. Since particle numbers are not
conserved in a relativistic theory with interactions present (which we will
consider later), and the real scalar field is uncharged, we will set μ = 0.
The thermodynamic potential follows from (5.38) as

Ω =
1
2

∑
n

En +
1
β

∑
n

ln(1 − e−βEn). (5.58)

In the zero temperature limit, only the fist term survives, and this is
exactly the expression used for the effective action in the previous chap-
ter. The statistical aspects of the theory at finite temperature lead to an
additive correction to the T = 0 theory.

The actual evaluation of the finite temperature part of (5.58) even in
the simplest case of flat space proves difficult. We will define

ΩT �=0 =
1
β

∑
n

ln(1 − e−βEn), (5.59)

and interpret this as the finite temperature contribution to the thermo-
dynamic potential.6 The eigenvalues of the Laplacian are given by (4.23)
if we use box normalization. Taking the infinite volume limit results in

ΩT �=0 =
V

β

∫
dDp

(2π)D
ln
(
1 − e−β

√
p2+m2

)
. (5.60)

It is not possible to obtain a result for this in a simple form. There are a
number of ways to proceed and obtain expansions. We will describe one
method here which will prove useful in other examples, and is successful
in evaluating the thermodynamic potential at high temperature.

We begin by expanding the logarithm in (5.60) in terms of its Taylor
series. This gives

ΩT �=0 = −V

β

∞∑
k=1

1
k

∫
dDp

(2π)D
e−kβ

√
p2 + m2

. (5.61)

Although it is possible to evaluate the integral in terms of Bessel func-
tions, we will not do this. Instead we will use the Mellin–Barnes repre-
sentation for the exponential function which reads

e−x =
1

2πi

∫ c+i∞

c−i∞
dαΓ(α)x−α, (5.62)

6 The zero temperature contribution was discussed in Section 4.2.
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where c ∈ R with c > 0 chosen so that the integration contour lies to
the right of the poles of the Γ-function. The proof of (5.62) is simple.
Close the contour in the left-hand side of the complex α-plane. From Sec-
tion A1.1 we note that Γ(α) has simple poles at α = −n for n = 0, 1, 2, . . .
with residue (−1)n/n!. The residue theorem gives

1
2πi

∫ c+i∞

c−i∞
dαΓ(α)x−α =

∞∑
n=0

(−x)n

n!
= e−x,

as claimed. If we use (5.62) for the exponential in (5.61) it is found that

ΩT �=0 = −V

β

∞∑
k=1

∫
dDp

(2π)D

1
2πi

∫ c+i∞

c−i∞
dαΓ(α)k−αβ−α(p2 + m2)−α/2.

(5.63)
If the order of the integrations over p and α is interchanged, we may
compute the integral over p exactly as we did in Section 4.2 to be∫

dDp

(2π)D
(p2 + m2)−α/2 = (4π)−D/2 Γ [(α − D)/2]

Γ(α/2)
(m2)(D−α)/2. (5.64)

This assumes R(α) > D and c > D. The sum over k in (5.63) just involves
the Riemann ζ-function (see Section A1.2). We end up with a contour
integral expression for the thermodynamic potential

ΩT �=0 = − V

β

(
m2

4π

)D/2 1
2πi

∫ c+i∞

c−i∞
dα

Γ(α)Γ [(α − D)/2]
Γ(α/2)

ζR(1 + α)(βm)−α

= − V

β
√

4π

(
m2

4π

)D/2 1
2πi

∫ c+i∞

c−i∞
dαΓ

(
α + 1

2

)
Γ
(

α − D

2

)
× ζR(1 + α)

(
βm

2

)−α

(5.65)

if we use the duplication formula (A1.21) for the Γ-function in the second
line to simplify the expression.

If we close the contour in the left-hand side of the complex plane we
encounter three sources of poles. Γ [(α + 1)/2] has simple poles at α =
−1−2n for n = 0, 1, 2, . . . ; Γ [(α − d)/2] has simple poles at α = D−2n for
n = 0, 1, 2, . . . ; ζR(1+α) has a simple pole at α = 0. Because ζR(−2n) = 0
for n = 1, 2, . . . it follows that Γ [(α + 1)/2] ζR(α + 1) has simple poles
only at α = 0,−1. It is easy to show that when D is even, the integrand
of (5.65) has a double pole at α = 0, and when D is odd, there is a double
pole at α = −1. In either case all remaining poles are simple ones. It is
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therefore expedient to examine the cases of even and odd D separately
again.

For even D it is straightforward to show using the residue theorem that

ΩT �=0 = − V

π(D+1)/2βD+1

∞∑
n=0,n�=D/2

1
n!

Γ
(

D + 1
2

− n

)

× ζR(D + 1 − 2n)
(

−1
4
β2m2

)n

− V

2β

(
−m2

4π

)D/2 1
(D/2)!

⎡⎣D/2∑
k=1

1
k

− ln(β2m2)

⎤⎦
+

1
2
V

(
m2

4π

)(D+1)/2

Γ
(

−1 − D

2

)
. (5.66)

For odd D

ΩT �=0

V
= − π−(D+1)/2β−D−1

(D−1)/2∑
n=0

(−1)n

n!
Γ
(

D + 1
2

− n

)

× ζR(D + 1 − 2n)
(

βm

2

)2n

− 1
2

(
−m2

4π

)(D+1)/2 1
[(D + 1)/2]!

⎡⎣2γ −
(D+1)/2∑

k=1

+ 2 ln
(

βm

4π

)⎤⎦
− 1

2
β−1

(
m2

4π

)D/2

Γ
(

−D

2

)
− π−(D+1)/2β−D−1

×
∞∑

n=(D+3)/2

(−1)n

n!
(−π2)n+1+(D+1)/2 ζR(D − 2n)

Γ(2 − D/2)

(
βm

2

)2n

.

(5.67)

It is possible to simplify the result using properties of the Γ- and ζ-
functions (see Sections A1.1 and A1.2). In the physically interesting case
of D = 3, we find

ΩT �=0

V
= − π2

90
β−4 +

1
24

β−2m2 − 1
12π

β−1m3

− m4

64π2

[
2γ − 3

2
+ 2 ln

(
βm

4π

)]
− 1

2
π−7/2β−4

∞∑
n=3

Bn−1

(n − 1)n!

(
−π2

4
β2m2

)n

. (5.68)

Bn are the Bernoulli numbers.
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5.4 Charged scalar field

As a field theory example with a non-zero chemical potential we will
examine the charged scalar field. From Section 3.7 we have the Hamilto-
nian operator

H =
∑

n

En(A†
nAn + BnB†

n) (5.69)

and the charge operator

Q = e
∑

n

(A†
nAn − B†

nBn). (5.70)

The charge operator has been normal ordered. We form

H̄ = H − μQ =
∑

n

[En + (En − eμ)A†
nAn + (En + eμ)B†

nBn], (5.71)

if we use the commutation relations for Bn and B†
n. The first term repre-

sents the sum of the two zero-point energies of (1/2)
∑

n En, one for the
particle and one for the antiparticle. We will define

H̄A =
∑

n

(En − eμ)A†
nAn, (5.72)

H̄B =
∑

n

(En + eμ)B†
nBn. (5.73)

Because An and A†
n commute with Bn and B†

n, we have [H̄A, H̄B] = 0.
The grand partition function is

Z = tr(e−βH̄)

= e−β
∑

n Entr(e−βH̄Ae−βH̄B),

if we use (5.71)–(5.73).7 Furthermore we can write

ZA = tr(e−βH̄A) (5.74)

ZB = tr(e−βH̄B) (5.75)

and

Z = e−β
∑

n EnZAZB (5.76)

because a general energy eigenstate is the product of the states corre-
sponding to the particles and antiparticles. (The states for particles are

7 Note that because [H̄A, H̄B ] = 0 we can use e−β(H̄A+H̄B) = e−βH̄Ae−βH̄B .
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built up by acting with A†
n on the vacuum state |0〉. Because Bn and B†

n

commute with A†
n they will annihilate the particle states and vice versa.

This means that e−βH̄B acts like the identity operator on particle states,
and e−βH̄A acts like the identity operator on antiparticle states.)

We can compute ZA and ZB exactly as we did for the simple harmonic
oscillator or the real scalar field. For ZA we write

ZA = tr

[∏
n

e−βH̄
(n)
A

]
(5.77)

where H̄
(n)
A = (En − eμ)A†

nAn. Using the same procedure as we did in
Section 5.3 for the real scalar field we have

ZA =
∏
n

Z
(n)
A (5.78)

where

Z
(n)
A = tre−βH̄

(n)
A

=
∞∑

n′=0

〈A n′|e−βH̄
(n)
A |n′〉A

with A†
nAn|n′〉A = n′|n′〉A. We end up with

Z
(n)
A =

∞∑
n′=0

e−β(En−eμ)n′

=
[
1 − e−β(En−eμ)

]−1
. (5.79)

Thus if we use (5.80) in (5.78) we find

ZA =
∏
n

[
1 − e−β(En−eμ)

]−1
. (5.80)

A similar calculation leads to8

ZB =
∏
n

[
1 − e−β(En+eμ)

]−1
. (5.81)

Defining the thermodynamic potential by combining (5.12) and (5.26) to
give Ω = −β−1 lnZ, and using (5.76), (5.80), and (5.81) to obtain Z, we
have

8 The only difference between ZA and ZB in (5.74) and (5.75) is in the sign of eμ.
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Ω =
∑

n

En +
1
β

∑
n

{
ln
[
1 − e−β(En−eμ)

]
+ ln

[
1 − e−β(En+eμ)

]}
.

(5.82)

We can also compute the statistical average of products of creation and
annihilation operators. By following the same procedure as for the real
scalar field in Section 5.3 it is not difficult to show that

〈A†
nAn′〉 = [eβ(En−eμ) − 1]−1δnn′ , (5.83)

〈B†
nBn′〉 = [eβ(En+eμ) − 1]−1δnn′ . (5.84)

The average value of the charge follows from (5.70) as

〈Q〉 = e
∑

n

{
[eβ(En−eμ) − 1]−1 − [eβ(En+eμ) − 1]−1

}
. (5.85)

This result is consistent with what is obtained using the fundamen-
tal relation (5.30) along with our result (5.82) for the thermodynamic
potential.

We can now study the evaluation of Ω in the high temperature limit
and see what complications occur when the chemical potential is present
beyond what we found for the real scalar field. If we think of [eβ(En−eμ) −
1]−1 as the number of particles and [eβ(En+eμ) − 1]−1 as the number of
antiparticles present with energy En, it is clear that because both of these
expressions must be positive

|eμ| ≤ E0. (5.86)

Here E0 =
√

σ0 + m2 is the lowest energy eigenvalue. In flat empty space
we have σ0 = 0 so that the restriction (5.86) becomes |eμ| ≤ m. We will
return to a more detailed study of what happens when |eμ| = m in the
next chapter.

If we define ΩT �=0 by

ΩT �=0 =
1
β

∑
n

{
ln
[
1 − e−β(En−eμ)

]
+ ln

[
1 − e−β(En+eμ)

]}
,

(so that ΩT �=0 again represents just the finite temperature correction to
the zero temperature result) by expanding the logarithms in their Taylor
series we find

ΩT �=0 = − 2
β

∞∑
k=1

∑
n

e−kβEn
cosh(kβeμ)

k
. (5.87)
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In the last section we used the Mellin–Barnes integral representation for
the exponential function e−kβEn to obtain the high temperature expan-
sion for ΩT �=0. If we try to do this here we run into a problem because
of the presence of cosh(kβeμ) that involves exponentials of both positive
and negative arguments. This factor leads to a divergence in the sum over
k if μ �= 0. Instead we must proceed somewhat differently.

To illustrate another technique we return to our summation formula in
(A1.64), (A1.65). Expanding about λ = 0 we find F (0; a, b) = 0 and

F ′(0; a, b) = − 2πb − 2R ln
[
1 − e−2π(b+ia)

]
= − 2πb − ln

[
1 − e−2π(b+ia)

]
− ln

[
1 − e−2π(b−ia)

]
(5.88)

where the ′ on F denotes the derivative with respect to λ. If we now set

a = i
eμβ

2π
, (5.89)

b =
βEk

2π
, (5.90)

(5.88) becomes

F ′(0; a, b) = −βEk − ln
[
1 − e−β(Ek−eμ)

]
− ln

[
1 − e−β(Ek+eμ)

]
. (5.91)

At this stage we can recognize this as looking very much like the structure
of the thermodynamic potential. In fact, from (5.82) we can see that

Ω = − 1
β

∑
k

F ′
(

0; i
eμβ

2π
,
βEk

2π

)
. (5.92)

This suggests that we define a new sum,

G(λ) =
∑

k

∞∑
n=−∞

[(
n + i

eμβ

2π

)2

+
(

βEk

2π

)2
]−λ

(5.93)

with

Ω = − 1
β

G ′(0). (5.94)

The advantage of doing this is that the temperature dependence in G(λ)
is simple, and our strategy in obtaining the high temperature expansion
will be to perform the sum over k first, then expand the result in powers
of β = 1/T , and finally to perform the analytic continuation to λ = 0.
This provides an alternative, and somewhat easier, approach than that
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used in Haber and Weldon (1982), and was first used by Actor (1987).
We will follow the generalization of Toms (1993).

We will look only at the D = 3 case in flat spacetime. Performing the
by now familiar method of enclosing the system in a box with the large
volume limit taken results in

G(λ) = V

∫
d3k

(2π)3

∞∑
n=−∞

[(
n + ieβ̄

)2 + β̄2(k2 + m2)
]−λ

(5.95)

with

β̄ =
β

2π
(5.96)

defined for convenience. The integration over k can be performed using
the same procedure as in Section 4.2 to give

G(λ) =
V Γ [λ − (3/2)]
(4π)3/2β̄3 Γ(λ)

∞∑
n=−∞

[(
n + ieβ̄

)2 + β̄2m2
](3/2)−λ

. (5.97)

The next step is to use the binomial expansion to obtain an expansion in
powers of β̄. To this end, we first separate off the n = 0 term, and write

G(λ) =
V Γ [λ − (3/2)]
(4π)3/2β̄2λ Γ(λ)

(m2 − e2μ2)(3/2)−λ

+
V

(4π)3/2β̄3 Γ(λ)

[
S

(
λ − 3

2
, μ

)
+ S

(
λ − 3

2
,−μ

)]
(5.98)

where

S(λ, μ) = Γ(λ)
∞∑

n=1

[(
n + ieβ̄

)2 + β̄2m2
]−λ

. (5.99)

has been defined. The calculation now reduces to an evaluation of S(λ, μ).
If we define(5.99)9

zn =
2ieμβ̄

n
+ β̄2 (m2 − e2μ2)

n2 , (5.100)

we can write

S(λ, μ) = Γ(λ)
∞∑

n=1
n−2λ(1 + zn)−λ. (5.101)

9 This is why we first removed the n = 0 term in (5.98).
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The binomial expansion gives us

(1 + zn)−λ =
∞∑

k=0

(−1)k

k!
Γ(λ + k)

Γ(λ)
zk
n. (5.102)

We can substitute for zn on the right-hand side of (5.102) using the
definition (5.100), and then use the binomial expansion again to find

(1 + zn)−λ =
∞∑

k=0

k∑
l=0

(−1)k

l!(k − l)!
Γ(λ + k)

Γ(λ)
(2ieμ)k−lβ̄k+l(m2 − e2μ2)l.

(5.103)
This second use of the binomial expansion is necessary because β̄ occurs
with different powers in (5.100). After substitution of (5.103), we notice
that the summation over n may be performed in terms of the Riemann
ζ-function. This gives

S(λ, μ) =
∞∑

k=0

k∑
l=0

σ(k, l)β̄k+l (5.104)

where the coefficients

σ(k, l) =
(−1)k

l!(k − l)!
Γ(λ + k)(2ieμ)k−l(m2 − e2μ2)lζ(2λ + k + l) (5.105)

have no explicit dependence on temperature.
To identify a particular power of β̄ in S(λ, μ) is complicated because of

the double summation. We can alleviate this complication by the simple
expedient of relabelling the summation indices:

S(λ, μ) =
∞∑

n=0

n∑
l=0

σ(n − l, l)β̄n. (5.106)

Now one of the summation indices (the one over n) gives us the order of
β̄. Finally, it proves advantageous to split the sum up into terms which
are even and odd powers of μ. This is because we are really only inter-
ested in the combination S(λ, μ) + S(λ, −μ) which is an even function of
μ. From (5.105), σ(n − l, l) has a μ-dependence of (iμ)n−2l. Therefore all
terms in (5.106) with n odd will cancel when we form S(λ, μ)+S(λ, −μ).
We can write

S(λ, μ) =
∞∑

n=0

xn(λ)β̄2n +
∞∑

n=0

yn(λ)β̄2n+1, (5.107)
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where

xn(λ) =
n∑

l=0

σ(2n − l, l), (5.108)

yn(λ) =
n∑

l=0

σ(2n + 1 − l, l). (5.109)

As explained, yn(λ) will be odd in μ (and hence purely imaginary) and
will not be needed. Returning to (5.98), we have found

G(λ) =
V Γ [λ − (3/2)]
(4π)3/2 Γ(λ)

β̄−2λ(m2 − e2μ2)(3/2)−λ

+
2V

(4π)3/2 Γ(λ)

∞∑
n=0

xn

(
λ − 3

2

)
β̄2n−3. (5.110)

The coefficients xn [λ − (3/2)] may be found using (5.105) and (5.108). A
short calculation leads to the first few terms given by

x0

(
λ − 3

2

)
= Γ

(
λ − 3

2

)
ζ(2λ − 3), (5.111)

x1

(
λ − 3

2

)
= −

[
m2 + 2(λ − 1)e2μ2]Γ(λ − 1

2

)
ζ(2λ − 1), (5.112)

x2

(
λ − 3

2

)
=

1
6
[
3m4 + 12λm2e2μ2 + 4λ(λ − 1)e4μ4]

× Γ
(

λ +
1
2

)
ζ(2λ + 1). (5.113)

We can concentrate on the finite temperature part of the thermody-
namic potential here.10 When μ = 0 the thermodynamic potential follows
from Section 5.3: it is just the expression in (5.68) multiplied by two
(since there are two real scalar fields here, the real and the imaginary
parts of the complex field). We have

ΩT �=0(μ = 0)
V

= − π2

45
T 4 +

1
12

m2T 2 − 1
6π

m3T

− m4

32π2

[
2γ − 3

2
+ 2 ln

(
βm

4π

)]
+ O(T−2). (5.114)

10 As in Section 5.3 we will define this as that part of Ω which does not involve the
zero-point energy contribution.
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It should be clear that we can write

ΩT �=0(μ) = ΩT �=0(μ = 0) − 1
β

[
G ′(0) − G ′(0)|μ=0

]
(5.115)

from (5.94). Proceeding like this means that we do not have to work out
the μ = 0 terms all over again, which shortens the calculation. If we now
use the results we have found for G(λ) and the results for x0, x1, x2 found
in (5.111)–(5.113), it is easy to see that

G ′(0) − G ′(0)|μ=0 =
V

6π

[(
m2 − e2μ2)3/2 − m3

]
+

V

12π
β̄
[
e2μ2β̄−2 + e2μ2(3m2 − e2μ2) + O(β̄2)

]
.

(5.116)

Combining the results for (5.114) and (5.116) yields our final expression:

ΩT �=0

V
= −π2

45
T 4 +

1
12

(m2 − 2e2μ2)T 2 − 1
6π

(
m2 − e2μ2)3/2

T

− m4

32π2

[
2γ − 3

2
+ 2 ln

( m

4πT

)]
− 1

24π2 e2μ2(3m2 − e2μ2)

+O(T−2) (5.117)

at high temperatures. In the next chapter we will use this expression to
study Bose–Einstein condensation of the relativistic charged gas in the
high temperature limit. Although we have restricted our attention to the
case D = 3, the reader should have no trouble repeating the analysis for
other spatial dimensions.

5.5 Non-relativistic field

5.5.1 Non-relativistic limit

In previous chapters we considered a system of non-relativistic bosons
by postulating that the theory was described by a Schrödinger field
Ψ. Here we wish to discuss this in a bit more detail beginning with a
complex scalar field as in the previous section and by considering the
non-relativistic limit.

First of all we are usually interested in low temperatures for non-relat-
ivistic systems. Specifically we have kT << mc2 in conventional units, or
βm >> 1 in natural units.11 Physically what kT << mc2 means is that

11 Under normal laboratory experimental conditions the temperature is usually much
smaller than the rest mass energy of an atom.
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there is not enough thermal energy present to create particle–antiparticle
pairs.12 Since we deal primarily with particles rather than antiparticles,
the implication of kT << mc2 is that the number of particles is con-
served to a good approximation in this temperature range. The number
of particles N+ and the number of antiparticles N− with energy En are
given by the Bose–Einstein distribution functions

N± = [eβ(En∓eμ) − 1]−1. (5.118)

If N � N+, then N− << N+ giving from (5.118)

e2βeμ >> 1, (5.119)

and hence

βeμ >> 1. (5.120)

We can treat eμ as positive here. Since eμ has dimensions of mass, we
have kT much smaller than both mass scales m and eμ in the theory.

As T is reduced, if N � N+ is to remain fixed, eμ must increase. Since
we have eμ ≤ E0 =

√
σ0 + m2, eμ must approach its maximum value

at low temperatures. The non-relativistic energy was defined by εn =
σn/2m. We use εn to distinguish the non-relativistic from the relativistic
value of En. We have

En =
√

2mεn + m2, (5.121)

that for εn << m gives

En � m + εn + · · · , (5.122)

showing the usual relation between the relativistic and the non-relativistic
energies. We can conclude that E0 � m + ε0 � m in the non-relativistic
limit, and therefore eμ → m. A natural definition for the chemical
potential in the non-relativistic limit is

eμnr = eμ − m, (5.123)

which should be small at low temperatures.
The thermodynamic potential (5.82) involves En ± eμ. Using (5.122)

and (5.123) it is seen that

En − eμ � εn − eμnr, (5.124)

12 Of course, this cannot happen for the free field theory we are considering here any-
way, but we should view the free theory as the model for a realistic theory with
interactions present.
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and

En + eμ � 2m + εn + eμnr. (5.125)

This last result shows that the antiparticle contribution to the thermo-
dynamic potential contained in T

∑
n ln[1 − e−β(En+eμ)] is very small

since εn + eμnr << 2m and βm >> 1. We can drop the antiparticle
contribution to the thermodynamic potential leaving us with

Ωnr �
∑

n

εn + T
∑

n

ln[1 − e−β(εn−eμnr)]. (5.126)

In the zero-point energy contribution we have used (5.122) and dropped
the rest mass energy. The rest mass energy only adds a constant term to
Ω which cannot affect any physically relevant expressions computed from
the various derivatives of Ω.

The Hamiltonian for the relativistic field (5.69) contains both particle
and antiparticle contributions. As we have already discussed, the non-
relativistic limit can be regarded as a theory which is free of antiparticles.
Thus the states in the non-relativistic theory |ψ〉 satisfy B†

nBn|ψ〉 = 0.
Since BnB†

n−B†
nBn = 1, we can think of BnB†

n as acting like the identity
operator in the non-relativistic limit. Using (5.69) we have

Hnr �
∑

n

εn(A†
nAn + 1) (5.127)

if we make use of (5.122) and drop the rest mass energy. For the case of
the Schrödinger theory in Section 3.8 we had (see (3.272))

H =
∑

n

εnA†
nAn. (5.128)

The only difference between (5.127) and (5.128) is the presence of the
zero-point energy term. We can think of H given by the Schrödinger field
theory in Section 3.8 as the normal-ordered expression for Hnr.

To sum up, the Schrödinger theory follows as the non-relativistic limit
of the complex relativistic scalar field theory if we drop the antiparti-
cle contribution to the thermodynamic potential, neglect the rest mass
energy, and drop the zero-point energy. In addition we must restrict our-
selves to temperatures which satisfy kT << mc2. Whether or not we wish
to neglect the zero-point energy depends on exactly what calculation we
are performing. If the only role of the zero-point energy is to add on a
constant term to Ω, then it may be safely ignored; however, as we will
see later this is not always the case.
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5.5.2 Thermodynamic potential for bosons

For bosons we assume that the creation and annihilation operators satisfy
commutation relations as described in Section 3.8. Because the Hamilto-
nian in (5.127) is the sum of simple harmonic oscillator Hamiltonians we
can follow the same procedure as we did in Section 5.2 to show that the
thermodynamic potential is given by (5.126).13

When we take the space Σ to represent flat space it is easy to evaluate Ω
much as we did for the relativistic fields. By imposing box normalization
we have (using En rather than εn from here on)

En =
1

2m

D∑
j=1

(
2πnj

Lj

)2

(5.129)

where nj = 0,±1,±2, . . . . With the large box limit taken we have the
finite temperature part of Ω given as

ΩT �=0 = T

∫
dDn ln

[
1 − e−β(En−μ)

]
. (5.130)

The zero-point energy contribution is an irrelevant constant in this case
even if we do not normal order the Hamiltonian operator. We have defined
μ = eμnr here so that our results apply to neutral particles.

To evaluate (5.130) we can expand the logarithm in its Taylor series as
we did in Sections 5.3 and 5.4 obtaining

ΩT �=0 = −V

β

∫
dDp

(2π)D

∞∑
k=1

1
k
e−kβ[p2/(2m)−μ] (5.131)

after changing variables nj → pjLj/2π. The momentum integral is just a
Gaussian evaluated to give

ΩT �=0 = −V

β

(
m

2πβ

)D/2 ∞∑
k=1

ekβμ

k1+D/2 . (5.132)

Note that we need μ ≤ E0 = 0 to avoid negative occupation numbers
so that the sum in (5.132) is convergent. It is convenient to define the
polylogarithm function

Lip(z) =
∞∑

n=1

zn

np
, (5.133)

13 Use of (5.128) instead of (5.127) will lead to (5.126) with the zero-point energy term
removed.
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for all p if |z| < 1, and for p > 1 if z = 1. Some of the properties of this
function are examined in Section A1.4. With this definition we have

ΩT �=0 = −V

β

(
m

2πβ

)D/2

Li1+D/2(eβμ). (5.134)

We will return to discuss some of the physical consequences of this later.

5.5.3 Thermodynamic potential for fermions

Non-relativistic fermions are described by operators An and A†
n which

obey the anti-commutation relations (3.249) and (3.250). The Hamilto-
nian is still given by (5.128) (after normal ordering), and the number oper-
ator is N =

∑
n A†An just as for bosons. To compute the thermodynamic

potential we proceed as in Section 5.2. We have

H̄ = H − μN =
∑

n

(En − μ)A†
nAn. (5.135)

We can use the anti-commutation relations (3.249) and (3.250) to com-
pute

[H̄, An] =
∑
n′

(En′ − μ)[A†
n′An′ , An]

=
∑
n′

(En′ − μ)
{

A†
n′ [An′ , An]+ − [A†

n′ , An]+An′

}
= −(En − μ)An. (5.136)

In the middle line we have used the identity (3.245). We can now use
(3.163) and (3.165) to obtain

e−βH̄AneβH̄ = eβ(En−μ)An. (5.137)

Taking the Hermitian conjugate of this last result gives

e−βH̄A†
neβH̄ = e−β(En−μ)A†

n. (5.138)

We can now deduce that

〈An〉 = 0 = 〈A†
n〉. (5.139)

This conclusion follows from (5.137) and (5.138) using the same argument
as in Section 5.2.
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We can also calculate

〈A†
nAn′〉 = Z

−1tr
(
e−βH̄A†

nAn′

)
= Z

−1e−β(En−μ)tr
(
A†

ne−βH̄An′

)
= e−β(En−μ)〈An′A†

n〉. (5.140)

We have used (5.138) to obtain the middle line, and the cyclic property
of the trace has been used in the last line. This result is identical to that
found for bosons (see (5.53)) since the commutation or anti-commutation
relations for the creation and annihilation operators are not used. The
difference between bosons and fermions comes when we use (5.140) to
compute 〈An′A†

n〉. For fermions we use (3.250), An′A†
n + A†

nAn′ = δn′n,
to find

〈An′A†
n〉 = δnn′

[
1 + e−β(En−μ)

]−1
, (5.141)

〈A†
nAn′〉 = δnn′

[
eβ(En−μ) + 1

]−1
. (5.142)

Since A†
nAn is the number operator for the nth mode, (5.142) shows the

familiar Fermi–Dirac distribution function. The results of (5.141) and
(5.142) can be contrasted with (5.55) and (5.56) for bosons. The origin
of the difference between the two distribution functions is clearly traced
to the use of commutation relations for the creation and annihilation
operators for bosons versus anti-commutation relations for fermions.

From (5.135) we find

∂H̄

∂En
= A†

nAn. (5.143)

Following the same procedure as led to (5.57) we can show

〈A†
nAn〉 = − 1

β

∂q

∂En
= − ∂Ω

∂En
. (5.144)

Integration of this expression using (5.142) gives

ΩT �=0 = T
∑

n

ln[1 + e−β(En−μ)] (5.145)

as the finite temperature part of the thermodynamic potential. If we do
not include the zero-point energy term in the Hamiltonian, then this is
the complete expression for Ω. We will see in the next section how (5.145)
is related to the non-relativistic limit of the Dirac theory.
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5.6 Dirac field

We begin with the Hamiltonian given in (3.310). We have interpreted
a†

nλanλ as the number operator for particles of energy En in the spin
state λ with b†

nλbnλ as the number operator for antiparticles. The charge
operator is therefore

Q = e
∑
n,λ

(a†
nλanλ − b†

nλbnλ). (5.146)

(The result has been normal ordered so that 〈0|Q|0〉 = 0.) We form

H̄ = H −μQ =
∑
n,λ

[
(En − eμ)a†

nλanλ + (En + eμ)b†
nλbnλ − 1

]
. (5.147)

Because of the anti-commutation relations (3.305) and (3.306) obeyed by
the creation and annihilation operators we find

[H̄, anλ] = − (En − eμ)anλ, (5.148)
[H̄, bnλ] = − (En + eμ)bnλ. (5.149)

The identity (3.165) with (3.163) now gives

e−βH̄anλeβH̄ = eβ(En−eμ)anλ, (5.150)

e−βH̄bnλeβH̄ = eβ(En+eμ)bnλ. (5.151)

As in previous cases we find

〈anλ〉 = 〈a†
nλ〉 = 〈bnλ〉 = 〈b†

nλ〉 = 0. (5.152)

The calculation which led to (5.140) and (5.142) can again be followed
to show that

〈a†
nλan′λ′〉 = e−β(En−eμ)〈an′λ′a†

nλ〉, (5.153)

〈b†
nλbn′λ′〉 = e−β(En+eμ)〈bn′λ′b†

nλ〉. (5.154)

Using the anti-commutation relations (3.306) we find

〈a†
nλan′λ′〉 = δnn′δλλ′ [eβ(En−eμ) + 1]−1, (5.155)

〈b†
nλbn′λ′〉 = δnn′δλλ′ [eβ(En+eμ) + 1]−1. (5.156)

The thermodynamic potential is

Ω = −
∑
n,λ

En + T
∑
n,λ

{
ln[1 + e−β(En−eμ)] + ln[1 + e−β(En+eμ)]

}
.

(5.157)
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Given that the energy levels En do not depend on the spin label λ for the
free Dirac theory, the sum over λ in (5.157) just results in a numerical
factor of 2[(D+1)/2] as in Section 3.9.

We can take the non-relativistic limit of the theory just as we did for
the complex scalar field in Section 5.5.1. The conditions βm >> 1 and
βeμ >> 1 follow for exactly the same reasons as before. The antiparticle
contribution to the thermodynamic potential is suppressed at such low
temperatures and we recover the result of (5.145) with the addition of
the zero-point energy, and the extra sum over λ because the Dirac theory
has spin built into it.

5.7 Electromagnetic field

Photons are neither charged nor is their particle number conserved. The
quantization of the electromagnetic field was discussed in Section 3.10.
We have the Hamiltonian operator

H =
1
2

∑
n,λ

En(anλa†
n,λ + a†

nλanλ), (5.158)

where λ runs over (D − 1) possible values. Apart from the extra label λ,
related to the spin states of the electromagnetic field, the Hamiltonian
is like that for a massless real scalar field. The thermodynamic potential
therefore follows from (5.58) as

Ω =
1
2

∑
n,λ

En + T
∑
n,λ

ln(1 − e−βEn). (5.159)

If we concentrate on flat space with the zero-point energy removed, we
have

Ω =
V

β
(D − 1)

∫
dDp

(2π)D
ln(1 − e−βp) (5.160)

from (5.60). (The factor of (D − 1) comes from the sum over λ.) Unlike
previous examples, we can perform the integral to obtain an analyti-
cal result for the thermodynamic potential in this case. Expanding the
logarithm in its Taylor series gives

Ω = −V

β
(D − 1)

∞∑
k=1

1
k

∫
dDp

(2π)D
e−kβp. (5.161)

If we switch to polar coordinates in momentum space we have∫
dDp

(2π)D
= SD

∫ ∞

0
dp pD−1, (5.162)
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where SD is the area of the unit (D − 1)-sphere divided by (2π)D. We
can evaluate SD by considering

I =
∫

dDp

(2π)D
e−p2

= (4π)−D/2 (5.163)

where the integral has been evaluated by expressing it as the product of D
one-dimensional Gaussians. On the other hand, if we use (5.162) we have

I = SD

∫ ∞

0
dp pD−1e−p2

= SD
1
2
Γ

(
D

2

)
, (5.164)

from the definition of the Γ-function (see Section A1.1). Comparing
(5.163) and (5.164) allows us to deduce

SD =
2

(4π)D/2Γ(D/2)
. (5.165)

Returning to (5.161) we can write

Ω = − 2V (D − 1)
β(4π)D/2Γ(D/2)

∞∑
k=1

1
k

∫ ∞

0
dp pD−1e−kβp

= − 2V (D − 1)
β(4π)D/2Γ(D/2)

β−DΓ(D)ζR(D + 1), (5.166)

using results from Sections A1.1 and A1.2. The internal energy follows
from (5.22) and (5.26) as

E =
∂

∂β
(βΩ) =

2V D(D − 1)Γ(D)
(4π)D/2Γ(D/2)

β−D−1ζR(D + 1). (5.167)

In the special case D = 3 we find

E =
π2

15
V T 4, (5.168)

which is the standard blackbody radiation result.
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Notes

Obviously we can only discuss the basics of quantum statistical mechanics
in a short chapter like this. A selection of references is given in Section 5.1.
I first learned of the utility of the Mellin–Barnes integral representation
from Klaus Kirsten (Kirsten and Toms, 1996b).



6
Effective action at finite temperature

6.1 Condensate contribution

In Section 4.1 we discussed how the effective action could be used to for-
mulate an equation of motion which incorporated quantum corrections to
the classical theory. The effective action was stationary under arbitrary
variations of the mean field to first order. At finite temperature we can
also define the effective action and use it exactly as we did at zero tem-
perature. In fact it is possible, with a slight modification of Section 5.1,
to relate the effective action to the thermodynamic potential Ω, or the
q-potential.

We will deal first with the non-relativistic Schrödinger field Ψ. If we
allow Ψ to represent charged particles in a background magnetic field
described by the vector potential A, and a potential represented by U(x),
then we can write

H =
∫

Σ
dσx

[
1

2m
|DΨ|2 + U(x) |Ψ|2

]
, (6.1)

as the Hamiltonian. (Here D = ∇−ieA is the gauge covariant derivative.)
The charge Q is

Q = e

∫
Σ

dσx|Ψ|2, (6.2)

so that

H̄ = H − μQ =
∫

Σ
dσx

[
1

2m
|DΨ|2 − eμ|Ψ|2 + U(x) |Ψ|2

]
(6.3)

is the combination which enters the statistical mechanics. Because of this
it proves convenient to let H̄ rather than H determine the dynamics. We

238
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can either write down the Heisenberg equations of motion for Ψ and Ψ†

or else use the action functional

S̄ =
∫ t2

t1

∫
Σ

dσx

[
i

2

(
Ψ†Ψ̇ − Ψ̇†Ψ

)
− 1

2m
|DΨ|2 + eμ|Ψ|2 − U(x)|Ψ|2

]
.

(6.4)

Either of these two approaches results in the equation of motion

0 = iΨ̇ +
1

2m
D2Ψ + eμΨ − U(x)Ψ, (6.5)

and its Hermitian conjugate. The only difference between this result and
the Schrödinger equation is the presence of the term in μ.

If we proceed as we did in the previous chapter by expanding Ψ and Ψ†

in terms of creation and annihilation operators, we will find 〈Ψ〉 = 0 =
〈Ψ†〉 since we have shown that 〈An〉 = 0 = 〈A†

n〉. This will not allow for
the possibility of a condensate. To broaden our formalism to incorporate
a condensate we can write

Ψ̄ = 〈Ψ〉, Ψ̄† = 〈Ψ†〉. (6.6)

A non-zero condensate will be characterized by Ψ̄ �= 0. The full field
operator Ψ can be expressed as

Ψ = Ψ̄ + ψ (6.7)

where by construction 〈ψ〉 = 0. Ψ̄ plays the role of the background field
at finite temperature and is a function rather than an operator. ψ is
a field operator which contains fluctuations about the background. We
will assume Ψ̄ has no time dependence here as appropriate to thermal
equilibrium.

In our considerations of the thermodynamic potential in the previous
chapter, we assumed 〈Ψ̄〉 = 0, and therefore only calculated the contri-
butions from ψ. If Ψ̄ �= 0, then there should be a term in Ω containing Ψ̄.
From (6.3) the contribution of Ψ̄ to H̄ is

H̄0 =
∫

Σ
dσx

[
1

2m

∣∣DΨ̄
∣∣2 − eμ|Ψ̄|2 + U(x)

∣∣Ψ̄∣∣2] . (6.8)

Because this is a number, rather than an operator, from (5.10) we find
that it corresponds to the q-potential

q0 = −βH̄0,
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and hence contributes

Ω0 = H̄0 (6.9)

to the thermodynamic potential. The full thermodynamic potential is
therefore

Ω =
∫

Σ
dσx

[
1

2m

∣∣DΨ̄
∣∣2 − eμ|Ψ̄|2 + U(x)

∣∣Ψ̄∣∣2]+ ΩT=0 + ΩT �=0, (6.10)

where ΩT=0 and ΩT �=0 were given in the previous chapter. These last two
parts of Ω do not contain any dependence on Ψ̄. By demanding that Ψ̄
provides a stationary value of Ω with μ, V, β fixed we find

0 =
1

2m
D2Ψ̄ + eμΨ̄ − U(x)Ψ̄ (6.11)

(and its complex conjugate). This equation is completely equivalent to
taking (6.5), performing the statistical average using 〈ψ〉 = 0, and utiliz-
ing the time independence of Ψ̄.

After having gone to all this trouble to deal with Ψ̄ we can see that
Ψ̄ = 0 is a solution to (6.11). If this is the only solution, then we are
clearly back to the situation of the previous chapter. However, there may
be solutions to (6.11) with Ψ̄ �= 0. To see this suppose that we expand

Ψ̄(x) =
∑

n

Cnfn(x) (6.12)

where {fn(x)} is a complete orthonormal set of solutions to[
− 1

2m
D2 + U(x)

]
fn(x) = Enfn(x). (6.13)

The Cn represent some expansion coefficients to be determined. Substi-
tution of (6.12) into (6.11) using (6.13) gives∑

n

(En − eμ)Cnfn(x) = 0. (6.14)

Because the {fn(x)} is a complete orthonormal set of functions we must
have

(En − eμ)Cn = 0, (6.15)

holding for all n. We have already restricted eμ ≤ E0 to avoid negative
occupation numbers. Define a critical value for μ by

eμc = E0. (6.16)
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We then note that if μ < μc the only solution to (6.15) is for Cn = 0 for
all n. From (6.12) we see that Ψ̄ = 0 and there is no condensate present.

On the other hand, suppose that it is possible for μ to reach the critical
value of μ defined in (6.16). In this case C0 in (6.15) is not determined;
however, Cn = 0 for all n �= 0 since En > E0 in this case. (E0 is the
smallest energy eigenvalue.) The background field is given by

Ψ̄(x) = C0f0(x) (6.17)

and is therefore determined by the eigenfunction of lowest eigenvalue;
that is, by the ground state. This corresponds to symmetry breaking since
the background field is non-zero: the background field has picked out a
direction in the space of all fields. We have therefore found a necessary
condition for Ψ̄ to be non-zero and determined its value up to an overall
multiplicative constant.

The as yet undetermined constant C0 can be fixed in terms of the
charge (or particle number). The total charge is given by (5.30),

Q = −
(

∂Ω
∂μ

)∣∣∣∣
T,V

.

With Ω given by (6.10) we have

Q = Q0 + Q1 (6.18)

where

Q0 = e

∫
Σ

dσx|Ψ̄|2 = e|C0|2 (6.19)

if we use (6.17), and

Q1 = −
(

∂ΩT �=0

∂μ

)∣∣∣∣
T,V

. (6.20)

The results in (6.18) and (6.19) show the contribution of the condensate
to the total charge. Once we know Q0 = Q−Q1 we can fix C0 using (6.19).

6.2 Free homogeneous non-relativistic Bose gas

We will consider the space Σ = R
D and take the gas to be uncharged so

that we can speak of the total particle number rather than the charge. In
place of (6.18)–(6.20) we have

N = N0 + N1 (6.21)
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where

N0 = e

∫
Σ

dσx|Ψ̄|2 = |C0|2 (6.22)

and

N1 = −
(

∂ΩT �=0

∂μ

)∣∣∣∣
T,V

. (6.23)

The finite temperature part of the thermodynamic potential was calcu-
lated in Section 5.5.2, the result found in (5.134) in terms of the polylog-
arithm. The energy levels were given in (5.129) and lead to E0 = 0 as the
lowest energy eigenvalue of −(1/2m)∇2 with corresponding eigenfunction

f0(x) = V −1/2. (6.24)

We then know that μ ≤ 0, with μ = 0 the critical value. The boundary
conditions (periodic on the walls of the large box) lead to a background
field Ψ̄ which is constant. Later we will examine a system for which Ψ̄ is
not constant. Using (5.134), we then find from (6.23) that

N1 = V

(
m

2πβ

)D/2

LiD/2(eβμ). (6.25)

Suppose that we have Ψ̄ = 0. This means that C0 = 0 and hence N0 = 0
from (6.22). The total number of particles is then given by N = N1, so
that

N = V

(
m

2πβ

)D/2

LiD/2(eβμ) (6.26)

= V

(
m

2πβ

)D/2 ∞∑
k=1

eβμ

kD/2 . (6.27)

This last result determines μ in terms of N,T, V although we cannot
solve explicitly for μ. For μ < 0 the sum in (6.27) converges for all values
of D; however, as μ → 0 the sum will only converge if D > 2. We will
assume that D ≥ 3 here and come back to the cases of D = 1, 2 later.
With D ≥ 3 it is clear that because μ ≤ 0 the sum in (6.27) is bounded
above by the maximum value obtained when μ = 0:

LiD/2(eβμ) =
∞∑

k=1

eβμ

kD/2 ≤
∞∑

k=1

1
kD/2 = ζ(D/2). (6.28)

Because the sum in (6.27) converges when D ≥ 3 for all μ ≤ 0, it is
clear that no matter how large the particle number density N/V is we
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can always make T large enough so that we can solve (6.27) for μ with
μ < 0. Thus for T large enough, since μ < 0, we do have Ψ̄ = 0. There is
no condensate in this case.

Now consider what happens if T is reduced from very high values with
N/V fixed. As T reduces the factor of (m/2πβ)D/2 reduces. But because
N on the left-hand side of (6.26) must remain fixed, LiD/2(eβμ) must
therefore increase. This means that μ must increase towards the criti-
cal value of μ = 0. However, (6.28) shows us that LiD/2(eβμ) ≤ ζ(D/2)
implying that there is a limit on how much LiD/2(eβμ) can increase. We
will define the critical temperature Tc as the value of T at which μ = 0.
From (6.26) and (6.28) we have

N = V

(
mTc

2π

)D/2

ζ(D/2). (6.29)

Solving for Tc we find

Tc =
2π

m

[
N

V ζ(D/2)

]2/D

. (6.30)

As T is reduced below Tc, μ cannot increase above its critical value of
μc = 0. This means that we can no longer solve N = N1. We have

N1 = V

(
m

2πβ

)D/2

ζ(D/2)

= N

(
T

Tc

)D/2

(6.31)

for T < Tc. From (6.21) we find

N0 = N − N1 = N

[
1 −

(
T

Tc

)D/2
]

(6.32)

and using (6.22) obtain

|C0| =
√

N0 =
√

N

[
1 −

(
T

Tc

)D/2
]1/2

. (6.33)

Therefore when T < Tc we have

Ψ̄ =

√
N

V

[
1 −

(
T

Tc

)D/2
]1/2

(6.34)

using (6.17) with (6.24) and (6.33).
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These results can be given a physical interpretation. When T is high
enough there is sufficient thermal energy so that it is easy for transitions
to occur between the ground state and the excited states. As T is reduced
it starts to become harder for these transitions to occur. We can estimate
this by using a simple argument based on the uncertainty principle. For N
bosons confined in a box of volume V each boson has a volume V/N = LD

available to it. Because of the confinement each boson has a zero-point
energy E0 = p2/(2m). The uncertainty principle gives pL ∼ 1 (� = 1
here), so we find E0 ∼ 1/(2mL2) ∼ 1

2m(N/V )2/D. The spacing between
the ground state and the first excited level will be of the order of E0. If
T > E0 there is sufficient thermal energy for there to be many transitions
between the ground and the excited states. However, once T drops below
Tc ∼ E0 this is no longer the case and particles would be expected to
drop into the ground state. Our estimate shows Tc ∼ 1

2m(N/V )2/D which
agrees with (6.30) apart from the numerical factor. The non-zero value
for Ψ̄ can be interpreted as condensation of the bosons into the ground
state. N0 in (6.32) then represents the average number of particles in the
ground state, and N1 in (6.31) represents the average number of particles
in excited states. This is the phenomenon of Bose–Einstein condensation
first predicted by Einstein.

Before studying the properties of the D ≥ 3 Bose gas in more detail in
the next section, we will return to the cases D = 1, 2. In these two cases
the sum in (6.27) is not bounded as μ → 0 and this means that we can
always solve (6.26) or (6.27) for μ with μ < 0 no matter what T and N
are. This means that Ψ̄ = 0 and that Bose–Einstein condensation in the
sense we have discussed does not occur. When D = 2 the sum (6.27) can
be evaluated explicitly and we have

N = −V

(
m

2πβ

)
ln
(
1 − eβμ

)
. (6.35)

Solving for μ we find

μ = T ln
[
1 − e−(2πN/mV T )

]
. (6.36)

For any finite particle density and non-zero temperature we always have
μ < 0. It is never possible for μ to reach the critical value of μ = 0 nec-
essary for a non-zero condensate Ψ̄. For very small T , by expanding the
logarithm in (6.36) we find

μ � −Te−(2πN/mVT ), (6.37)

showing that μ can become arbitrarily close to the critical value of μ = 0
but can never reach it.
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For D = 1, (6.26) gives us

N = V

√
m

2πβ
Li1/2(eβμ). (6.38)

Although Li1/2 cannot be evaluated in elementary terms, it can be seen
from the asymptotic expansion given in (A1.73) that the leading order
term as μ → 0 is

Li1/2(eβμ) �
√

− π

βμ
+ · · · .

Just as we found for D = 2, it is never possible for μ to reach the critical
value of μ = 0 required for a non-zero condensate for any finite particle
density.

6.3 Internal energy and specific heat

We will continue our study of the thermodynamics of the ideal Bose gas
by evaluating the specific heat and studying its behaviour in different
spatial dimensions. The internal energy follows from (5.22) and (5.26) as

E =
[
∂(βΩ)

∂β

]∣∣∣∣
βμ,V,Ψ̄

. (6.39)

Using (6.10) we find

E = E0 + E1, (6.40)

where

E0 =
∫

Σ
dσx

[
1

2m
|DΨ̄|2 + U(x)|Ψ̄|2

]
, (6.41)

E1 =
[
∂(βΩT �=0)

∂β

]∣∣∣∣
βμ,V,Ψ̄

=
∑

n

En

[
eβ(En−μ) − 1

]−1
. (6.42)

In the absence of a condensate (Ψ̄ = 0) we are left with E = E1 which is
the familiar expression for the internal energy from elementary statisti-
cal mechanics. The condensate contribution (6.41) takes the form of the
energy of a classical field described by Ψ̄. (See (6.1).)

For the free Bose gas D = ∇, U(x) = 0 and we have Ψ̄ constant
so that E0 = 0. Even if Ψ̄ �= 0 there will be no direct contribution of
the condensate to the internal energy as can be seen from (6.41) and
(6.42). (However, a non-zero value for Ψ̄ will still affect the internal energy
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indirectly through the chemical potential μ.) For the free Bose gas we
therefore have

E =
[
∂(βΩT �=0)

∂β

]∣∣∣∣
βμ,V,Ψ̄

. (6.43)

Using (5.134) (recall that β = 1/T ), we find

E =
DV

2β

(
m

2πβ

)D/2

Li1+D/2(eβμ). (6.44)

(Because βμ is held fixed when using Ω to compute E, the polyloga-
rithm in (5.134) involving βμ is fixed. The only temperature dependence
is through the factor of β−D/2 in front of the polylogarithm.)

We will assume D ≥ 3 here so that there is a critical temperature Tc

below which a condensate is present. We can use (6.29) to write E in
(6.44) as

E =
DN

2β

(
βc

β

)D/2 Li1+D/2(eβμ)
ζ(D/2)

. (6.45)

With N and V fixed, we can regard βc as fixed since it is given by (6.30)
(βc = 1/Tc). For T < Tc we have μ = 0 so that

E< =
DN

2β

(
βc

β

)D/2
ζ(1 + D/2)

ζ(D/2)
. (6.46)

We will use the subscript < (>) to denote the temperature range T < Tc

(T > Tc). Although the internal energy E is continuous at T = Tc because
of the behaviour of μ, derivatives of E with respect to T may not be con-
tinuous. We will examine the specific heat at constant volume defined by

C =
(

∂E

∂T

)∣∣∣∣
V,N,Ψ̄

. (6.47)

For T <Tc it is easy to see from (6.46) that

C<

N
=

D

2

(
D

2
+ 1
)

ζ(1 + D/2)
ζ(D/2)

(
βc

β

)D/2

. (6.48)

For T > Tc the computation of the specific heat is more difficult because
(6.45) involves an explicit μ-dependence. We need to compute the deriva-
tive of E with respect to T holding N fixed. The expression for N is given
in (6.26). If we use (6.29) we find

LiD/2(eβμ) =
(

β

βc

)D/2

ζ

(
D

2

)
. (6.49)
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Because βc is fixed, if we vary both sides of (6.49) with respect to β we
find

δLiD/2(eβμ) =
D

2β

(
β

βc

)D/2

ζ

(
D

2

)
δβ.

The properties of the polylogarithm give δLip(z) = z−1Lip−1(z)δz. We
therefore find[

∂(βμ)
∂β

]∣∣∣∣
N,V,Ψ̄

=
D

2β

(
β

βc

)D/2
ζ(D/2)

LiD/2−1(eβμ)
. (6.50)

It is now straightforward to show from (6.45) and (6.47) that

C>

N
=

D

2

(
D

2
+ 1
)(

βc

β

)D/2 LiD/2+1(eβμ)
ζ(D/2)

− D2

4
LiD/2(eβμ)

LiD/2−1(eβμ)
. (6.51)

By taking β → βc in (6.51) using μ → 0, because Li1+D/2(eβμ) →
ζ(1+D/2), the first term agrees with the β → βc limit of (6.48). Whether
or not the specific heat is continuous at T = Tc is determined by the
behaviour of the second term in (6.51). We know that LiD/2−1(eβμ) →
ζ(D/2 − 1) only for D/2 − 1 > 1, or D ≥ 5. Therefore for D ≥ 5 the spe-
cific heat will not be continuous at the critical temperature. For D = 3, 4
LiD/2−1(eβμ) → ∞ as μ → 0 so that the specific heat is continuous at
T = Tc. By computing further derivatives of the specific heat it is easy to
show that for D = 3 the first derivative of the specific heat is discontinu-
ous at T = Tc, and for D = 4 although the first derivative of the specific
heat is continuous, the second derivative is discontinuous at T = Tc. If
D = 1, 2, where there is no condensate present, it is easy to show that the
specific heat is a perfectly smooth function of temperature. Thus there
is a direct link between the presence of a non-zero condensate and the
non-smooth behaviour of the specific heat. The specific heat is plotted in
Fig. 6.1 for the case of D = 3.

6.4 Bose gas in a harmonic oscillator confining potential

Advances in the cooling and trapping of atomic gases have led to a num-
ber of important experiments performed on systems of bosons at low
temperatures.1 A good model for these systems is a number of bosons
in a harmonic oscillator confining potential. We will confine ourselves to
D = 3 in this section. The trapping potential will be written as

U(x) =
1
2
m(ω2

1x
2 + ω2

2y
2 + ω2

3z
2), (6.52)

1 See Pethick and Smith (2002) for a review of some of the original work in this area.



248 Effective action at finite temperature

32.521.510.50

2

1.75

1.5

1.25

1

0.75

0.5

0.25

0

β /βc

C
v 

/ N

Fig. 6.1 The specific heat for the free three-dimensional Bose gas. The
behaviour of the specific heat changes at the critical temperature T = Tc in a
continuous, but not smooth, way.

where ω1, ω2, ω3 are the angular frequencies characterizing the harmonic
oscillator potential. The energy levels of the system are2

En =
(

n1 +
1
2

)
ω1 +

(
n2 +

1
2

)
ω2 +

(
n3 +

1
2

)
ω3, (6.53)

where nj = 0, 1, 2, . . . for j = 1, 2, 3. The critical value of μ at which a
non-zero condensate might occur is

μc = E0 =
1
2
(ω1 + ω2 + ω3). (6.54)

We will show that μ can never reach this value and so a condensate char-
acterized by a non-zero value for Ψ̄ will not occur. Nevertheless we will
see that there is still a sense in which Bose–Einstein condensation can be
said to occur.

To simplify the analysis we will look first at the isotropic oscillator by
setting ω1 = ω2 = ω3 = ω. The critical value of μ is now

μc =
3
2
ω. (6.55)

2 The generalization to an arbitrary dimension D should be obvious.
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The thermodynamic potential is (ignoring the potential condensate con-
tribution)

Ω = T

∞∑
n1=0

∞∑
n2=0

∞∑
n3=0

ln
[
1 − e−β(En−μ)

]
. (6.56)

It is advantageous to introduce dimensionless variables x and ε by

x = βω, (6.57)

μ = ω

(
3
2

− ε

)
. (6.58)

Because the spacing of adjacent energy levels is of the order of ω, x is a
measure of the size of the thermal energy in relation to the energy level
spacing. ε is a measure of how far μ is from the critical value in (6.55).

Because we are assuming an isotropic potential, we can write the triple
sum in (6.56) as a single sum. We can write

n1 + n2 + n3 = k,

where k = 0, 1, 2, . . . , since each of n1, n2 and n3 is a non-negative integer.
We can also let

n2 + n3 = l,

where l = 0, 1, 2, . . . . Because n2 ≥ 0 we must have n3 ≤ l. Also n1 = k−l
and since n1 ≥ 0 the range on l is restricted to l = 0, 1, . . . , k. Thus we
have the identity

∞∑
n1=0

∞∑
n2=0

∞∑
n3=0

f(n1 + n2 + n3) =
∞∑

k=0

k∑
l=0

l∑
n3=0

f(k)

for any function f . Using
l∑

n3=0

1 = l + 1 and
k∑

l=0

l =
1
2
k(k + 1) we find

∞∑
n1=0

∞∑
n2=0

∞∑
n3=0

f(n1 + n2 + n3) =
∞∑

k=0

1
2
k(k + 1)f(k). (6.59)

Applying this to Ω in (6.56) gives

Ω = T

∞∑
k=0

1
2
k(k + 1) ln

[
1 − e−(k+ε)x

]
(6.60)
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if the result is written in terms of the dimensionless variables x and ε.
The factor of (1/2)k(k + 1) represents the degeneracy of the energy lev-
els Ek = [k + (3/2)]ω for the isotropic harmonic oscillator. It should be
clear why the isotropic case is so much simpler than the anisotropic case:
unless the oscillator frequencies are all rational multiples of each other
it is impossible to reduce the triple sum (6.56) to a single one. We will
return to the general case later.

The result in (6.60) can be evaluated in much the same way as we have
done before. Begin by expanding the logarithm in its Taylor series to give

Ω = −T

∞∑
k=0

1
2
k(k + 1)

∞∑
n=1

e−n(k+ε)

n
. (6.61)

The sum over k now just involves a geometric series. If we let

S(y) =
∞∑

k=0

e−ky = (1 − e−y)−1, (6.62)

then simple differentiations with respect to y give
∞∑

k=0

ke−ky = −S′(y) = (1 − e−y)−2e−y, (6.63)

∞∑
k=0

k2e−ky = S′′(y) = (1 − e−y)−2e−y + 2(1 − e−y)−3e−2y. (6.64)

Using (6.62)–(6.64) we find
∞∑

k=0

1
2
k(k + 1)e−ky = (1 − e−y)−3. (6.65)

This last result leads to

Ω = −T

∞∑
n=1

e−nεx

n
(1 − e−nx)−3. (6.66)

The average number of particles N is given in (5.30). With T and ω
fixed we have from (6.58) that δμ = −ωδε. Thus we find

N =
1
ω

(
∂Ω
∂ε

)∣∣∣∣
x

=
∞∑

n=1

e−nεx(1 − e−nx)−3. (6.67)
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For x > 0 and n ≥ 1 we have the inequality

1 < (1 − e−nx)−3 ≤ (1 − e−x)−3, (6.68)

which shows that

N >
∞∑

n=1

e−nεx = (eεx − 1)−1. (6.69)

Although we have derived this result in a purely mathematical way, the
inequality (6.69) is obvious on physical grounds. The average number of
particles is

N =
∞∑

n1=0

∞∑
n2=0

∞∑
n3=0

[
eβ(En−μ) − 1

]−1

=
∞∑

n1=0

∞∑
n2=0

∞∑
n3=0

[
ex(n1+n2+n3+ε) − 1

]−1
. (6.70)

This shows that the average number of particles in the ground state is

Ngr = (eεx − 1)−1. (6.71)

The inequality (6.69) states the obvious: N > Ngr.
We have now obtained enough results to show that Ψ̄ remains fixed at

Ψ̄ = 0. To do this all that we need to show is that μ < μc for all temper-
atures, or equivalently that ε can never vanish. From (6.71) we can solve
for

ε =
1
x

ln
(

1 +
1

Ngr

)
. (6.72)

Because we have already established that Ngr < N , we have

ε >
1
x

ln
(

1 +
1
N

)
. (6.73)

So long as T is never 0 (so that x defined in (6.57) is always finite), and
the number of particles is finite, ε will always be positive. This proves
that Ψ̄ = 0. The presence of the confining potential has drastically altered
the behaviour of the system from what we found in Section 6.2 for the
unconfined gas. In the case of a trapping potential there is no tempera-
ture at which a critical temperature associated with a phase transition
can be identified.

If this was the whole story, then we could stop here and go on to other
more interesting examples. However, there is still some extremely inter-
esting physics to be found in the trapped gas. Even if we have shown



252 Effective action at finite temperature

0

200

400

600

800

1000

1200

1400

1600

1800

2000

0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

N
um

be
r 

of
 p

ar
tic

le
s 

in
 g

ro
un

d 
st

at
e

x

Fig. 6.2 This shows the number of particles in the ground state as a function
of x = �ω/(kT ). The total number of particles is 2000.

that ε can never reach the value of ε = 0 necessary for a phase transi-
tion, if ε can become very small then (6.71) shows us that there will be
a large build-up of particles in the ground state. This is very much like
what happened below the critical temperature for the free Bose gas in
Section 6.2, and it is in this sense, namely a large build-up of particles
in the ground state, that the trapped Bose gas can be said to exhibit
Bose–Einstein condensation. As we will see, this build-up can occur very
suddenly over a small temperature range so that the system looks very
much like it has undergone a phase transition like that occurring in the
free Bose gas. Numerical calculation shows that over a very small range
of x, ε undergoes a drastic decrease from large values to very small ones.3

The number of particles in the ground state is shown in Fig. 6.2. Because
the curve is smooth there is no unique way to assign a critical tempera-
ture to Bose–Einstein condensation; however, the sudden growth in the
number of particles in the ground state is remarkable.

A natural thing to try, rather than perform laborious numerical compu-
tations, is to attempt to obtain analytical approximations for the relevant
expressions. The interesting behaviour can be seen from Fig. 6.2 to occur
at small values of x. This makes the numerical evaluation of sums like

3 The calculations involve solving (6.67) with fixed N for ε as a function of x.
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(6.67) difficult because they converge extremely slow. Instead, follow-
ing Kirsten and Toms (1996b), we will obtain an accurate asymptotic
expansion using the Mellin–Barnes integral representation (5.62).

We will start with (6.61). Although it is possible to apply the Mellin–
Barnes integral representation immediately to the exponential that occurs
in (6.61), it is better to separate off the k = 0 term for special treatment.
On physical grounds this is natural because the k = 0 term corresponds
to the ground state contribution, and it is this we are attempting to study.
We will write

Ω = Ωgr + Ωex (6.74)

where

Ωgr = −T
∞∑

n=1

e−nεx

n
= T ln(1 − e−εx) (6.75)

is the ground state contribution, and

Ωex = −T
∞∑

k=1

1
2
(k + 1)(k + 2)

∞∑
n=1

e−n(k+1)εx

n
(6.76)

is the contribution from excited states. Using the integral representation
(5.62) for the exponential on the right-hand side of (6.76) enables the
sums over k and n to be performed in terms of Riemann and Hurwitz
ζ-functions respectively. (See Appendix A1.2.) The result is

Ωex = −T
1

2πi

∫ c+i∞

c−i∞
dα Γ(α)x−αζ(1 + α)

[
ζ(α − 2, 1 + ε)

+ (3 − 2ε)ζ(α − 1, 1 + ε) + (1 − ε)(2 − ε)ζ(α, 1 + ε)
]

(6.77)

if we take c > 3 to avoid the poles of the integrand. The contour is then
closed in the left-hand side of the complex α-plane and the result evalu-
ated by residues. There are simple poles at α = 3, 2, 1 coming from the
Hurwitz ζ-functions, at α = −1,−2, . . . coming from the Γ-function, and
a double pole at α = 0 coming from the combination Γ(α)ζ(1 + α). The
first few terms of the expansion of Ωex are

− βΩex � ζ(4)
x3 +

(
3
2

− ε

)
ζ(3)x−2 +

1
2
(1 − ε)(2 − ε)ζ(2)x−1 + · · · .

(6.78)

(The next term is of order lnx and is very complicated. See Kirsten and
Toms (1996b).)
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A similar procedure can be applied to find the particle number. Defining

N = Ngr + Nex (6.79)

where Ngr is the number of particles in the ground state given in (6.71),
and Nex is the contribution from excited states, we find

Nex � ζ(3)x−3 +
(

3
2

− ε

)
ζ(2)x−2 + · · · (6.80)

for the two leading terms at small x. Obviously it is possible to extend
expansions in (6.80) or (6.78) to any desired order in x.

In order to get an estimate of the temperature associated with Bose–
Einstein condensation we can say that the condensation temperature is
characterized by the temperature at which Ngr changes from very small
values to values close to the total number of particles N . Suppose we
define xB by saying Ngr � 0, or equivalently Nex � N . Since x is small
and ε � 0 we can see from (6.80) that

xB �
[
ζ(3)
N

]1/3

. (6.81)

In terms of the temperature, this results in

TB � �ω

[
N

ζ(3)

]1/3

. (6.82)

For the original experiment (Anderson et al., 1995) with rubidium gas,
N � 2000 and �ω/(2π) � 60 Hz, and we find TB � 34 nK which is very
close to the value quoted in the experiment.

Of course the approximations that led up to (6.82) were quite rough,
since we set Ngr = 0 and Nex = N and dropped the term of order x−2 in
(6.80). We can obtain a better result as follows. Let f be the fraction of
the total number of particles in the ground state:

Ngr = fN. (6.83)

From (6.71) we find

εx = ln
(

1 +
1

fN

)
(6.84)

which determines ε for a given x, f, N . Using this in (6.79) and (6.80) we
find

(1 − f)Nx3 − 3
2
ζ(2)x +

[
ζ(2) ln

(
1 +

1
fN

)
− ζ(3)

]
= 0. (6.85)
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If we now write

x = xB(1 + η) (6.86)

with η small (since we know xB is close to the experimental temperature)
we find

T − TB

T
� −η (6.87)

where

η � 1
3
f +

ζ(2)
2[ζ(3)]2/3 N−1/3. (6.88)

Ignoring f and taking N = 2000 we find that this more accurate result
reduces the temperature by around 10%. It can be seen that the greater
the number of particles, the closer T becomes to TB.

We will now calculate the specific heat for the trapped Bose gas and
compare the result with that for the free Bose gas considered in Sec-
tion 6.3. The internal energy, defined by

E =
∑

k

Ek

[
eβ(Ek−μ) − 1

]−1
,

becomes

E = ω

∞∑
k=0

1
2
(k + 1)(k + 2)

(
k +

3
2

)[
e(k+ε)x − 1

]−1
(6.89)

when written in terms of x and ε defined in (6.57) and (6.58). The term in
(6.89) that involves 3/2 can be recognized as proportional to the number
of particles from (6.70) if we use (6.59). This gives

E =
3
2
ωN + 3ωE1 (6.90)

where

E1 =
1
6

∞∑
k=1

k(k + 1)(k + 2)
[
e(k+ε)x − 1

]−1
. (6.91)

The term E1 may be dealt with by first using the binomial expansion and
then performing the sum over k using

∞∑
k=1

k(k + 1)(k + 2)e−ky = 6(1 − e−y)−4e−y (6.92)
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which follows from differentiating (6.65). We find

E1 =
∞∑

n=1

e−n(ε+1)x(1 − e−nx)−4. (6.93)

The specific heat is defined by

C =
(

∂E

∂T

)∣∣∣∣
N,ω

. (6.94)

Here ω plays the role of the volume for the free Bose gas (compare with
(6.47)). Because N is held fixed when we differentiate E, only the term
in E1 will contribute to the specific heat. Because the temperature enters
x = βω = ω/T , we have

C = −3x2
(

∂E1

∂x

)∣∣∣∣
N,ω

. (6.95)

We must be careful when computing C because N is fixed rather than ε.
We have

N =
∞∑

n=1

e−nεx(1 − e−nx)−3 (6.96)

which defines ε implicitly as a function of N and x. Differentiating both
sides of (6.96) with respect to x holding N fixed gives us[

∂(εx)
∂x

]∣∣∣∣
N

= −3
S2

S1
(6.97)

where

S1 =
∞∑

n=1

ne−nεx(1 − e−nx)−3, (6.98)

S2 =
∞∑

n=1

ne−n(ε+1)x(1 − e−nx)−4. (6.99)

Performing the differentiation in (6.95) using (6.97) results in

C = 3x2
{

4S3 + S2 − 3
S2

2

S1

}
, (6.100)
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where

S3 =
∞∑

n=1

ne−n(ε+2)x(1 − e−nx)−5. (6.101)

We may use (6.100) to compute the specific heat numerically. The pro-
cedure is to first solve (6.96) for ε as a function of x for fixed N . Knowing
ε and x the three sums S1, S2 and S3 may be performed and the results
used in (6.100). We show the result of this calculation in Fig. 6.3. It
can be seen that specific heat is a perfectly smooth function of temper-
ature in contrast to the result found in Section 6.3 for the free Bose gas
which had a discontinuous first derivative. A feature which the specific
heat has in common with the free Bose gas is that there is a well-defined
maximum. The maximum can be seen to occur very close to the temper-
ature at which the number of particles in the ground state starts rise.
We can therefore identify the maximum in the specific with the onset of
Bose–Einstein condensation.

It is possible to obtain analytical approximations for the specific heat
by using the Mellin–Barnes transform method discussed earlier to obtain
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Fig. 6.3 The specific heat computed numerically for the isotropic harmonic
oscillator is shown as the solid curve. The diamonds show the result using our
approximation. The units for the specific heat are in factors of the Boltzmann
constant k. The particle number is N = 2000. The maximum occurs for x �
0.0921. Our approximation breaks down for x below the point where the specific
heat maximum occurs.
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asymptotic expansions for sums S1, S2, S3. If we assume x << 1 and
ε << 1 it is possible to show

C � 12ζ(4)x−3 − 9ζ(3)x−2 + 2ζ(2)x−1 − 12εζ(3)x−2

−18ε2ζ(2)ζ(3)x−3 − 9ε2ζ2(3)x−4 + 9ε4ζ2(3)x−6 + · · · . (6.102)

The result of using this to calculate the specific heat is shown as diamonds
in Fig. 6.3. It can be seen that at temperatures below the point where
the specific heat has its maximum, the approximation is quite good. For
values of x < xm � 0.0921 the assumption that ε is small is no longer true
and the approximation breaks down. In this case it is possible to proceed
slightly differently, and the interested reader is referred to Kirsten and
Toms (1996b) and Haugset et al. (1998). It is also possible to deal with
the anisotropic oscillator using the same methods as we have discussed
here (Kirsten and Toms, 1996b); however, we will present another method
for this in the next section.

6.5 Density of states method

6.5.1 Isotropic harmonic oscillator potential

A commonly used procedure when faced with sums in physics is to
approximate them with integrals.4 In order to illustrate this we will look
at the isotropic harmonic oscillator example discussed in the last section.
The number of particles in excited states was

Nex =
1
2

∞∑
k=1

(k + 1)(k + 2)
[
e(k+ε)x − 1

]−1
. (6.103)

For small values of x we can replace the sum over k with an integral and
replace (k + 1)(k + 2) with k2 to give

Nex ≈ 1
2

∫ ∞

0
dkk2

[
e(k+ε)x − 1

]−1

=
1
2

∞∑
n=1

∫ ∞

0
dkk2e−n(k+ε)x

=
1
2

∞∑
n=1

e−nεxΓ(3)(nx)−3

= x−3Li3(e−εx). (6.104)

4 This is not to be confused with what we did earlier in the book where sums were
expressed as contour integrals which is an exact procedure.
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We have freely used results from Sections (A1.1)–(A1.4) in obtaining this.
If we say that we are interested only in temperatures for which ε is very
small, we may set ε = 0 in (6.104) and obtain

N bulk
ex = x−3ζ(3). (6.105)

Following Toms (1997) we will call this the bulk approximation. Some-
times it is referred to as the thermodynamic limit. Because we have set
ε = 0, the approximation really only holds if N → ∞. (See the discussion
around (6.80).)

As we discussed in Section 6.4, the bulk approximation gives a result
which is close to the value characterizing the Bose–Einstein condensation
temperature (see (6.81) and (6.82)). The ground state particle number is
(for x � xB)

N bulk
gr = N − N bulk

ex

= N

[
1 −

(xB

x

)3
]

= N

[
1 −

(
T

TB

)3
]

(6.106)

with the bulk approximation. Although this becomes closer to the true
result as T is decreased to smaller values below TB, it deviates substan-
tially from the true value as T → TB.5 This should not be too surprising
given the rough approximations we have made.

We can also see what happens if the bulk approximation is used to
calculate the specific heat. If we use (6.90) and (6.91), replace the sum
on k with an integral, and approximate k(k + 1)(k + 2) ≈ k3 we obtain

Ebulk =
3
2
ωN +

ω

2

∫ ∞

0
dk k3

[
e(k+ε)x − 1

]−1

=
3
2
ωN + 3ωx−4Li4(e−εx) (6.107)

for the internal energy. For T < TB we approximate ε = 0, so

Ebulk
< =

3
2
ωN + 3ωx−4ζ(4) (6.108)

is the internal energy in this temperature range. The specific heat for
T < TB is

5 See Kirsten and Toms (1996b).
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Cbulk
< =

(
∂Ebulk

<

∂T

)∣∣∣∣
N,ω

= 12ζ(4)x−3. (6.109)

This can be observed to correspond to only the first term on the right-
hand side of (6.102).

The bulk approximation for the specific heat when T > TB is more
involved. TB is defined by setting ε = 0 in (6.104) giving N bulk

gr = 0. From
(6.105) we then have

N = x−3
B ζ(3). (6.110)

Eliminating N between (6.110) and (6.105) results in

Li3(e−εx) = ζ(3)
(

TB

T

)3

. (6.111)

We can use (6.107) to give

Cbulk
> = 3ω−3

(
k

�ω

)3
∂

∂T

[
T 4Li4(e−εx)

] ∣∣∣
N,ω

.

By differentiating the polylogarithm it is easy to see that

∂

∂T
Li4(e−εx)

∣∣∣∣
N,ω

= −
[
∂(εx)
∂T

]
N,ω

Li3(e−εx).

Differentiating (6.111) with respect to T holding N and ω fixed results in[
∂(εx)
∂T

]∣∣∣∣
N,ω

=
3ζ(3)T 3

B

Li2(e−εx)T 4 .

Putting these last three results together shows that

Cbulk
>

N
= 12

Li4(e−εx)
Li3(e−εx)

− 9
Li3(e−εx)
Li2(e−εx)

. (6.112)

For comparison, if we use N given in (6.110) in (6.109) we obtain

Cbulk
<

N
= 12

ζ(4)
ζ(3)

(
T

TB

)3

. (6.113)

Taking the limit T → TB in (6.112) and (6.113) shows that

Cbulk
<

N
→ 12

ζ(4)
ζ(3)

Cbulk
>

N
→ 12

ζ(4)
ζ(3)

− 9
ζ(3)
ζ(2)

.
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Thus the bulk approximation leads to a discontinuous result for the spe-
cific heat, as obtained in Bagnato et al. (1987). This contrasts with the
true result shown in Fig. 6.3 which is perfectly continuous and smooth.
Although the bulk approximation leads to a result for TB which is close to
the temperature characterizing Bose–Einstein condensation, the approxi-
mation shows features not present in the system. Leaving aside the ques-
tion of the discontinuity, it was shown in Kirsten and Toms (1996b) that
the result (6.113) was not particularly good when compared with the
exact result for T < TB.

6.5.2 General method

It is reasonable to ask if there is a more systematic way of approximating
sums with integrals. The method used in Section 6.5.1 was very heuris-
tic, and, for example, it is not easy to see what to do in the case of the
anisotropic oscillator potential where triple sums arise, or for more general
potentials where the explicit energy levels may not be known. Following
Kirsten and Toms (1996a, 1999) we will present a general approach to
this problem.

Let H be the Hamiltonian operator for some system with En the energy
levels. Let N (E) be the number of energy levels for which En ≤ E. We
can write

N (E) =
∑

n

θ(E − En), (6.114)

where θ(x) is the Heaviside distribution (or step function) defined by

θ(x) =

⎧⎨⎩
1, x > 0;
0, x < 0;
1
2 , x = 0.

(6.115)

The aim is to treat the energy levels, or at least some part of the energy
spectrum, as a continuous set rather than a discrete set by introducing
the density of states

ρ(E)dE = N (E + dE) − N (E)

=
dN (E)

dE
dE. (6.116)

It is easy to show that θ′(x) = δ(x). (Just integrate θ′(x)f(x) over all
space with f(x) an arbitrary test function that is finite as |x| → ∞ and
show that the result is f(0).) This means we can use (6.114) in (6.116)
to obtain

ρ(E) =
∑

n

δ(E − En). (6.117)
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Now define

K(t) =
∫ ∞

0
dEe−tEρ(E), (6.118)

which is just the Laplace transform of the density of states. If we use
(6.117), then K(t) becomes

K(t) =
∑

n

e−tEn . (6.119)

(If we take t = β, then K(t) is recognized as the partition function for the
canonical ensemble.) The inversion formula for Laplace transforms gives

ρ(E) =
1

2πi

∫ c+i∞

c−i∞
dt etEK(t), (6.120)

for c ∈ R with c > 0. We can present a heuristic derivation of (6.120)
as follows. First of all we can use the representation of the Dirac delta
distribution δ(E − En) =

∫
(dk/2π)eik(E−En) to obtain

ρ(E) =
∑

n

∫ ∞

−∞

dk

2π
eik(E−En) =

∑
n

1
2πi

∫ i∞

−i∞
dt et(E−En).

(6.121)

(The second equality has followed by changing variables from k to −it.)
We may now translate the integration contour in (6.121) to the right by
an amount c where c ∈ R with c > 0. Assuming that it is permissable to
interchange the order of summation and integration leads to (6.120) with
K(t) given by (6.119).

The importance of (6.118) or (6.120) is that if we can evaluate K(t)
given in (6.119) then the density of states may be found. The problem of
evaluating (6.119) for a given En is sometimes not too difficult, as in the
case of the harmonic oscillator. We will do this in Section 6.5.3 below.

Even if it is not possible to perform the sum in (6.119) exactly, it is still
possible to obtain a knowledge of the density of states. This is because
the density of states is determined by the asymptotic behaviour of K(t)
as t → 0 which is known for a wide class of operators (see Kirsten (2001)
for example). We will assume that as t → 0

K(t) �
k∑

i=1

cit
−ri + O(t−rk+1), (6.122)

for some coefficients ci and powers ri with r1 > r2 > · · · rk > 0. Noting
that

t−ri =
1

Γ(ri)

∫ ∞

0
dE Eri−1e−tE, (6.123)
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for ri > 0 it is easy to see from (6.118) that

ρ(E) �
k∑

i=1

ci

Γ(ri)
Eri−1. (6.124)

Thus a knowledge of the coefficients ci in (6.122) gives us the density of
states.6

6.5.3 Application to the anisotropic harmonic oscillator
potential

We will show how the density of states method may be used to obtain
results for the anisotropic harmonic oscillator potential. The thermody-
namic potential is

Ω = Ωgr + Ωex, (6.125)

where

Ωgr = T ln
(
1 − ze−βE0

)
(6.126)

is the lowest mode or ground state contribution, and

Ωex = T
∑
n>0

ln
(
1 − ze−βEn

)
(6.127)

represents the contribution from the excited states. Here z = eβμ is called
the ‘fugacity’. We can write

Ωex = −T
∞∑

k=1

ekβ(μ−μc)

k

∑
n>0

e−kβ(En−E0), (6.128)

since μc = E0. We now convert the sum over n in (6.128) into an integral
with the use of the density of states:

Ωex � −T
∞∑

k=1

ekβ(μ−μc)

k

∫ ∞

E1−E0

dE ρ(E)e−kβE. (6.129)

The lower limit on the integral corresponds to the first term in the sum
over n in (6.128).

6 The result may be extended to ri < 0 but it requires a more powerful method than
Laplace transforms. See Baltes and Hilf (1976) for a discussion of this.
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We now need ρ(E). To obtain this we first calculate K(t) defined by

K(t) =
∑
n>0

e−t(En−E0). (6.130)

This differs slightly from (6.119) because we have chosen to separate off
the ground state. Because we only want the behaviour of K(t) for negative
powers of t we can add back the n = 0 term to obtain

K(t) =
∞∑

n1= 0

∞∑
n2= 0

∞∑
n3= 0

e−t(n1ω1+n2ω2+n3ω3) − 1

=
3∏

j=1

(
1 − e−tωj

)−1 − 1. (6.131)

The energy levels given in (6.53) have been used here. It is now straight-
forward to expand K(t) in powers of t using7

(1 − e−x)−1 =
1
x

+
1
2

+
x

12
+ O(x3). (6.132)

We find

K(t) � c1t
−3 + c2t

−2 + c3t
−1 + O(1), (6.133)

where

c1 = (ω1ω2ω3)−1, (6.134)

c2 =
1
2

(
1

ω1ω2
+

1
ω2ω3

+
1

ω3ω1

)
, (6.135)

c3 =
1
12

(
ω3

ω1ω2
+

ω2

ω1ω3
+

ω1

ω2ω3
+

3
ω1

+
3
ω2

+
3
ω3

)
. (6.136)

We can now use (6.124) to find

ρ(E) � 1
2
c1E

2 + c2E + c3. (6.137)

Finally we note that for the isotropic oscillator we have c1 = ω−3, c2 =
(3/2)ω−2 and c3 = ω−1 which agrees with a direct conversion of the

7 This expansion is given in (A1.48) and just involves the Bernoulli numbers.
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degeneracy factor (1/2)(k + 1)(k + 2). This goes beyond the approxima-
tion used in Section 6.5.1 by including a more accurate density of states.
It was first discussed in Grossmann and Holthaus (1995).

The energy levels were defined in (6.53) with μc given by (6.54). In
place of the single dimensionless variable x defined by (6.57) we will define

xi = βωi (i = 1, 2, 3). (6.138)
We will also define

ω =
1
3
(ω1 + ω2 + ω3) (6.139)

to be the average of the three oscillator frequencies. x will still be defined
by (6.57), so that in this case

x =
1
3
(x1 + x2 + x3). (6.140)

We also retain the definition of ε in (6.58).
Returning to the evaluation of Ωex in (6.129) using (6.137) we will

make the simplifying assumption that β(E1 − E0) << 1. This allows us
to replace the lower limit on the integral with zero. We then have

Ωex =
∞∑

k=1

ekβ(μ−μc)

k

∫ ∞

0
dE
(1

2
c1E

2 + c2E + c3

)
e−kβE

=
∞∑

k=1

e−kxε

k

[
c1

(kβ)3
+

c2

(kβ)2
+

c3

(kβ)

]
. (6.141)

The sums in (6.141) are just polylogarithms, and we obtain

Ωex = c1β
−3Li4(e−xε) + c2β

−2Li3(e−xε)
+c3β

−1Li2(e−xε). (6.142)

This expression can be used to give an accurate evaluation of the thermo-
dynamic potential. A simpler analytical approximation may be found by
expanding the polylogarithm functions in powers of βωε (assuming that
this quantity is small). A simple expansion of Ωex using the properties of
the polylogarithm given in Section A1.4 results in

Ωex � − T

x1x2x3

[
ζ(4) − ζ(3)xε +

1
2
ζ(2)x2ε2

]
−T

2

(
1

x1x2
+

1
x2x3

+
1

x1x3

)
[ζ(3) − ζ(2)xε]

− T

12

(
x3

x1x2
+

x2

x1x3
+

x1

x2x3
+

3
x1

+
3
x2

+
3
x3

)
ζ(2) + · · · .

(6.143)
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Here we have treated all of the xi as the same order of magnitude as x,
and have kept terms only up to order x−1.

The average number of particles in excited states is

Nex = −
(

∂Ωex

∂μ

)∣∣∣∣
T,ωi

=
β

x

(
∂Ωex

∂ε

)∣∣∣∣
xi

� ζ(3)
x1x2x3

+
ζ(2)

x1x2x3

(
3
2

− ε

)
x. (6.144)

It is possible to approximate the specific heat and other thermodynamic
quantities in a similar way to what we did for the isotropic oscillator.
Details may be found in Kirsten and Toms (1996b).

As a rough estimate of the Bose–Einstein condensation temperature
(in place of looking at the maximum of the specific heat) we may say
ε << 3/2 and Nex ≈ N . This gives

N ≈ aT 3 + bT 2, (6.145)

where

a =
ζ(3)

ω1ω2ω3
, (6.146)

b =
3ωζ(2)

2ω1ω2ω3
. (6.147)

Since N is large and T is small, we may assume

T =
(

N

a

)1/3

(1 + η), (6.148)

with η small. It is straightforward to obtain

T ≈ ω

[
N

ζ(3)

]1/3 [
1 − xζ(2)

2ωζ2/3(3)
N−1/3

]
. (6.149)

As before, the second term in (6.149) represents the correction to the
bulk result. Because we have assumed Nex = N , there will be a small cor-
rection to this if we compare the result with the specific heat maximum
due to the fact that at the specific heat maximum there is a non-zero
occupation for the ground state particle number. Taking N = 2000 and
the frequencies ω1 = ω2 = 240π/

√
8 s−1 and ω3 = 240π s−1 as quoted

in Anderson et al. (1995) gives T � 31.9 nK resulting in a 6% reduction
from the bulk value.8 More details on the anisotropic oscillator may be
found in Kirsten and Toms (1996b).

8 For comparison, the specific heat maximum occurs at T � 30.9 nK in this case.
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6.6 Charged non-relativistic Bose gas in a constant
magnetic field

We will study the behaviour of the magnetized non-relativistic Bose gas
in three spatial dimensions here. The first correct analysis of this prob-
lem was presented by Schafroth (1955) who was motivated by the desire
to understand superconductivity.9 We will first evaluate the thermody-
namic potential, then use it to examine Bose–Einstein condensation and
the Meissner–Ochsenfeld effect.

Our starting point is

ΩT �=0 = T
∑

n

ln
[
1 − e−β(En−eμ)

]
(6.150)

with En the energy levels for a charged spin-0 boson in a constant
magnetic field. We solved for the energy levels and their degeneracy in
Section 4.5, and found (see (4.88) and (4.108))

En,j =
1

2m

[
(2n + 1)eB +

(
2πj

L3

)2
]

(6.151)

where n = 0, 1, 2, . . . and j = 0,±1, . . . with degeneracy eBL1L2/(2π).
Here V = L1L2L3 is the volume of the normalizing box, and we will

take the infinite volume limit. This means that the sum over j may be
approximated with an integral, and after a change variables we have

ΩT �=0 =
eBV T

2π

∞∑
n=0

∫ ∞

−∞

dp

2π
ln
(

1 − e
−β

{
[n+(1/2)] eB

m + p2

2m −eμ
})

. (6.152)

As for the harmonic oscillator confining potential in Section 6.4, it is
convenient to define dimensionless parameters. We will define

x = β
eB

m
(6.153)

which has the interpretation as the ratio of the energy gap between suc-
cessive energy levels (eB/m) to the thermal energy kT . The critical value
of the chemical potential, as discussed in Section 6.2 (see (6.16)), is deter-
mined by the lowest energy level. With (6.151) for the energy levels we
find

eμc = E0,0 =
eB

2m
. (6.154)

9 This is prior to its eventual solution which has nothing to do with the charged Bose
gas.
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We will define the dimensionless chemical potential ε by

eμ =
eB

m

(
1
2

− ε

)
. (6.155)

To see if a phase transition occurs we must study the behaviour of the
system as ε → 0. The procedure is very similar to that in Section 6.4 for
the trapped Bose gas. With dimensionless variables used we have

ΩT �=0 =
eBV T

2π

∞∑
n=0

∫ ∞

−∞

dp

2π
ln
{

1 − e−[βp2/(2m)−(n+ε)x]
}

. (6.156)

Expanding the logarithm in its Taylor series, and performing the integra-
tion over p results in

ΩT �=0 =
eBV

m

(
mT

2π

)3/2 ∞∑
n=0

∞∑
l=1

l−3/2e−l(n+ε)x. (6.157)

The sum over n is recognized as a geometric series, and we can easily see
that

ΩT �=0 =
eBV

m

(
T

2π

)3/2 ∞∑
l=1

e−lεx

l3/2(1 − e−lx)
. (6.158)

This is observed to be very similar in form to the expression we analysed
in Section 6.4, so we would expect that the same techniques used there
should be applicable here.

We want to first of all see whether or not Bose–Einstein condensation,
in the sense of symmetry breaking with non-zero condensate, can occur.
The complete thermodynamic potential is obtained by adding together
the condensate contribution and ΩT �=0. We defined

Q1 = −
(

∂

∂μ
ΩT �=0

)∣∣∣∣
T,V

(6.159)

before, with Q0 the possible condensate contribution to the charge (see
(6.20)). To see if Bose–Einstein condensation occurs we wish to see if it
is possible to solve Q1 = Q for μ for all T . Using (6.158) we calculate

Q1 =
e2BV

2π

(
mT

2π

)1/2 ∞∑
l=1

e−lεx

l1/2(1 − e−lx)
. (6.160)
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Since ε ≥ 0, we can use the inequality 1 < (1 − e−lx)−1 to conclude that

Q1 >
e2BV

2π

(
mT

2π

)1/2 ∞∑
l=1

l−1/2e−lεx. (6.161)

As ε → 0, corresponding to μ → μc, the sum on the right-hand side
diverges. What this means is that no matter what value we pick for Q,
it will always be possible to solve Q = Q1 for μ and satisfy μ < μc.10

Therefore, unlike the case of the free Bose gas, there is no Bose–Einstein
condensation in the sense of a non-zero condensate and symmetry break-
ing here.

As an aside, we can consider what happens if we make the spatial
dimension larger, say D. The energy levels are just augmented with addi-
tional components of momentum (as we found in Section 4.5), giving
D − 2 momentum integrals in (6.156). It is easy to show that this results
in l−D/2 in (6.157) and l1−D/2 in (6.161). The additional factors of l aris-
ing change the convergence or divergence of the sum in (6.161). If D ≥ 5
the expression for Q1 will converge as ε → 0. This is like the situation
for the free Bose gas, and means that μ can reach its critical value of μc,
corresponding to a critical temperature and the development of a con-
densate. Therefore the behaviour of the system is crucially dependent on
the spatial dimension. For more details, Standen and Toms (1998, 1999)
can be consulted.

Although the analysis we have just presented is undoubtedly correct, as
is the conclusion that the presence of a non-zero magnetic field, no matter
how small, destroys the Bose–Einstein condensation found for the free
Bose gas, there is something unsettling. On physical grounds, it would be
expected that as the magnetic field is reduced the system should start to
look more and more like the free Bose gas. For infinitesimally small mag-
netic fields we would expect that the magnetized gas should look almost
indistinguishable from a free gas. Yet we know that the magnetized gas
will never have a condensate so long as B �= 0. In order to study what
happens as B → 0 we will look at the specific heat.

We start with the internal energy which, since there is no condensate,
is given by

E =
∂

∂β
(βΩ) . (6.162)

10 Contrast this to the discussion in Section 6.2 for the free Bose gas.
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To shorten expressions we will define a class of sums by

Σκ [α, δ] =
∞∑

l=1

lα/2e−lx(ε+δ)

(1 − e−lx)κ
. (6.163)

With this notation, we have (from (6.158) and (6.160)),

ΩT �=0 =
eBV

m

(
mT

2π

)3/2

Σ1[−3, 0], (6.164)

Q =
e2BV

2π

(
mT

2π

)1/2

Σ1[−1, 0]. (6.165)

(Note, as already discussed, that Q = Q1 here since there is no conden-
sate.) It is easy to show that

E =
BQ

2m
+

eBV

m

(
mT

2π

)3/2(
xΣ2[−1, 1] +

1
2
Σ1[−3, 0]

)
. (6.166)

The specific heat is given in terms of the internal energy by (6.47). Using
(6.166), and N = Q/e with Q given by (6.165) results in the rather
lengthy expression

CV /N =
1

Σ1[−1, 0]

{
xΣ2[−1, 1] +

3
4
Σ1[−3, 0] + x2Σ2[1, 1]

+2x2Σ3[1, 2] − x2 Σ2
2[1, 1]

Σ1[1, 0]

}
−1

4
Σ1[−1, 0]
Σ1[1, 0]

− x
Σ2[1, 1]
Σ1[1, 0]

. (6.167)

In computing this we have been careful to keep Q (or N) fixed. The
calculation is very similar to that done in Section 6.4 for the harmonic
oscillator confining potential.

Before approximating (6.167) we will study it by numerical computa-
tion for different values of the magnetic field. The calculation is done by
solving (6.165) for ε as a function of x after fixing B. The result can then
be used in (6.167) with all sums computed numerically. The result of this
calculation of the specific heat is plotted in Fig. 6.4. For comparison we
have also plotted the specific heat for the free Bose gas. The first obser-
vation is that for B �= 0 the specific heat is a perfectly smooth function,
with smooth derivatives. There is no ‘point’ like that present for the free
Bose gas illustrated in Fig. 6.1 signalling a critical temperature. Given the
discussion above, this is what we would expect. The second observation
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Fig. 6.4 This shows the specific heat for the magnetized Bose gas in units
of kN . The curve labelled free is the result for the uncharged Bose gas. The x
coordinate in the figure is x = �ω/T in units of x0 = �ω/T0 with T0 the criti-
cal temperature for the free Bose gas. The numbers labelling the curves are the
values for x0. The smaller numbers indicate lower values for the magnetic field.

is that as we decrease the value of B the specific heat starts to develop a
more pronounced maximum, and the curve starts to come closer to that
for the free Bose gas. The temperature at which the specific heat has
a maximum becomes closer to the critical temperature of the free Bose
gas. A similar conclusion holds for the number of particles in the ground
state. This is consistent with the expectation that as B is reduced, the
system should start to look more and more like a system of uncharged
bosons. It can also be observed that as x → 0, corresponding to T → ∞,
CV → (3/2)N as would be expected for a three-dimensional gas. If we
increase the magnetic field, the peak in the specific heat moves to smaller
values of x, corresponding to values of T larger than T0. The maximum
of CV decreases in magnitude. For very large values of B the graphs show
that before the specific heat rises and approaches (3/2)N , there is a dip
at (1/2)N . This is the Maxwell–Boltzmann result for a one-dimensional
gas. Thus for large values of B, at low temperatures, the specific heat
resembles that of a free one-dimensional Bose gas. A heuristic classical
argument can be used to understand why this might happen. Classically
the motion of a charged particle is a spiral around the magnetic field
direction. The radius of the orbit is inversely proportional to the magnetic
field; thus as B is increased the motion starts to look more and more like
linear motion.

It is also possible to study the behaviour of the specific heat analyti-
cally for small values of B, and for T close to T0. This provides concrete
back-up for the observations based on the numerical calculations that we
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have just described. The critical temperature for the free Bose gas was
defined by (6.30) where we set D = 3 and call the critical temperature T0
in place of Tc. For B �= 0, we have N = Q/e where Q is given in (6.165).
Equating this with the result for N in (6.29) gives

xΣ1[−1, 0] =
(

x

x0

)3/2

ζ(
3
2
). (6.168)

We wish to solve this for ε when the magnetic field is weak and T is close
to T0 (meaning that x is close to x0 = eB/(mT0)). We have

Σ1[−1, 0] =
∞∑

l=1

l−1/2e−lεx(1 − e−lx)−1

=
∞∑

l=1

∞∑
n=0

l−1/2e−lx(n+ε).

This can be approximated using the Mellin–Barnes integral representa-
tion (5.62):

Σ1[−1, 0] =
1

2πi

c+i∞∫
c−i∞

dα Γ(α)x−αζ

(
α +

1
2

)
ζ(α, ε) (6.169)

� ζ

(
3
2

)
x−1 +

√
πx−1/2ζ

(
1
2
, ε

)

+ζ

(
1
2

)(
1
2

− ε

)
+ O(x), (6.170)

where in the second line we have just kept the first three terms in the
expansion. Using this expansion in (6.168) leads to(

x

x0

)3/2

ζ

(
3
2

)
� ζ

(
3
2

)
+ (πx)1/2

ζ

(
1
2
, ε

)
+ ζ

(
1
2

)(
1
2

− ε

)
x + · · ·

(6.171)

as our approximation.
Suppose that we concentrate first on T = T0. Call the value of ε at

T = T0, ε0. Then (6.171) gives us

0 = ζ

(
1
2
, ε0

)
+ π−1/2ζ

(
1
2

)(
1
2

− ε0

)
x

1/2
0 + · · · . (6.172)
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(The next term is of order x
3/2
0 and could easily be calculated if needed.)

If we let B → 0, corresponding to x0 → 0, then we must have ε → a
where a is the solution to

ζ(1/2, a) = 0. (6.173)

The value of a can be calculated numerically from this definition, with
the result a � 0.302721829. For small, but non-zero, values of B we can
try to solve (6.172) for ε as a function of x0. It should be clear that we
must have

ε0 = a + a1x
1/2
0 + a2x0 + · · · (6.174)

for some coefficients a1, a2. This is because x0 is arbitrary and (6.172)
must hold for arbitrary values of x0. By expanding the Hurwitz ζ-function
about ε0 = a, using (6.174) we find

ζ

(
1
2
, ε0

)
� −1

2
a1x

1/2
0 ζ

(
3
2
, a

)
+ O(x0). (6.175)

Using (6.174) and (6.175) in (6.172) fixes

a1 =
2ζ(1/2)√
πζ(3/2, a)

(
1
2

− a

)
. (6.176)

(Numerically the result is a1 � −0.039874213.) It should be clear how we
can extend this result to higher orders and find a2 in (6.174).

If we generalize slightly and look at temperatures close to T0, it is easy
to show that

ε � a + a1x
1/2
0 +

6ζ(3/2)√
πζ(3/2, a)

x
−1/2
0

[
1 −

(
x

x0

)1/2
]

+ · · · . (6.177)

In order that this expression be consistent, we must require

1 −
(

x

x0

)1/2

<< x
1/2
0 . (6.178)

In particular, we see that the expansion is good at T = T0.
We can now proceed to the specific heat given in (6.167). All of the

sums can be evaluated in the same way as we approximated Σ1[−1, 0].
The details are left to the interested reader.11 At T = T0 we find

CV /N � 15ζ(5/2)
4ζ(3/2)

− x
1/2
0

9ζ(3/2)
2
√

πζ(3/2, a)

11 See Standen and Toms (1999) for some general results.
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+x0

[3
4

(
1
2

− a

)
+

9ζ(1/2)ζ(3/2)
πζ2(3/2, a)

− 27ζ(1/2)ζ(3/2)ζ(5/2, a)
2πζ3(3/2, a)

(
1
2

− a

)]
+ O(x3/2

0 ).

(6.179)

The coefficients appearing in this expression can be evaluated numerically
to give

CV /N � 1.925671 − 0.813529x
1/2
0 + 0.106553x0.

If we let B → 0, we are left with just the first term on the right-hand
side which agrees with what we found in Section 6.3 for the free Bose
gas. This proves analytically what appeared from the numerical results:
as B → 0 the specific heat becomes equal to that for the free Bose gas. It
also shows that the specific heat for a non-zero magnetic field is smaller
than for B = 0. An expression for T close to, but not equal to, T0 can
also be found (Standen and Toms (1999)).

A well-known feature of a superconductor is that when a magnetic field
is applied to a sample it is possible to find that there is no magnetic field in
the sample provided that the applied magnetic field is larger than a criti-
cal value. This is called the ‘Meissner–Ochsenfeld effect’. What we will do
here is examine this phenomenon using the formalism we have developed.

The simplest way to study the magnetization is to study the field equa-
tions for electromagnetism. They will follow from the stationary values of
the thermodynamic potential. However, we must add in a term coming
from the classical Maxwell action which has played no part up until now
because it is independent of any condensate and also independent of the
chemical potential.

From Section 2.3.4 we can conclude that the classical thermodynamic
potential coming from the magnetic field is

Ωem =
∫

Σ
dσx

(
1
4
FijF

ij − J i
extAi

)
. (6.180)

Here Fij = ∂iAj − ∂jAi represents the magnetic field and J i
ext is the cur-

rent density responsible for setting up the externally applied magnetic
field. For B directed in the z-direction we have F12 = −F21 = B, so that
FijF

ij = 2B2. The result (6.180) is in agreement with basic electromag-
netism where (1/2)B2 is the energy density for a magnetic field. We do
not yet assume that B is constant.

The thermodynamic potential is

Ω = Ωem + ΩT �=0. (6.181)
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If we vary Ω with respect to Ai, we find

∂jF
ij = J i

ext + J i
ind (6.182)

where we define

δΩT �=0 = −
∫

Σ
dσxJ i

indδAi. (6.183)

The physical interpretation of J i
ind is that it represents the current den-

sity induced by quantum corrections to the classical theory. We have
computed ΩT �=0 as a function of B, or Fij, so it would be easier to find
J i

ind if the variation in (6.183) was with respect to Fij, rather than Ai.
Using the definition of functional differentiation (see Section 2.4),

δΩT �=0 =
∫

Σ
dσx

δΩT �=0

δB(x)
δB(x) (6.184)

where we assume the magnetic field is in the z-direction with strength
B(x): F12 = B, F21 = −B. If we write (6.184) in terms of Fij then we
should take

δΩT �=0 =
1
2

∫
Σ

dσx

(
δΩT �=0

δF12
δF12 +

δΩT �=0

δF21
δF21

)
=

1
2

∫
Σ

dσx
δΩT �=0

δFij
δFij

=
1
2

∫
Σ

dσx
δΩT �=0

δFij
(∂iδAj − ∂jδAi)

= −
∫

Σ
dσx

δΩT �=0

δFij
∂jδAi

=
∫

Σ
dσx∂j

(
δΩT �=0

δFij

)
δAi. (6.185)

In the first line we have used the fact that only F12 and F21 are non-zero;
this is rewritten using the summation convention in the second line. The
third line uses the definition of Fij in terms of Ai. The fourth line uses the
antisymmetry, Fij = −Fji. The last line is obtained from an integration
by parts. Comparison of (6.185) with (6.183) shows that

J i
ind = −∂j

(
δΩT �=0

δFij

)
. (6.186)

If we use this expression in (6.182), we can rearrange the result to read

∂jH
ij = J i

ext (6.187)
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where

Hij = F ij +
δΩT �=0

δFij
. (6.188)

This is a generalization of the standard electromagnetic result

H = B − M (6.189)

where M is the magnetization.12 Since only one component of the mag-
netic field is non-zero, we will define

M = −δΩT �=0

δB
. (6.190)

Further simplification occurs here if we now take B(x) = B to be con-
stant. We have δΩT �=0 = (∂ΩT �=0/∂B)δB in this case, where normal
partial derivatives occur. Comparison with (6.184) leads to

M = − 1
V

∂ΩT �=0

∂B
(6.191)

when B is constant.
This approach makes it clear what the physical interpretation of the

various fields is, and avoids any possible confusion over what was referred
to by Schafroth (1955) as the acting and microscopic magnetic fields.
From (6.187) it can be seen that Hij, or H = B − M in the case we
have here, is the field set up by the external current. It is therefore the
externally applied field. B is the magnetic field felt by the particles, and
is therefore the magnetic field present in the sample. These two fields are
of course different because the externally applied field causes the charged
particles to move, which gives rise to an induced current J i

ind in the
sample. This induced current changes the overall magnetic field. For the
Meissner–Ochsenfeld effect to occur, we need to know if it is possible for
B → 0 (so the charged particles feel no field) when H (the external field)
is changed.

We can now use (6.164) to compute the magnetization. It is easy to
show that

M = − ρ

2m
+

e

m

(
mT

2π

)3/2

(Σ1 [−3, 0] − xΣ2 [−1, 1]) , (6.192)

where ρ = Q/V is the charge density. Using the Mellin–Barnes technique
as before, the sums appearing in (6.192) result in

12 See, for example, Jackson (1962) where different units are used.
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Σ1[−3, 0] − xΣ2[−1, 1] � 1
2
ζ

(
3
2

)
−

√
πx1/2

[
3ζ

(
−1

2
, ε

)
− εζ

(
1
2
, ε

)]
−1

2
ζ

(
1
2

)
x

(
ε − 1

3

)
+ O(x2). (6.193)

From the definition of T0 in (6.30) (recall that we are using T0 in place
of Tc) and Q = ρV , we have

e

(
mT

2π

)3/2

ζ

(
3
2

)
= ρ

(
T

T0

)3/2

. (6.194)

Using (6.193) in (6.192), along with (6.194) results in

M � − ρ

2m

[
1 −

(
T

T0

)3/2
]

+
ρ

mζ(3/2)

(
T

T0

)3/2

×
{

−
√

πx1/2
[
3ζ

(
−1

2
, ε

)
− εζ

(
1
2
, ε

)]
−1

2
ζ

(
1
2

)
x

(
ε − 1

3

)
+ · · ·

}
(6.195)

as our approximate expression for the magnetization. At this stage we
can see that the Meissner–Ochsenfeld effect does occur. If we let B → 0,
then because x ∼ B all of the terms on the right-hand side of (6.195) will
vanish, apart from the first. The result may be used in (6.189) to see that

H � B +
ρ

2m

[
1 −

(
T

T0

)3/2
]

. (6.196)

Thus for T < T0, we can have B = 0 for H ≥ Hc, where

Hc =
ρ

2m

[
1 −

(
T

T0

)3/2
]

. (6.197)

This is the classic result for the Meissner–Ochsenfeld effect.13

If we examine the magnetization at T = T0 we find that it does
not vanish identically, so that the approximation we made in getting to

13 See the discussion in Pippard (1957), for example.
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(6.196) and (6.197) breaks down. Setting T = T0 in (6.195), recalling our
definition of ε0 gives

M |T=T0
� −3

√
πζ(−1/2, a)
ζ(3/2)

ρ

m
x

1/2
0 + · · · (6.198)

showing a dependence on B1/2 for the magnetization. This behaviour
was first demonstrated in Daicic and Frankel (1996), but in a tempera-
ture range which did not include T = T0. Note that this result contrasts
with the strictly classical Meissner–Ochsenfeld effect for the magnetiza-
tion (first term of (6.195)) which would vanish at T = T0. A number of
generalizations are possible, some of which are explored in Standen and
Toms (1998, 1999).14

6.7 The interacting Bose gas

6.7.1 General results

Although the neglect of interactions among particles may be justified as
an approximation, it cannot be justified at the fundamental level. After
all, if we do not allow the particles in a real physical system to interact
with each other, then it is hard to imagine how statistical equilibrium
could be achieved. In addition, without allowing for the possibility of
interactions it would be impossible for us to ever make a measurement
on the system.

The role of interactions on the behaviour of the non-relativistic Bose
gas was studied in great detail in the late 1950s.15 Some of the methods
used in these original studies are described in the textbooks Huang (1987)
and Pathria (1972). The purpose of the present section is to show how
the methods used in this book can be applied to the interacting Bose gas.

We will take the action functional to be

S[Ψ,Ψ†] =
∫

dt

∫
Σ

dσx

[ i

2
(Ψ†Ψ̇ − Ψ̇†Ψ)

+
1

2m
|∇Ψ|2 + μ|Ψ|2 − U(|Ψ|2)

]
, (6.199)

in place of (6.4). Here U(|Ψ|2) represents an arbitrary real function which
contains details of the interaction. The equation of motion for Ψ follows

14 A fairly extensive list of references to work on thermodynamics in magnetic fields
can be found in the last of these two citations.

15 Classic references include Lee and Yang (1957), Brueckner and Sawada (1957), Lee
et al. (1957), and Lee and Yang (1958).
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as usual from applying the principle of stationary action to (6.199) and is

0 = iΨ̇ +
1

2m
∇2Ψ + μΨ − U ′(|Ψ|2)Ψ, (6.200)

(There is also an equation for Ψ† which is just the Hermitian conjugate
of (6.200).) Just as in Section 6.1, we can expand the field Ψ about the
mean field Ψ̄ as in (6.7). We will take Ψ̄ to be constant. Working to first
order in the fluctuation ψ, we have

0 = iψ̇ +
1

2m
∇2ψ + μψ − U ′(|Ψ̄|2)ψ

−U ′′(|Ψ̄|2)
(
|Ψ̄|2ψ + Ψ̄2ψ†) , (6.201)

0 = −iψ̇† +
1

2m
∇2ψ† + μψ† − U ′(|Ψ̄|2)ψ†

−U ′′(|Ψ̄|2)
(
|Ψ̄|2ψ† + (Ψ̄†)2ψ

)
, (6.202)

from (6.200) and its conjugate.
We will now define {fk(x)} to be a complete orthonormal set of solu-

tions to

−∇2fk(x) = σkfk(x) (6.203)

as usual. We can expand the fluctuation ψ(t,x)

ψ(t,x) =
∑

k

Ake
−iEktfk(x), (6.204)

ψ†(t,x) =
∑

k

Bke
−iEktfk(x), (6.205)

for independent expansion coefficients Ak and Bk. Ek can be interpreted
as the excitation energy, and it is this energy that we are after. Because of
the assumption of completeness for the fk(x), substitution of (6.204) and
(6.205) into (6.201) and (6.202) results in the coupled set of equations

0 =
[
Ek − σk

2m
+ μ − U ′(|Ψ̄|2) − |Ψ̄|2U ′′(|Ψ̄|2)

]
Ak

−Ψ̄2U ′′(|Ψ̄|2)Bk, (6.206)

0 =
[

− Ek − σk

2m
+ μ − U ′(|Ψ̄|2) − |Ψ̄|2U ′′(|Ψ̄|2)

]
Bk

−(Ψ̄†)2U ′′(|Ψ̄|2)Ak. (6.207)

For a non-trivial solution the expansion coefficients Ak and Bk should
not vanish. We either use the result from linear algebra that the matrix
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of coefficients must have a vanishing determinant, or more simply solve
for Ak in terms of Bk in the first equation and substitute the result into
the second equation. In either case, this results in

Ek =
[ σk

2m
− μ + U ′(|Ψ̄|2)

]1/2

×
[ σk

2m
− μ + U ′(|Ψ̄|2) + 2|Ψ̄|2U ′′(|Ψ̄|2)

]1/2
. (6.208)

As a check on the result (6.208), if we take the limit U → 0, then Ek →
σk/(2m) − μ which is exactly the expression that enters the thermody-
namic potential for the free theory considered earlier.

The full thermodynamic potential can be written as in (6.10) if we only
work to order �. We have

Ω = Ωclass + Ω(1)
T=0 + Ω(1)

T �=0, (6.209)

where

Ωclass =
∫

Σ
dσx

[
1

2m
|∇Ψ̄|2 − μ|Ψ̄|2 + U(|Ψ̄|2)

]
= V

[
U(|Ψ̄|2) − μ|Ψ̄|2

]
(6.210)

if Ψ̄ is constant, with V the volume of the system. Ω(1)
T=0 + Ω(1)

T �=0 repre-
sents the first-order quantum correction (order �) to the classical result.
The zero temperature contribution Ω(1)

T=0 is formally given as the sum of
the zero-point energy

Ω(1)
T=0 =

�

2

∑
k

Ek (6.211)

and

Ω(1)
T �=0 = �T

∑
k

ln(1 − e−βEk) (6.212)

is the finite temperature correction to this. In our earlier discussion of the
free Bose gas we neglected the zero-temperature contribution as being of
no significance (since there was no dependence on the condensate or the
temperature). For the interacting gas, because the energies Ek in (6.208)
have a non-trivial dependence on Ψ̄ we should not neglect Ω(1)

T=0. We will
see later that our neglect of Ω(1)

T=0 for the free theory was fully justified.
As we have done many times previously, we can define Ω(1)

T=0 by using an
energy ζ-function and taking

Ω(1)
T=0 =

�

2
E(0). (6.213)
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This will be evaluated later.
The number of particles is given by

N = −
(

∂Ω
∂μ

)∣∣∣∣
β,V,Ψ̄

, (6.214)

and the internal energy density ρ is contained in

ρV =
∂

∂β
(βΩ)

∣∣∣∣
βμ,V,Ψ̄

(6.215)

(See (5.30) and (6.39) respectively. Because ρ is constant, the internal
energy is just ρV .) A more useful expression for ρ can be achieved by
noting that if F is any function of β and μ then

δF =
∂F

∂β

∣∣∣∣
μ

δβ +
∂F

∂μ

∣∣∣∣
β

δμ (6.216)

represents the change in F under any arbitrary change of β and μ. If F
is changed holding βμ fixed, then

δ(βμ) = 0 = δβ μ + β δμ. (6.217)

Eliminating δμ in (6.216) using (6.217) results in

δF =

(
∂F

∂β

∣∣∣∣
μ

− μ

β

∂F

∂μ

∣∣∣∣
β

)
δβ

or equivalently
∂F

∂β

∣∣∣∣
βμ

=
∂F

∂β

∣∣∣∣
μ

− μ

β

∂F

∂μ

∣∣∣∣
β

. (6.218)

Using the identity (6.218) to evaluate the right-hand side of (6.215) leads
to

ρV =
∂

∂β
(βΩ)

∣∣∣∣
μ,V,Ψ̄

+ μN (6.219)

if (6.214) is used.
The mean field, or condensate, Ψ̄ satisfies the equation obtained from

0 =
∂Ω
∂Ψ̄

∣∣∣∣
β,V,μ

. (6.220)

This is extremely complicated due to the involved nature of the Ψ̄ depen-
dence in the energy levels Ek in (6.208). However we are only working to
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order �; from (6.209) and (6.210) we can conclude that for Ψ̄ �= 0 (6.220)
results in

μ = U ′(|Ψ̄|2) + O(�). (6.221)

This means that if we have an expression which is already of order �

we can simplify it using only the first term of (6.221). For an expression
which is of lower order in � we must know something about the O(�) part
of μ in (6.222) if we are to work consistently to O(�). We will deal with
this later.

The number density is just the number of particles per unit volume:
n = N/V . Using (6.214) with (6.209) and (6.210) we can write

n = |Ψ̄|2 + n
(1)
T=0 + n

(1)
T �=0, (6.222)

with

n
(1)
T=0 = − 1

V

[
∂Ω(1)

T=0

∂μ

]∣∣∣∣∣
β,V,Ψ̄

(6.223)

and a similar expression holding for n
(1)
T �=0. Since n

(1)
T=0 and n

(1)
T �=0 are both

of order �, it is obvious from (6.222) that we have

|Ψ̄|2 = n + O(�). (6.224)

It follows from (6.224) that we can set |Ψ̄|2 = n in any expression that is
already of order �.16

6.7.2 Ground state energy

From the energy density in (6.218), we find using (6.209), (6.210), and
(6.222) that

ρ = U(|Ψ̄|2) +
1
V

Ω(1)
T=0 +

1
V

∂

∂β

[
βΩ(1)

T �=0

]∣∣∣∣
μ,V,Ψ̄

+μ
[
n

(1)
T=0 + n

(1)
T �=0

]
. (6.225)

If we use (6.222) for |Ψ̄|2 in U(|Ψ̄|2) and expand to order � we find

U(|Ψ̄|2) = U(n) − U ′(n)
[
n

(1)
T=0 + n

(1)
T �=0

]
+ · · · . (6.226)

16 Remember that we are working consistently to order �.
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The last term of (6.225) may be simplified using (6.221) to give

μ
[
n

(1)
T=0 + n

(1)
T �=0

]
= U ′(n)

[
n

(1)
T=0 + n

(1)
T �=0

]
+ · · · , (6.227)

again working only to order �. Using (6.226) and (6.227) to simplify
(6.246) results in

ρ = U(n) +
1
V

Ω(1)
T=0 +

1
V

∂

∂β

[
βΩ(1)

T �=0

]∣∣∣∣
μ,V,Ψ̄

. (6.228)

All that is necessary now is the evaluation of the last two terms of this
result and we will have the ground-state energy density expressed in terms
of the number density.

We turn first to Ω(1)
T=0 which will give us the quantum correction to

the energy density at zero temperature. We will evaluate the energy
ζ-function defined by

E(s) =
∑

k

Ek(�Ek)−s. (6.229)

A direct evaluation using the energy levels in (6.208) is difficult. However
because we are only working to order �, and Ω(1)

T=0 is already of order �,
we can simplify the excitation energies using μ = U ′(n) and |Ψ̄|2 = n as
given in (6.221) and (6.224). Doing this in (6.208) results in

Ek =
( σk

2m

)1/2 [ σk

2m
+ 2nU ′′(n)

]1/2
. (6.230)

This simplification makes the evaluation of the energy ζ-function fairly
straightforward. If we take the large volume limit and replace σk → k2

and
∑

k → V
∫

d3k/(2π)3, the energy ζ-function reads17

E(s) =
V

�s

∫
d3k

(2π)3

(
k2

2m

)(1−s)/2[
k2

2m
+ 2nU ′′(n)

](1−s)/2

. (6.231)

The integral in (6.231) can be evaluated using the representation of the
Γ-function (see Section A1.1). We write[

k2

2m
+ 2nU ′′(n)

](1−s)/2

=
1

Γ [(s − 1)/2]

∫ ∞

0
dt t(s−3)/2e−t[k2/(2m)+2nU′′(n)].

17 Note that the energy spectrum in (6.230) with σk → k2 was first given by Bogoliubov
(1947).
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This result may be substituted into (6.231) and the order of integrations
changed. The integration over k may be performed using∫

d3k

(2π)3

(
k2

2m

)(1−s)/2

e−tk2/(2m)=
(2m)3/2

2π2

∫ ∞

0
dk k2(k2)(1−s)/2e−tk2

=
(2m)3/2

4π2

∫ ∞

0
dκ κ1−s/2e−tκ

=
(2m)3/2

4π2 Γ(2 − s/2)t5/2−s.

In the first equality we have rescaled k → (2m)1/2k, switched to spheri-
cal polar coordinates, and performed the angular integrations (so d3k →
4πk2dk). In the second equality we have changed variables from k2 to
k = κ1/2. The final equality has made use of the integral representation
for the Γ-function again. The energy ζ-function now reads

E(s) =
V (2m)3/2

4π2�s

Γ[2 − s/2]
Γ[s − 5/2]

∫ ∞

0
dt ts−7/2e−t[2nU′′(n)].

We use the integral representation for the Γ-function a final time to give
the closed form result

E(s) =
V (2m)3/2

4π2�s

Γ[2 − s/2]Γ[s − 5/2]
Γ[(s − 1)/2]

[2nU ′′(n)]5/2−s. (6.232)

This expression is analytic at s = 0 with the value

E(0) =
16

15π2 m3/2V [nU ′′(n)]5/2. (6.233)

We therefore find

1
V

Ω(1)
T=0 =

8�

15π2 m3/2[nU ′′(n)]5/2 (6.234)

from (6.213).
To evaluate the last term of (6.228) we can use (6.212) to obtain

ρ
(1)
T �=0 =

1
V

∂

∂β
[βΩ(1)

T �=0]
∣∣∣∣
μ,V,Ψ̄

=
�

V

∑
k

Ek(eβEk − 1)−1. (6.235)

This may be recognized as the usual expression for the internal energy
density from statistical mechanics. As in our evaluation of Ω(1)

T=0, we are



6.7 The interacting Bose gas 285

allowed to use the simplified result for the energy levels given in (6.230).
In the large volume limit, after switching to spherical polar coordinates,
performing the angular integration, and rescaling k → (2mT )1/2k we
obtain

ρ
(1)
T �=0 =

�

2π2β

(
2m

β

)3/2 ∫ ∞

0
dk k3

√
k2 + 2βnU ′′(n)[

ek
√

k2+2βnU′′(n) − 1
] . (6.236)

Although it is not possible to evaluate the integral here exactly, it is rela-
tively straightforward to obtain an expansion valid at low temperatures.
To do this we will take 2βnU ′′(n) >> 1, or equivalently T << 2nU ′′(n).
Define

ε = [2βnU ′′(n)]−2 (6.237)

and rescale k → ε−1/4k in (6.236):

ρ
(1)
T �=0 =

�T

2π2 (2mT )3/2I (6.238)

where

I = ε3/4
∫ ∞

0
dk k2

√
1 + εk2

(
ek

√
1+εk2 − 1

)−1
. (6.239)

We can now notice that the dominant contribution to the integral I comes
from values of k close to k = 0 because that is where the factor involv-
ing the exponential is largest. We can expand

√
1 + εk2 about k = 0,

or equivalently in powers of the small parameter ε. The resulting inte-
grals are then all of the form

∫∞
0 dk kn(ek − 1)−1 for various values of n.

From Section A1.2 such integrals can be done in terms of the Riemann
ζ-function, and the results expressed in terms of Bernoulli numbers. After
a bit of calculation it can be shown that

I � π4

15
ε3/4 − 20π6

63
ε7/4 +

21π8

5
ε11/4 + · · · . (6.240)

As ε becomes smaller, the difference between this approximation and
the result found by a numerical evaluation of (6.239) becomes virtually
negligible. The low temperature expansion of ρ

(1)
T �=0 reads

ρ
(1)
T �=0 � �π2

30

[
m

nU ′′(n)

]3/2

T 4
{

1 − 25π2

21
[βnU ′′(n)]−2 + · · ·

}
. (6.241)

This result vanishes as T → 0 as expected.
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If we wish to make contact with the standard results (Brueckner and
Sawada, 1957; Lee and Yang, 1957; Lee et al., 1957; Lee and Yang, 1958)
we must specialize the potential to be

U(|Ψ̄|2) =
2πa

m
|Ψ̄|4. (6.242)

a is called the ‘s-wave scattering length’. In this case it follows from
(6.228) and (6.234) that

ρ(T = 0) =
2πan2

m

(
1 +

128�

15
√

π

√
na3

)
(6.243)

is the ground-state energy density at T = 0. The finite temperature
correction, at low temperatures (low means T << 2nU ′′(n) here), is

ρ
(1)
T �=0 � �m3T 4

240
√

π
(na3)−3/2

[
1 − 25

336

(
mT

na

)2

+ · · ·
]

. (6.244)

The result in (6.243) agrees with the classic calculations of Lee and Yang
(1957), Brueckner and Sawada (1957), and Lee et al. (1957) for the zero
temperature gas. The first term of (6.244) reproduces the leading correc-
tion at low temperature found in Lee and Yang (1958). (Note that Lee
and Yang (1958) chose units with m = 1/2.)

6.7.3 Equation of state

The pressure was defined in terms of the thermodynamic potential by
(5.29). It is clear in the large volume limit that Ω ∝ V so that we have

P = −Ω
V

. (6.245)

Using (6.209) and (6.210) this becomes

P = μ|Ψ̄|2 − U(|Ψ̄|2) −
Ω(1)

T=0 + Ω(1)
T �=0

V
. (6.246)

Using (6.222) and (6.224) to eliminate |Ψ̄|2 we find (to order �)

P = μn − U(n) −
Ω(1)

T=0 + Ω(1)
T �=0

V
(6.247)

where we can set |Ψ̄|2 = n in Ω(1)
T=0 and Ω(1)

T �=0 since these two terms are
already of order �. What makes the calculation of P more difficult than
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that of ρ is that we cannot simply use (6.221) for μ in the first term;
we must know the O(�) contribution to μ coming from the quantum
corrections to the classical field equation for Ψ̄.

Because we are interested only in the condensed phase, we can replace
(6.220) with

0 =
(

∂Ω
∂|Ψ̄|2

)∣∣∣∣
β,V,μ

. (6.248)

This leads to

μ = U ′(|Ψ̄|2) +
1
V

∂[Ω(1)
T=0 + Ω(1)

T �=0]

∂|Ψ̄|2

∣∣∣∣∣
μ,T,V

. (6.249)

We use (6.224) in the first term to obtain

μ = U ′(n) +
1
V

{
∂[Ω(1)

T=0 + Ω(1)
T �=0]

∂|Ψ̄|2 + U ′′(n)
∂[Ω(1)

T=0 + Ω(1)
T �=0]

∂μ

}
. (6.250)

This result may be used in (6.247) to give

P = nU ′(n) − U(n) +
1
V

[
n

∂Ω(1)
T=0

∂|Ψ̄|2 + nU ′′(n)
∂Ω(1)

T=0

∂μ
− Ω(1)

T=0

]

+
1
V

[
n

∂Ω(1)
T �=0

∂|Ψ̄|2 + nU ′′(n)
∂Ω(1)

T �=0

∂μ
− Ω(1)

T �=0

]
(6.251)

for the pressure to order �. The last term of (6.251) displays the finite
temperature correction to the zero temperature result. In the last two
terms of (6.251) we can set |Ψ̄|2 = n and μ = U ′(n) since they are of
order �.18

We define Ω(1)
T=0 by the energy ζ-function method as before. From the

excitation energy (6.208) it is easy to see that

∂Ek

∂μ
= − 1

Ek

[ σk

2m
+ nU ′′(n)

]
(6.252)

∂Ek

∂|Ψ̄|2 =
1

Ek

{[
2U ′′(n) + nU ′′′(n)

] σk

2m
+ n(U ′′(n))2

}
. (6.253)

18 Of course it is necessary to perform the indicated differentiations before doing any
such simplifications.
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It then follows from (6.213) and the definition of the energy ζ-function
that

n

V

[
∂Ω(1)

T=0

∂|Ψ̄|2 + U ′′(n)
∂Ω(1)

T=0

∂μ

]
=

�n(1 − s)
2V �s

[U ′′(n) + nU ′′′(n)]

×
∑

k

σk

2mE1+s
k

(6.254)

with the right-hand side defined by analytic continuation to s = 0. Tak-
ing the large volume limit and evaluating the resulting integral using the
same procedure as that which led to (6.232) gives

n

V

[
∂Ω(1)

T=0

∂|Ψ̄|2 + U ′′(n)
∂Ω(1)

T=0

∂μ

]
=

�n

8π2 (2m)3/2 [U ′′(n) + nU ′′′(n)] �−s

×(1 − s)
Γ(2 − s/2)Γ(s − 3/2)

Γ [(1 + s)/2]
[2mU ′′(n)]3/2−s

=
4�n

3π2 [U ′′(n) + nU ′′′(n)] [mnU ′′(n)]3/2 (6.255)

after analytic continuation to s = 0.
The pressure of the zero temperature gas follows as

PT=0 = nU ′(n) − U(n) +
4�

5π2 m3/2[nU ′′(n)]5/2

+
4�

3π2 n2U ′′′(n)[mnU ′′(n)]3/2. (6.256)

Specializing the potential as in (6.242) results in

PT=0 =
2πan2

m

(
1 +

64�

5
√

π

√
na3

)
(6.257)

in agreement with the standard results (Lee and Yang, 1957; Lee et al.,
1957).

To evaluate the finite temperature part of the pressure, we use (6.212)
along with (6.252) and (6.253) to find

n

V

[
∂Ω(1)

T �=0

∂|Ψ̄|2 + U ′′(n)
∂Ω(1)

T �=0

∂μ

]
=

�n

V
[U ′′(n) + nU ′′′(n)]

×
∑

k

(eβEk − 1)−1
[

σk

σk + 4mnU ′′(n)

]1/2

.
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The simplified energy levels in (6.230) can be used to evaluate the right-
hand side at low temperatures using the same procedure as that for ρ

(1)
T �=0

in (6.241). A short calculation leads to

n

V

[
∂Ω(1)

T �=0

∂|Ψ̄|2 + U ′′(n)
∂Ω(1)

T �=0

∂μ

]
=

�π2T 4

60

[
m

nU ′′(n)

]3/2 [
1 +

nU ′′′(n)
U ′′(n)

]
×
{

1 − 5π2

3
[βnU ′′(n)]−2 + · · ·

}
(6.258)

assuming βnU ′′(n) >> 1. In a similar way the low temperature expansion
of (6.212) gives

−
Ω(1)

T �=0

V
=

π2
�

90
T 4
[

m

nU ′′(n)

]3/2{
1 − 5π2

7
[βnU ′′(n)]−2 + · · ·

}
. (6.259)

Combining (6.258) and (6.259) we have

PT �=0 � π2
�

36
T 4
[

m

nU ′′(n)

]3/2{
1 +

3nU ′′′(n)
5U ′′(n)

−π2
[
9
7

+
nU ′′′(n)
U ′′(n)

]
[βnU ′′(n)]−2 + · · ·

}
(6.260)

as the low temperature correction to the zero-temperature expression for
the pressure given in (6.256). When we look at the special case U(n) =
2πan2/m given in (6.242) we find

PT �=0 � �

√
π

288
m3T 4(na)−3/2

[
1 − 9

118

(
m

βna

)2

+ · · ·
]

. (6.261)

The leading term agrees with the earlier calculation in Lee and Yang
(1958).

6.8 The relativistic non-interacting charged scalar field

For the relativistic scalar field we can proceed along the same lines as we
did in Section 6.1 for the non-relativistic case. The Hamiltonian for the
charged scalar field follows from (2.52) in Section 2.3.2 as

H =
∫

Σ
dσx

(
|Π|2 + |∇Φ|2 + m2|Φ|2

)
, (6.262)
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and there is a conserved charge (see (3.222) in Section 3.7) given by

Q = ie

∫
Σ

dσx

(
Φ†Φ̇ − Φ̇†Φ

)
. (6.263)

The canonical momentum is Π = Φ̇, and so it is easy to write the charge
in terms of fields and momentum. We then form

H̄ = H − μQ =
∫

Σ
dσx

[
|Π|2 + |∇Φ|2 + m2|Φ|2 + ieμ

(
ΠΦ − Φ†Π†)]

(6.264)

as in (6.3).
In order to obtain the equations of motion we will use the Heisenberg

equations for the field operators Π and Φ. The only difference with what
we have seen already in Chapter 3 is that H̄ will be used here in (3.37)
instead of simply H:

iΦ̇ = [Φ, H̄], (6.265)

iΠ̇ = [Π, H̄]. (6.266)

We need the field commutation relation

[Φ(t,x),Π(t,x′)] = iδ(x,x′),

and find in a straightforward way

Φ̇ = Π† + ieμΦ, (6.267)

Π̇ = ∇2Φ† − m2Φ† − ieμΠ, (6.268)

from (6.265) and (6.266) respectively. There are also two more equa-
tions which are simply the Hermitian conjugates of (6.267) and (6.268).
If we use (6.267) in the Hermitian conjugate of (6.268) we can obtain an
uncoupled equation for Φ alone:

Φ̈ − 2ieμΦ̇ − ∇2Φ + (m2 − e2μ2)Φ = 0. (6.269)

As we described in Section 6.1, we can allow for a possible non-zero
condensate Φ̄ which is defined by

Φ̄ = 〈Φ〉. (6.270)

Bose–Einstein condensation can be characterized by whether or not Φ̄
vanishes. In equilibrium we will assume that Φ̄ has no time dependence.
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If the condensate does not vanish, then there will be a contribution to
the thermodynamic potential as in Section 6.1 which is determined by H̄

evaluated for the condensate; call it H̄0. Using (6.267) for Φ̄ with ˙̄Φ = 0
we find Π̄ = ieμΦ̄. This gives

Ω0 = H̄0 =
∫

Σ
dσx

[
|∇Φ̄|2 + (m2 − e2μ2)|Φ̄|2

]
. (6.271)

The full thermodynamic potential is

Ω =
∫

Σ
dσx

[
|∇Φ̄|2 + (m2 − e2μ2)|Φ̄|2

]
+ ΩT=0 + ΩT �=0, (6.272)

where ΩT=0 is the zero temperature contribution given as the sum of the
zero-point energy, and ΩT �=0 represents the finite temperature contribu-
tion. For the non-interacting field considered here the explicit dependence
on the condensate is contained entirely in the first term of (6.272). Φ̄,
which makes the thermodynamic potential stationary, must therefore
satisfy

0 = −∇2Φ̄ + (m2 − e2μ2)Φ̄. (6.273)

Obviously Φ̄ = 0 is a solution to (6.273). To see if there are any other
allowed solutions, we can use the method described in Section 6.1. Let
{fn(x)} be a complete orthonormal set of solutions to

−∇2fn(x) = σnfn(x), (6.274)

where the solutions obey the required boundary conditions on the
space Σ. The condensate, or background field, Φ̄ may be expanded in
terms of the fn(x):

Φ̄(x) =
∑

n

Cnfn(x). (6.275)

Because the fn(x) are complete, if we substitute (6.275) into (6.273) we
must have

(σn + m2 − e2μ2)Cn = 0 (6.276)

holding for all n. We will define a critical value for μ, called μc, by

eμc =
√

σ0 + m2 (6.277)

where σ0 is the smallest eigenvalue of (6.274). It can be noted that En =√
σn + m2 gives the energy of the nth mode (see Section 3.7), so (6.277) is

exactly the same result as we found in the non-relativistic case in (6.16).
To avoid negative occupation numbers in the Bose–Einstein distribu-

tion function we must have |eμ| ≤ E0; that is, |μ| < μc. As we found



292 Effective action at finite temperature

before, if μ < μc then the only solution to (6.276) is for Cn = 0 for all
values of n. This corresponds to Φ̄ = 0 and there is no condensate. If it is
possible for μ to attain the critical value of μc then C0 is undetermined
by (6.276) and we have

Φ̄(x) = C0f0(x). (6.278)

We will now specialize to the case Σ = R
3. The total charge is given by

Q = − (∂Ω/∂μ)|T,V,Φ̄. Using (6.272) we can conveniently split Q up into
two parts:

Q0 = −
(

∂Ω0

∂μ

)∣∣∣∣
T,V,Φ̄

= 2e2μ

∫
Σ

dσx|Φ̄|2

= 2e2μ|C0|2 (6.279)

using (6.278), and

Q1 = −
(

∂ΩT �=0

∂μ

)∣∣∣∣
T,V,Φ̄

. (6.280)

(ΩT=0 does not involve μ, so makes no contribution to the total charge.)
In this case, using box normalization, f0(x) = V −1/2 with V the volume
of Σ. (As usual we will assume that the infinite volume limit is taken at
the end.) The corresponding eigenvalue is σ0 = 0, so that eμc = m here.

We now use the high temperature expansion for ΩT �=0 that we found
in Section 5.4. Using (5.117) we find

Q1 � 1
3
e2μV T 2 (6.281)

as the leading contribution at high temperature. This means that for suf-
ficiently large T , no matter what the total charge Q is, we can always
solve Q = Q1 for μ with μ < μc. A consequence of this is that at very
high T we have Φ̄ = 0, so no condensation occurs. As T decreases, μ
must increase if Q1 = Q is to remain fixed. However μ can never increase
beyond μ = μc = m. This means that we can define a critical temperature
Tc by

Q =
1
3
me2V T 2

c (6.282)

or explicitly

Tc =
(

3Q

me2V

)1/2

. (6.283)
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For T < Tc, μ must remain fixed at μ = μc = m and it is impossible to
satisfy Q = Q1. If we take μ = μc = m in (6.281) and use (6.282) we
obtain

Q1 = Q

(
T

Tc

)2

(6.284)

for T < Tc. Because Q = Q0 + Q1 we find

Q0 = Q

[
1 −

(
T

Tc

)2
]

(6.285)

as the charge in the condensate. From (6.279), because μ = μc = m for
T < Tc, we find

|C0| =
(

Q

2me2

)1/2
[
1 −

(
T

Tc

)2
]1/2

(6.286)

=
(

1
6
V

)1/2 (
T 2

c − T 2)1/2
(6.287)

if we use (6.282) in the second line. The temperature dependence of the
condensate is

Φ̄ =
1√
6

(
T 2

c − T 2)1/2
(6.288)

if we use (6.278) with f0(x) = V −1/2.
We can conclude that the non-interacting charged gas has a critical

temperature Tc which is determined by the total charge density in (6.283).
This is valid at high temperatures. For T > Tc there is no condensate. As
the temperature drops below Tc a phase transition occurs, correspond-
ing to symmetry breaking, and a condensate develops. This is the direct
counterpart to the non-relativistic calculation performed in Section 6.1.
It has been suggested by Madsen (1992) that Bose–Einstein condensation
could play a role in the early universe.

6.9 The interacting relativistic field

What we will do in this section is to generalize the analysis of Section 6.8
to include interactions. We will add a potential term to (6.262) and take

H =
∫

Σ
dσx

[
|Π|2 + |∇Φ|2 + m2|Φ|2 + U(|Φ|2)

]
(6.289)
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where we assume that U(|Φ|2) is real and depends only on |Φ|2. This
means that the theory has a rigid U(1) gauge invariance. In place of
(6.264) we have

H̄ =
∫

Σ
dσx

[
|Π|2 + |∇Φ|2 + m2|Φ|2 + U(|Φ|2) + ieμ

(
ΠΦ − Φ†Π†)]

(6.290)

noting that the charge operator is still given by (6.263). The Heisenberg
equations of motion are given by (6.265) and (6.266). Equation (6.265)
leads to (6.267) again, but from (6.266), in place of (6.268), we find

Π̇ = ∇2Φ† − m2Φ† − ieμΠ − U ′(|Φ|2)Φ†. (6.291)

Here U ′(|Φ|2) = (∂/∂|Φ|2)U(|Φ|2).19 As before, we can eliminate Π and
find an equation of motion that involves only Φ(t,x):

0 = Φ̈ − ∇2Φ − 2ieμΦ̇ + (m2 − e2μ2)Φ + U ′(|Φ|2)Φ. (6.292)

As in Section 6.7, we will calculate the excitation energies by substitut-
ing Φ = Φ̄ + ψ into (6.292) with Φ̄ the possible condensate. We linearize
in the excitation ψ:

0 = ψ̈ − 2ieμψ̇ − ∇2ψ + (m2 − e2μ2)ψ

+U ′(|Φ̄|2)ψ + U ′′(|Φ̄|2)
(
|Φ̄|2ψ + Φ̄2ψ†) . (6.293)

There is also the equation satisfied by ψ† which is just the Hermitian
conjugate of (6.293):

0 = ψ̈† + 2ieμψ̇† − ∇2ψ† + (m2 − e2μ2)ψ†

+U ′(|Φ̄|2)ψ† + U ′′(|Φ̄|2)
[
|Φ̄|2ψ† +

(
Φ̄†)2 ψ

]
. (6.294)

The procedure is basically the same as in Section 6.7. With fn(x)
defined as in (6.274) we will write

Ψ(t,x) =
∑

n

Ane−iEntfn(x), (6.295)

Ψ†(t,x) =
∑

n

Bne−iEntfn(x), (6.296)

with An and Bn as arbitrary independent expansion coefficients. Substi-
tution of (6.295) and (6.296) into (6.293) and (6.294), assuming that Φ̄ is
constant, results in two coupled equations for the expansion coefficients:

19 The last term in the above equation is easy to obtain using Π(t,x) = −i[δ/δΦ(t,x)]
which follows from the field canonical commutation relations.
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0 =
[
(En + eμ)2 − σn − m2 − U ′ − |Φ̄|2U ′′]An

−Φ̄2U ′′Bn, (6.297)
0 =

[
(En − eμ)2 − σn − m2 − U ′ − |Φ̄|2U ′′]Bn

−(Φ̄†)2U ′′An. (6.298)

In order that these equations have a non-trivial solution for An and Bn

the 2 × 2 matrix of coefficients of An and Bn found from (6.297) and
(6.298) must have a vanishing determinant. This leads to the result E±

n

for the excitation energies, where

E±
n =

{
M2

n + e2μ2 ±
[
4e2μ2M2

n + |Φ̄|4(U ′′)2
]1/2

}1/2
(6.299)

with

M2
n = σn + m2 + U ′ + |Φ|2U ′′. (6.300)

This agrees with the results of Bernstein and Dodelson (1991) and
Benson et al. (1991) if we specialize to flat space with the potential quar-
tic in the fields, and write the results in terms of real (rather than com-
plex) fields. A useful check on the result is to let U → 0, corresponding to a
non-interacting theory, where it is easy to see that E±

n →
√

σn + m2±eμ,
which is correct.

The finite temperature part of the thermodynamic potential is

ΩT �=0 = T
∑

n

[
ln
(
1 − e−βE+

n

)
+ ln

(
1 − e−βE−

n

)]
. (6.301)

There is also a zero temperature part given as the sum over the zero-point
energies we will ignore, since we are interested in what happens at high
temperature. A complete evaluation of (6.301) is not likely to be possible,
since even for the free theory we had to resort to a high temperature
expansion (see Section 5.4). However the leading behaviour of ΩT �=0 at
high temperature is relatively easy to obtain given our knowledge of the
free field result.

Begin by defining

ωn =
√

σn + m2, (6.302)
M2

n = ω2
n + δM2 (6.303)

with

δM2 = U ′(|Φ̄|2) + |Φ̄|2U ′′(|Φ̄|2). (6.304)
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Now take the excitation energies (6.299) and expand to first order in the
potential that occurs in δM2:

E±
n = ωn ± eμ +

δM2

2ωn
+ · · · . (6.305)

We can use this approximation in (6.301), and expand to first order in
δM2. The zeroth-order term will just be the finite temperature part of
the thermodynamic potential for the free theory:

Ωfree
T �=0 = T

∑
n

{
ln
[
1 − e−β(ωn−eμ)

]
+ ln

[
1 − e−β(ωn+eμ)

]}
. (6.306)

The first-order term results in

ΩT �=0 = Ωfree
T �=0 +

∑
n

δM2

2ωn

{[
eβ(ωn−eμ) − 1

]−1
+
[
eβ(ωn+eμ) − 1

]−1
}

.

(6.307)

It is now possible to relate the second term in (6.307) to Ωfree
T �=0 if we first

note that

T
∂

∂m2 ln
[
1 − e−β(ωn−eμ)

]
=

1
2ωn

[
e−β(ωn−eμ) − 1

]−1
. (6.308)

Using this identity in (6.307) shows that

ΩT �=0 = Ωfree
T �=0 + δM2 ∂

∂m2 Ωfree
T �=0 + · · · . (6.309)

With just the two leading terms in (5.117) kept, we obtain

ΩT �=0

V
� −π2

45
T 4

+
1
12

T 2 [m2 − 2e2μ2 + U ′(|Φ̄|2) + |Φ̄|2U ′′(|Φ̄|2)
]
+ · · ·

(6.310)

as the dominant terms at high temperature.
To the expression in (6.310) we must add the condensate contribution

as in (6.209). In the interacting case, from (6.290), we find

Ω0

V
= (m2 − e2μ2)|Φ̄|2 + U(|Φ̄|2). (6.311)

We will now choose

U(|Φ̄|2) =
λ

6
|Φ̄|4. (6.312)
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Our approximate thermodynamic potential is then

Ω
V

� (m2 − e2μ2)|Φ̄|2 +
λ

6
|Φ̄|4 − π2

45
T 4

+
1
12

T 2
(

m2 − 2e2μ2 +
2λ

3
|Φ̄|4

)
+ · · · . (6.313)

The condensate Φ̄ should obey (∂/∂Φ̄)Ω = 0, which gives rise to the
equation

0 � (m2 − e2μ2)Φ̄ +
λ

3
|Φ̄|2Φ̄ +

λ

18
T 2Φ̄. (6.314)

There are two possible solutions to this. We either have Φ̄ = 0, corre-
sponding to the symmetric phase, or else

|Φ̄|2 � 3
λ

(
e2μ2 − m2 − λ

18
T 2
)

(6.315)

corresponding to the broken symmetry.20 The total charge density is given
by

ρ = − 1
V

(
∂Ω
∂μ

)∣∣∣∣
T,V,Φ̄

� 2e2μ|Φ̄|2 +
1
3
e2μT 2. (6.316)

If we define

ρ0 = 2e2μ|Φ̄|2, (6.317)

ρ1 =
1
3
e2μT 2, (6.318)

we can interpret ρ0 as the charge density of the condensate. These results
can be seen to be identical to those found for the free theory in (6.279)
and (6.281). In the symmetric phase we have Φ̄ = 0 so that ρ0 = 0 and
all of the charge is given by

ρ � 1
3
e2μT 2. (6.319)

As T decreases from large values, for a fixed charge density μ will increase
until we reach the critical value set by

e2μ2
c = m2 +

λ

18
T 2

c (6.320)

20 The symmetry which is broken by this solution is the rigid U(1) symmetry of the
classical theory.
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at the critical temperature Tc. This is the temperature at which the sym-
metry is broken (see (6.315)). For T < Tc we have μ fixed at the value
μc, and from (6.315),

|Φ̄|2 � 1
6
(
T 2

c − T 2) . (6.321)

This is also the same as we found earlier in (6.288) for the free theory.
At the critical temperature we have

ρ � 1
3
e2μcT

2
c (6.322)

using (6.319). Thus when T < Tc we find

ρ1 � ρ

(
T

Tc

)2

,

and hence

ρ0 � ρ

[
1 −

(
T

Tc

)2
]

.

These last two results are exactly the same as we found for the free Bose
gas, although the critical temperature is different in the two cases. The
interacting gas also undergoes Bose–Einstein condensation. Some caution
must be used in applying these results when T is too close to the critical
temperature. As described originally by Weinberg (1974) in the quan-
tum field theory setting, naive perturbation expansions, such as we have
done, become unreliable as the critical temperature of a phase transition
is approached. This is because higher-order terms in the expansion can
become the same size as lower-order terms.

6.10 Fermi gases at finite temperature in a magnetic field

At first sight it might be thought that it would be very easy to generalize
the analysis of the thermodynamic potential of Section 6.6 to fermions.
After all, the energy levels are unchanged, and all that happens is that the
distribution function becomes Fermi–Dirac, rather than Bose–Einstein.
The thermodynamic potential is therefore

Ω = −eBV T

2π

∞∑
n=0

∫ ∞

−∞

dp

2π
ln
[
1 + e−βp2/(2m)−(n+ε)x

]
(6.323)

where we adopt (6.153) and (6.155) again. One fundamental difference
with fermions is that there are no bounds at all on the chemical potential,
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since the Fermi–Dirac distribution function

F (E) =
[
eβ(E−eμ) + 1

]−1
(6.324)

is positive for all values of μ. This means that ε in (6.323) can be negative
corresponding to large positive values of μ, a possibility which did not
occur for bosons. A consequence of this is that we can no longer expand
the logarithm in (6.323) since the exponential can be large, a step that
made it easy to evaluate Ω in Section 6.6. Instead a different approach
is needed. An elegant method was presented by Sondheimer and Wilson
(1951). In this section we will present their method for the D-dimensional
Fermi gas.

The thermodynamic potential for fermions can be written as (see
(5.145))

Ω = −T
∑

n

f(En), (6.325)

where

f(E) = ln
[
1 + e−β(E−eμ)

]
. (6.326)

Define

Z(β) =
∑

n

e−βEn , (6.327)

which can be recognized as the partition function for the μ = 0 system.
Define φ(β) to be the Laplace transform of f(E):

φ(β) =
∫ ∞

0
dE e−βEf(E), (6.328)

and z(E) by the requirement that β−2Z(β) is its Laplace transform:

Z(β) = β2
∫ ∞

0
dE e−βEz(E). (6.329)

We can use the inverse Laplace transform to obtain

z(E) =
1

2πi

∫ c+i∞

c−i∞
dβ eβEβ−2Z(β), (6.330)

f(E) =
1

2πi

∫ c+i∞

c−i∞
dβ eβEφ(β). (6.331)

Here c is a constant chosen so that all singularities of the integrand lie to
the left of the integration path.
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We now use (6.331) in (6.325) to obtain

Ω = −
∑

n

T

2πi

∫ c+i∞

c−i∞
dβ eβEnφ(β)

= − T

2πi

∫ c+i∞

c−i∞
dβ Z(−β)φ(β)

with the second line following from the definition (6.327). Note that it
is necessary to view Z(β) as a function of β with β regarded as a com-
plex variable. Z(−β) then represents the analytic continuation of the sum
(6.327) to R(β) < 0. Now use (6.329) to obtain

Ω = − T

2πi

∫ c+i∞

c−i∞
dβ φ(β)β2

∫ ∞

0
dE eβEz(E).

The use of (6.331) results in

Ω = −T

∫ ∞

0
dE z(E)

∂2f(E)
∂E2

=
∫ ∞

0
dE z(E)

∂F (E)
∂E

(6.332)

with the second line following from (6.324) and (6.326) along with βT = 1.
The basic idea behind the method is to find z(E) and then use (6.332)

to obtain an integral representation for the thermodynamic potential. We
can calculate z(E) using (6.330) if we first know the partition function
Z(β) for μ = 0. In our case

Z(β) =
eBV

2π

∞∑
n=0

∫
dD−2

(2π)D−2 e−β{p2/(2m)+[n+1/2]eB/m}

=
eBV

2π

(
m

2πβ

)D/2−1
e−βω

(1 − e−2βω)
(6.333)

with

ω =
eB

2m
(6.334)

half of the classical cyclotron frequency.21 We then obtain

z(E) =
eBV

2π

(m

2π

)D/2−1 1
2πi

∫ c+i∞

c−i∞
dβ β−1−D/2 eβ(E−ω)

(1 − e−2βω)
. (6.335)

21 The steps leading up to (6.333) consist of doing the momentum integral, which is
Gaussian, and the sum over n, which is a geometric series.
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We now need to perform the contour integral to obtain z(E). The struc-
ture of the singularities of the integrand depends upon whether D is even
or odd. When D is even the power of β is a negative integer. For small
β the integrand behaves like β−D/2−2; thus for D even there is a pole of
order D/2+2 at β = 0. For odd D, β = 0 is a branch point and we must
introduce a branch cut, which we take along the negative real axis. There
are also simple poles of the integrand which can occur when e2βω = 1, or

β = βk = iπ
k

ω
(6.336)

for k = ±1,±2, . . . . For β > 0 the integrand is analytic in β, so with
c > 0 we satisfy the condition for the Laplace transform that all singu-
larities lie to the left of the integration path. We will take the contour C
pictured in Fig. 6.5. For odd D there is a branch cut along the negative
real axis. We will choose |argβ| ≤ π, with argβ = π on the top of the
branch cut, and argβ = −π on the bottom. For even D the portions of
the contour above and below the negative real axis will cancel, and only
the pole at β = 0 will make a contribution. For odd D the integrand

Re(β)

Im(β)

Fig. 6.5 This shows the contour C used in the evaluation of z(E). The poles
are indicated by the crosses that extend along the imaginary axis. For odd D,
there is a branch cut along the negative real axis.



302 Effective action at finite temperature

will take different values above and below the negative real axis, and the
contributions to the contour integral will not cancel.

Consider

J =
1

2πi

∫
C

dβ β−1−D/2 eβ(E−ω)

1 − e−2βω
, (6.337)

with C the contour pictured in Fig. 6.5. Let σ be that portion of the con-
tour which circles the negative real axis.22 By assuming that the circular
portions of the contour vanish as we expand the radius to infinity, we find

1
2πi

∫ c+i∞

c−i∞
dβ β−1−D/2 eβ(E−ω)

(1 − e−2βω)
= J − 1

2πi

∫
σ

dβ β−1−D/2 eβ(E−ω)

(e2βω − 1)
.

Changing variables in the last term, and making use of the representation
of the Hurwitz ζ-function in (A1.52), we obtain

1
2πi

∫ c+i∞
c−i∞ dβ β−1−D/2 eβ(E−ω)

(1 − e−2βω)

= J − (2ω)D/2 ζ [−D/2, 1/2 + E/(2ω)]
Γ [1 + D/2]

. (6.338)

Using this in (6.335) allows us to write

z(E) = z0(E) + z1(E) (6.339)

where

z0(E) = −2πV

m

(
eB

2π

)D/2+1
ζ [−D/2, 1/2 + E/(2ω)]

Γ [1 + D/2]
(6.340)

and

z1(E) =
eBV

2π

(m

2π

)D/2−1
J. (6.341)

We can evaluate z1(E) using the residue theorem. The residue at β =
βk of the integrand in (6.335) is given by

rk = lim
β→βk

(β − βk)β−D/2−1 eβ(E−ω)

1 − e−2βω

=
1
2ω

β
−D/2−1
k eβk(E−ω). (6.342)

22 This is opposite in orientation to the choice made in Sondheimer and Wilson (1951).
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For k > 0 we have argβ = π/2, while for k < 0 we have argβ = −π/2
(since we chose |argβ| ≤ π). This means that we can write βk in (6.336) as

βk =
π

ω
|k|ei argβk . (6.343)

Summing over all residues results in

z1(E) =
eBV

πm

(mω

2π2

)D/2 ∞∑
k=1

(−1)k

kD/2+1 sin
(

πk
E

ω
− π

4
D

)
(6.344)

after some simplification. Note that the sum in (6.344) is absolutely con-
vergent for all D ≥ 1. In the case of D = 3 this expression agrees with
the result of Sondheimer and Wilson (1951) after some trigonometry.

We can now use our results for z0(E) and z1(E) to calculate Ω. If we
substitute (6.339) into (6.332) we can write

Ω = Ω0 + Ω1 (6.345)

where

Ω1 =
∫ ∞

0
dE z1(E)

∂F (E)
∂E

(6.346)

with Ω0 given by a similar expression with z0(E) in place of z1(E).
Differentiating (6.324) leads to

Ω1 = −eBV

πm
β
(mω

2π2

)D/2 ∞∑
k=1

(−1)k

kD/2+1 Ik (6.347)

where

Ik =
∫ ∞

0
dE eβ(E−eμ) sin [πkE/ω − (π/4)D][

eβ(E−eμ) + 1
]2 . (6.348)

The integral Ik can be written as

Ik =
1
2
T

∫ ∞

−(1/2)βeμ

dη
sin [(2πkT/ω)η + (πk/ω)eμ − (π/4)D]

cosh2 η
(6.349)

where we have defined

η =
1
2
β(E − eμ). (6.350)

We will now make the approximation T � eμ or eμ � 1, which should
be valid at low temperatures. This enables us to replace the lower limit
of (6.349) with −∞, and we approximate

Ik ∼ 1
2
T

∫ ∞

−∞
dη

sin(aη + b)
cosh2 η

(6.351)
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0–R

–R + iπ iπ

iπ
2

R + iπ

R Re(η)

Im(η)

Fig. 6.6 This shows the contour used in the evaluation of I. The cross indicates
the location of a simple pole.

where

a =
2πkT

ω
, (6.352)

b =
πk

ω
eμ − π

4
D. (6.353)

Ik can be evaluated by considering the contour integral

I =
∮

eiaη

cosh2 η
dη (6.354)

with the contour shown in Fig. 6.6. The integrand of (6.354) has a simple
pole enclosed by the contour at η = iπ/2 with residue r.23 Then

I = 2πir.

By writing the contour integral out explicitly along the four sides of the
contour we have

∫ R

−R

eiaη

cosh2 η
dη +

∫ π

0

eia(R+iθ) idθ

cosh2(R + iθ)
+
∫ −R

R

eia(x+iπ)

cosh2(x + iπ)
dx

+
∫ 0

π

eia(−R+iθ) idθ

cosh2(−R + iθ)
= 2πir.

(6.355)

23 We will evaluate r momentarily.
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For large R, cosh(±R + iθ) ∼ (1/2)eR. This means that as R → ∞ the
contributions from the vertical portions of the contour will vanish. We
also have cosh(x+ iπ) = − cosh x, so by taking R → ∞ in (6.355) we find

(1 − e−πa)
∫ ∞

−∞
dη

eiaη

cosh2 η
= 2πir. (6.356)

We now need r, the residue of eiaη/ cosh2 η at η = iπ/2. This can be
found by setting η = iπ/2 + ε and expanding about ε = 0. It is easy to
show that

eiaη

cosh2 η
= −e−πa/2

ε2
[
1 + iaε + O(ε2)

]
,

and we conclude

r = −iae−(π/2)a. (6.357)

Using (6.351) and (6.354) we have

Ik � 1
2
T �

∫ ∞

−∞
dη

ei(aη+b)

cosh2 η

=
1
2
T �

[
eib πa

sinh(πa/2)

]
=

1
2
T

πa sin b

sinh(πa/2)
. (6.358)

Using the results for a, b in (6.352) and (6.353) leads to

Ω1 � −2πTV
(eB)D/2

(2π)D

∞∑
k=1

(−1)k

kD/2

sin [πk(eμ/ω) − (π/4)D]
sinh [π2kT/ω]

. (6.359)

This result holds for all D ≥ 1.
Before discussing the implications of the result we will return to the

evaluation of Ω0:

Ω0 =
∫ ∞

0
dE z0(E)

∂F (E)
∂E

. (6.360)

The result for z0(E) given in (6.340) is exact; however, when we substi-
tute this into (6.360) it is not possible to express the resulting integral in
simple form. By making use of the definition (6.324) of F (E), along with
a change of variable E = eμ + 2η/β, we find

Ω0 = −1
2

∫ ∞

−βeμ/2
dη

z0 (eμ + 2Tη)
cosh2 η

. (6.361)
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We have already assumed βeμ � 1 in obtaining Ω1. If we make the same
approximation here, then we can replace the lower limit of the integral
with −∞ up to exponentially small terms. It is still not possible to eval-
uate Ω0 in closed form; however, due to the presence of the factor of
cosh2 η in the denominator we can argue that the dominant contribution
to the result should come from small values of η. We can approximate
z0 (eμ + 2Tη) with its Maclaurin–Taylor expansion about η = 0 to find

Ω0 � −1
2

∫ ∞

−∞

dη

cosh2 η

[
z0(eμ) + 2T 2η2z′′

0(eμ) +
2
3
T 4η4z(iv)

0 (eμ) + · · ·
]

.

(6.362)

Note that all of the terms that have odd-order derivatives of z0(eμ) will
vanish because they involve the integration of an odd function of η. The
remaining integrals can be evaluated by residues as in the evaluation of
Ik above, or else more simply by making use of∫ ∞

−∞
dη

sin(aη + b)
cosh2 η

=
πa sin b

sinh(πa/2)
, (6.363)

as follows from (6.351) and (6.358). If we differentiate both sides of (6.363)
with respect to b we find∫ ∞

−∞
dη

cos(aη + b)
cosh2 η

=
πa cos b

sinh(πa/2)
. (6.364)

The integrals that we require to obtain Ω0 in (6.362) may all be found
by setting b = 0 in (6.364) and then expanding both sides about a = 0
with terms of equal order in a equated on both sides. The result of this
leads to

Ω0 � −z0(eμ) − π2T 2

24
z′′
0(eμ) − 7π4T 4

360
z(iv)
0 (eμ) + · · · . (6.365)

This is usually referred to as the ‘Sommerfeld expansion’ (see Pathria
(1972); Ashcroft and Mermin (1976); Huang (1987) for different deriva-
tions). As a check on this result, we can calculate the first term in the
expansion very simply. For eμ � T , the Fermi–Dirac distribution func-
tion is approximately a step function, F (E) � θ(eμ−E), and so F ′(E) �
−δ(E − eμ). If we use F ′(E) � −δ(E − eμ) in (6.360) we obtain the first
term on the right-hand side of (6.365). For our purposes here the first
term on the right-hand side of (6.365) is sufficiently accurate. We have

Ω0 � 2πV

m

(
eB

2π

)D/2+1
ζ [−D/2, 1/2 + eμ/(2ω)]

Γ [1 + D/2]
. (6.366)
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For eμ � ω we can further expand this result using the method
described in Section A1.2 which led up to the approximation (A1.49).
Start with the integral expression for the ζ-function in (A1.29) and take
a = (1/2) + ϑ; ϑ = eμ/(2ω) will be taken to be large. Use the expansion

e−(t/2)(1 − e−t)−1 � t−1 − t

24
+

7t3

5760
− 31t5

967 680
+ · · ·

and integrate the result term by term using the definition of the
Γ-function in (A1.1). This gives

ζ

(
z,

1
2

+ ϑ

)
� ϑ1−z

z − 1
− z

24
ϑ−1−z +

7z(z + 1)(z + 2)
5760

ϑ−3−z + · · · .

(6.367)
Setting z = −3/2 results in

ζ

(
−3

2
,
1
2

+ ϑ

)
� −2

5
ϑ5/2 +

1
16

ϑ1/2 +
7

15 360
ϑ−3/2 + · · · . (6.368)

This is the expression relevant to D = 3. There is no difficulty extending
the analysis to other dimensions, but we will concentrate on D = 3 from
now on.24 With D = 3 in (6.366) we find

Ω0 � 23/2V

15π2m

[
− (meμ)5/2 +

5
32

(eB)2(meμ)1/2

+
7

6144
(eB)4(meμ)−3/2 + · · ·

]
(6.369)

as the leading terms in the expansion. The second term contains the
leading order correction to the expression for a non-zero magnetic field.

The oscillatory behaviour of the thermodynamic potential (6.359) is
evident from the dependence on the sin factor. The period between oscil-
lations is seen to be proportional to 1/ω ∝ 1/B. The factor of sinh that
occurs in (6.359) may be interpreted as modulating the amplitude of this
oscillatory factor. The physical effects of the oscillations can be observed
in the behaviour of the magnetization of the Fermi gas at low tempera-
tures, as we will now show. If we use (6.191) to compute the magnetiza-
tion, it is clear that there will be an oscillatory term present whose origin
is that part of the thermodynamic potential given by (6.359). This can
be important in practical studies of the Fermi surface of metals.25

24 When D is even the expansion will terminate, consistent with our earlier observation
that the result could be written in terms of Bernoulli polynomials.

25 See Ashcroft and Mermin (1976) for a discussion of some of the applications.
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In (6.191) we take ΩT �=0 = Ω0 + Ω1. This allows us to split up the
magnetization as M = M0 +M1 using an obvious notation. With (6.369)
used for Ω in (6.191), we find

M0 � −e2B(meμ)1/2

3π2m25/2

[
1 +

35
96

e2B2(meμ)−2 + · · ·
]

. (6.370)

Since we have assumed that μ is very large, the dominant term in M0
should be the first one. Taking Ω = Ω1 and using (6.359) for Ω1, we find

M1 � −Te3/2mμ

2πB1/2

∞∑
k=1

(−1)k cos [(2πkmμ/B) − (3π/4)]
k1/2 sinh [2π2kmT/(eB)]

+
3T

8π2 e3/2B1/2
∞∑

k=1

(−1)k sin [(2πkmμ/B) − (3π/4)]
k3/2 sinh [2π2kmT/(eB)]

+
T 2me1/2

2B1/2

×
∞∑

k=1

(−1)k sin [(2πkmμ/B) − (3π/4)] cosh
[
2π2kmT/(eB)

]
k1/2 sinh2 [2π2kmT/(eB)]

.

(6.371)

In order to obtain a complete expression for the magnetization we must
eliminate the chemical potential from expressions (6.370) and (6.371). To
do this we will use

N = −
[

∂Ω
∂(eμ)

]∣∣∣∣
T

to solve for the chemical potential in terms of the particle number N (see
(5.30)). Because we have written Ω = Ω0+Ω1, we can split up N into two
contributions, one from Ω0 that we will call N0, and one from Ω1 that we
will call N1. The particle density ρ = N/V has a similar decomposition,
and we find

ρ0 �
√

2
3π2 (meμ)3/2

[
1 − 1

32
(eB)2(meμ)−2 + · · ·

]
. (6.372)

Again, for large μ only the first term will contribute. For ρ1 we find

ρ1 � mT

2π
(eB)1/2

∞∑
k=1

(−1)k cos [(2πkmμ/B) − (3π/4)]
k1/2 sinh [2π2kmT/(eB)]

. (6.373)

For large μ, specifically mμ � B, the particle density is dominated by
the first term in ρ0; the oscillating part of the density is negligible in
comparison. We can therefore approximate

meμ �
(

3π2ρ√
2

)2/3

, (6.374)
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and use this result to eliminate μ from the expression for the magnetiza-
tion. In contrast with the particle density just discussed, in the expression
for the magnetization the oscillatory term is not negligible for large μ and
makes a significant and observable contribution to the magnetization.26

The magnetization exhibits oscillations in 1/B, as well as in the particle
density. As mentioned above, because of the presence of the hyperbolic
factors in M1, the oscillations will only manifest themselves at low tem-
peratures. This phenomenon is referred to as the de Haas–van Alphen
effect.

6.11 Trapped Fermi gases

We have already presented a discussion of trapped Bose gases in Sec-
tion 6.4. Due to the advances made in the cooling and trapping of atomic
gases it is possible to prepare atoms in states that obey Fermi–Dirac
statistics.27 The purpose of this section is to consider trapped Fermi gases
following Toms (2004, 2005).

6.11.1 Thermodynamic potential

If we model the trapping potential by a harmonic oscillator potential
(6.52) the energy levels are as in (6.53). The only difference is that due to
our assumption of Fermi–Dirac statistics the thermodynamic potential is
given by

Ω = −T
∑
n

ln {1 + exp [−β(En − μ)]} . (6.375)

The fact that the energy levels are similar to those in Section 6.10 that
were responsible for the de Haas–van Alphen effect means that we would
expect there to be an oscillatory part of Ω that could lead to observable
results. This analogy was first discussed in Toms (2004).

We will concentrate on the case D = 3 and use the method of Sond-
heimer and Wilson (1951), following our discussion in Section 6.10. The
thermodynamic potential can be expressed as (6.332) with z(E) the
inverse Laplace transform of the partition function. For the energy levels
in (6.53) we have

Z(β) =
3∏

j=1

e−βωj/2

(1 − e−βωj )
. (6.376)

26 Again, we refer the reader to Ashcroft and Mermin (1976) for a discussion of this,
and for the application to more realistic models.

27 See Pethick and Smith (2002) for an overview.
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We need to know the pole structure of β−2eβEZ(β) in order to calculate
z(E). It is obvious that the integrand of (6.330) has a pole of order 5 at
β = 0. As in Section 6.10 we will call the contribution from the pole at
β = 0, z0(E). There is also a series of poles along the imaginary β-axis
away from the origin at values of β that satisfy eβωj = 1 for j = 1, 2, 3.
We use z1(E) to denote the contribution from these poles to z(E). The
evaluation of z1(E) will be deferred until we have considered z0(E).

By expanding Z(β) in (6.376) about β = 0 it can be shown that

z0(E) =
1

5760ω1ω2ω3

[
240E4 − 120E2(ω2

1 + ω2
2 + ω2

3)

+7(ω4
1 + ω4

2 + ω4
3) + 10(ω2

1ω
2
2 + ω2

2ω
2
3 + ω2

3ω
2
1)
]
.

(6.377)

We have (6.361) holding (if we set e = 1 there). The low temperature
approximation βμ � 1 (or T � μ) leads to

Ω0 � −1
2

∫ ∞

−∞
dη

z0(μ + 2Tη)
cosh2 η

. (6.378)

Because z0(E) here is a polynomial in E, the integrals that result when
(6.377) is used in (6.378) may all be evaluated without any further
approximation using the result (6.364) as described in Section 6.10. The
result is

Ω0 � − μ4

24ω1ω2ω3
+

μ2

48ω1ω2ω3
(ω2

1 + ω2
2 + ω2

3 − 4π2T 2)

− 1
5760ω1ω2ω3

[
7(ω4

1 + ω4
2 + ω4

3) + 10(ω2
1ω

2
2 + ω2

2ω
2
3 + ω2

3ω
2
1)

−40π2T 2(ω2
1 + ω2

2 + ω2
3) + 112π4T 4

]
. (6.379)

We now turn to the evaluation of Ω1. The poles of Z(β) for β �= 0 occur
at values of β = 2πik/ωj for j = 1, 2, 3 and k = ±1,±2, . . . . The nature
of these poles depends upon the relative magnitude of the trap frequen-
cies ωj. If any of the trap frequencies are rational multiples of each other
the poles will not be simple. The general situation is considered in Toms
(2005). To keep things simple here, we will only examine the isotropic
potential described by ω1 = ω2 = ω3 = ω. It is then obvious that Z(β) in
(6.376) has triple poles at β = 2πik/ω for k = ±1,±2, . . . . The residues
at these poles may be evaluated in a straightforward way, and after a bit
of calculation it will be found that
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z1(E) =
∞∑

k=1

(−1)kω

16π4k4

(
6 + π2k2 − 4π2k2E2

ω2

)
cos

(
2πkE

ω

)

+
∞∑

k=1

(−1)kE

2π3k3 sin

(
2πkE

ω

)
. (6.380)

This can be compared with the simpler expression (6.344) found in the
de Haas–van Alphen case. Making use of the integrals (6.363) and (6.364)
and derivatives of these results with respect to the parameter a results in
(for T � μ)

Ω1 � − 1
8π2β3ω2

∞∑
k=1

(−1)k

k3 sinh [2π2k/ (βω)]

{[
8π4k2csch2

(2π2k

βω

)
+ 4π2kβω coth

(2π2k

βω

)
+ 2β2ω2

+π2k2(4π2 + β2ω2 − 4β2μ2)
]
cos
(

2πkμ

ω

)
+ 4πkβμ

[
βω + 2π2k coth

(2π2k

βω

)]
sin
(

2πkμ

ω

)}
. (6.381)

This can be contrasted with the de Haas–van Alphen result (6.359). The
more complicated result found here is a consequence of the higher-order
poles along the imaginary β-axis that were found.

6.11.2 Chemical potential

The particle number is defined in terms of Ω by (5.30). We can split up
N = N0 + N1 if we take Ω = Ω0 + Ω1. With (6.379) used for Ω0 we find

N0 � μ3

6ω1ω2ω3
− μ

24ω1ω2ω3
(ω2

1 + ω2
2 + ω2

3 − 4π2T 2). (6.382)

We will temporarily ignore the possible contribution from N1 (an omis-
sion that will be remedied later in this section). If we set N � N0 we can
solve for μ. Rather than write down a complicated expression involving
the root of the cubic equation that results, we will assume that μ is large.
To leading order in μ we will have

μ3 � 6ω1ω2ω3N, (6.383)

showing that μ ∝ N1/3. This result was first given in Butts and Rokhsar
(1997) where it was found by approximating the sum over discrete energy
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levels with integrals. It is possible to find the finite temperature correction
to (6.383) as follows. Write

μ = (6ω1ω2ω3N)1/3(1 + ε), (6.384)

with |ε| � 1. Substitution of (6.384) into (6.382) (with N0 = N assumed)
and working to first order in ε results in

μ3

ω1ω2ω3
� 6N

[
1 +

(ω2
1 + ω2

2 + ω2
3 − 4π2T 2)

4(6Nω1ω2ω3)2/3

]
. (6.385)

This shows that for large values of N , that lead to large values of μ con-
sistent with what we have assumed, the correction to (6.383) becomes
increasingly unimportant. It is customary to define the Fermi energy
EF by

EF = μ(T = 0). (6.386)

If we do this then it is easy to show that (6.385) can be rewritten to give

μ � EF

(
1 − π2T 2

3E2
F

)
. (6.387)

The contribution of Ω1 to the particle number N is found using (6.381)
to be (assuming an isotropic potential with ω1 = ω2 = ω3 = ω)

N1 � π

4β3ω3

∞∑
k=1

(−1)k

sinh [2π2k/ (βω)]

{[
4β2μ2 − 4π2 − β2ω2

−8π2csch2
(

2π2k

βω

)]
sin
(

2πkμ

ω

)
+8πβμ coth

(
2π2k

βω

)
cos
(

2πkμ

ω

)}
. (6.388)

One major difference here from the de Haas–van Alphen expression found
from (6.373) (apart from the obvious complication) is that N1 for the
trapped gas involves an explicit dependence on μ outside of the trigono-
metric functions. In fact, the leading-order term here involves μ2 as com-
pared with μ3 found in N0; it is therefore important to consider the
possible influence that N1 might have on the chemical potential.

If we take T � μ, and in addition assume that μ � ω, then we can
approximate N1 by the first term on the right-hand side of (6.388). For
βω ≤ 1 (or T ≥ ω) the sum that occurs in N1 is well approximated by
taking just the k = 1 term, and it is clear that the oscillations, although
present, will have only a very small amplitude due to the behaviour of
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the sinh factor. This means that for T ≥ ω we would expect that N � N0
would be a good approximation, and therefore that (6.383) or (6.387)
would provide a reliable approximation for the chemical potential. How-
ever as the temperature is reduced below T = ω the amplitude of the
oscillations starts to increase and their effects can be quite marked. We
therefore need to consider the behaviour of N1 as T → 0.

One way to evaluate N1 at low temperature is to make use of the Pois-
son summation formula.28 If ϕ(x) is assumed to be a continuous function
defined for all real values of x and we form

Φ(x) =
∞∑

k=−∞
ϕ(x + 2πk), (6.389)

with the assumption that the sum is convergent, then Φ(x + 2π) = Φ(x)
is a periodic function. As a consequence, we can express Φ(x) as a Fourier
series

Φ(x) =
∞∑

n=−∞
Φneinx, (6.390)

where the Fourier coefficients Φn are given by

Φn =
1
2π

∫ 2π

0
dx e−inxΦ(x). (6.391)

If we substitute (6.389) into (6.391) and interchange the order of summa-
tion and integration, we find

Φn =
1
2π

∞∑
k=−∞

∫ 2π

0
dx e−inxϕ(x + 2πk)

=
1
2π

∞∑
k=−∞

∫ 2π(k+1)

2πk

dy e−in(y−2πk)ϕ(y)

=
1
2π

∫ ∞

−∞
dy e−inyϕ(y). (6.392)

In the middle equality we made the change of variable x = y −2πk in the
integral, and in the last equality we noted that e2πink = 1 since n and k

28 See Whittaker and Watson (1928) for a rigorous derivation applied to the θ-function.
We will present a non-rigorous derivation here.
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are both integers. Equating the two expressions (6.389) and (6.390) for
Φ(x) shows that

∞∑
k=−∞

ϕ(x + 2πk) =
∞∑

n=−∞
Φneinx (6.393)

with Φn defined in terms of ϕ(y) by (6.392). This is referred to as the
‘Poisson summation formula’.

For large μ we can approximate N1 in (6.388) by its first term. This
can be written as

N1 � πμ2

βω3 S

(
μ

ω
,
T

ω

)
, (6.394)

where

S(q, b) =
∞∑

k=1

sin(2πqk − πk)
sinh(2π2kb)

. (6.395)

Because S(q, b) is periodic in q with period 1, we will initially restrict
0 ≤ q < 1. We can apply the Poisson summation formula to S(q, b) with
x = 0 taken in (6.393) to find

S(q, b) =
∞∑

n=−∞
Φn, (6.396)

with

Φn =
1
2π

∫ ∞

−∞
dy e−iny sin(qy − y/2)

sinh(πby)
. (6.397)

It is now easy to evaluate the integral in (6.397) using the contour integral
method that led to (6.363). To do this first note that when we expand
e−iny = cos(ny) − i sin(ny), the imaginary part will vanish because it
involves an integrand that is an odd function of y. By writing

cos ny sin(qy − y/2) =
1
2

{
sin [(q + n − 1/2)y] + sin [(q − n − 1/2)y]

}
,

and making use of∫ ∞

−∞

sin(αx)
sinh(βx)

dx =
π

β
tanh

(
πα

2β

)
, (6.398)

we find

Φn =
1

4πb

[
tanh

(
q + n − 1/2

2b

)
+ tanh

(
q − n − 1/2

2b

)]
(6.399)

=
1

2πb

sinh[(q − 1/2)/b]
cosh(n/b) + cosh[(q − 1/2)/b]

(6.400)
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after some algebra. We can now split the sum that occurs in (6.396) as

S(q, b) = Φ0 + 2
∞∑

n=1

Φn

=
1

4πb
tanh

(
2q − 1

4b

)
− 2q − 1

4πb

+
sinh [(2q − 1)/2b]

2πb

∞∑
n=1

[
cosh

(n

b

)
+ cosh

(
2q − 1

2b

)]−1

(6.401)

if it is noted from (6.400) that Φ−n = Φn. At first sight this has done
nothing but convert one infinite sum that we cannot evaluate in closed
form into another one; however, the dependence on T/ω in each of the two
expressions is the relevant feature. In the original sum (6.395) each term
increases in magnitude as T → 0; whereas in the transformed expression
(6.401) the terms get smaller exponentially fast, behaving roughly like
e−c ω/T as T → 0 for some constant c. Thus (6.401) is better suited to
study the low temperature limit than (6.395). To a very good approxi-
mation, if we are only interested in very low values of T , we can neglect
the infinite sum that appears in (6.401) and keep only the first two ana-
lytical terms. A bit of care must be exercised at this stage because we
have assumed that 0 ≤ q < 1. If we wish the result to apply for arbitrary
values of q then we must ensure that the result has the same periodicity
in q as the original expression (6.395). This will be the case if we take q
in (6.401) to be q − [q] where [q] denotes the greatest integer whose value
does not exceed q. In this case we have the approximation

S(q, b) � 1
4πb

tanh
{

1
2b

(
q − [q] − 1

2

)}
− 1

2πb

(
q − [q] − 1

2

)
, (6.402)

that we expect to be good for small values of b.29

The result in (6.402) can be simplified further if we look at T → 0.
From writing the tanh factor in terms of exponentials, it can be seen that

tanh
{

1
2b

(
q − [q] − 1

2

)}
→
{

1 if q − [q] > 1
2 ,

−1 if q − [q] < 1
2 .

. (6.403)

If we write

q̄ = q − [q], (6.404)

29 This can be checked by numerical evaluation of (6.395) and comparison with (6.402),
a task we leave to the reader.
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then it can be seen that

S(q, b) � − 1
2πb

(
q̄ −

[
q̄ +

1
2

])
, (6.405)

as b → 0. We can use either (6.402) or (6.405) back in (6.394) to obtain
an approximate analytical result for N1:

N1 � μ2

4ω2

{
tanh

(
βω

2

(
μ

ω
−
[μ
ω

]
− 1

2

))
+1 − 2

(μ

ω
−
[μ
ω

])}
(6.406)

� μ2

2ω2

([
μ

ω
+

1
2

]
− μ

ω

)
. (6.407)

If we now include the limiting form (6.407) for N1 and solve N =
N0 + N1 with the first term of (6.382) used for N0, it is possible to see
that an approximate solution for large μ is given by

μ

ω
�
[
(6N)1/3

]
+ 1/2. (6.408)

The presence of the greatest integer function in (6.408) shows that the
chemical potential will go through steps when (6N)1/3 changes by an inte-
ger. This behaviour was first found in numerical studies done in Schnei-
der and Wallis (1998) and confirmed by the analytical method we have
just described in Toms (2005). In Fig. 6.7 we plot μ/ω as a function
of N for various temperatures and compare the result with the simple
approximation (6.383) that ignores the oscillatory de Haas–van Alphen
type contributions, as well as the zero temperature limit we found in
(6.408). It can be seen that the approximation (6.383) captures the gen-
eral behaviour of μ, but misses the step-like behaviour altogether. As the
temperature is reduced, (6.408) starts to become a very good approxima-
tion. The step-like behaviour has its origins in the same type of expres-
sions as that which led to the de Haas–van Alphen effect discussed in
Section 6.10.

6.11.3 Specific heat

It is natural to ask if the oscillatory, or step-like, behaviour found for the
chemical potential carries over into any of the observable thermodynamic
quantities. To see that it does we will examine the specific heat.

The internal energy is defined in terms of the thermodynamic potential
by combining (5.22) and (5.26). Because we have written Ω = Ω0 + Ω1
we will have a similar split of the internal energy E = E0 +E1. It follows
using (6.379) for Ω0 that
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Fig. 6.7 This plot shows μ/ω plotted over a range of N for three sample
temperatures. The solid, almost straight, line shows the result found using the
continuum approximation (6.383) for the particle number, μ/ω = (6N)1/3. The
step-function superimposed shows the result found from the very low tempera-
ture approximation of (6.408). The smooth sinuous curves give the results for
T = 0.1ω, T = 0.05ω, and T = 0.01ω. The last two curves have been displaced
from the first one for clarity.

E0 =
∂

∂β
(βΩ0)

∣∣∣∣
βμ,ω

(6.409)

=
μ4

8ω3 − μ2

16ω3 (ω2 − 4π2T 2)

+
1

1920ω3 (17ω4 + 40π2ω2T 2 − 112π4T 4). (6.410)

If we use (6.381) for Ω1 to compute E1 (just replace Ω0 in (6.409) with
Ω1) the result is rather lengthy so we will just give the two leading terms
in μ since they are the ones we will need to calculate the specific heat.
After some calculation, it can be shown that

E1 � πμ3

βω3

∞∑
k=1

(−1)k

sinh [2π2k/(βω)]
sin
(

2πkμ

ω

)

+
3π2μ2

β2ω3

∞∑
k=1

(−1)k cosh
[
2π2k/(βω)

]
sinh2 [2π2k/(βω)]

cos
(

2πkμ

ω

)
. (6.411)
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The specific heat is defined by

C =
(

∂E

∂T

)∣∣∣∣
N,ω

. (6.412)

We have E expressed as a function of T and μ, so it would be more useful
to have an expression for C that involved holding μ rather than N fixed
in the differentiation. One easy way to get this is to consider how E varies
under small changes in T and μ with N held fixed. We have

δE =
(

∂E

∂T

)∣∣∣∣
μ

δT +
(

∂E

∂μ

)∣∣∣∣
T

δμ, (6.413)

0 = δN =
(

∂N

∂T

)∣∣∣∣
μ

δT +
(

∂N

∂μ

)∣∣∣∣
T

δμ. (6.414)

Eliminating δμ in (6.413) using (6.414) results in

C =
(

∂E

∂T

)∣∣∣∣
μ,ω

−
(∂E/∂μ)|T,ω (∂N/∂T )|μ,ω

(∂N/∂μ)|T,ω

, (6.415)

and the result is now directly useful for calculating C.30

Because we are assuming large μ, we will obtain an expansion for C in
powers of μ. Using (6.410) we find(

∂E

∂T

)∣∣∣∣
μ,ω

� π2μ2T

3ω3 +
(

∂E1

∂T

)∣∣∣∣
μ,ω

, (6.416)

(
∂E

∂μ

)∣∣∣∣
T,ω

� μ3

2ω3 +
(

∂E1

∂μ

)∣∣∣∣
T,ω

. (6.417)

Using (6.382) with ω1 = ω2 = ω3 = ω we find(
∂N

∂T

)∣∣∣∣
μ,ω

� π2μT

3ω3 +
(

∂N1

∂T

)∣∣∣∣
μ,ω

, (6.418)

(
∂N

∂μ

)∣∣∣∣
T,ω

� μ2

2ω3 +
(

∂N1

∂μ

)∣∣∣∣
T,ω

. (6.419)

30 This procedure is equivalent to what we did in Section 6.4 for the Bose gas.
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If we ignore the oscillatory contributions to the specific heat (the terms
on the right-hand side of (6.416)–(6.419) that involve E1 and N1) then it
is easy to show that C = C0 with

C0 � π2Tμ2

6ω3 . (6.420)

For low T , this shows that the specific heat would be expected to behave
linearly with T . However if we include the oscillatory terms the result
becomes less obvious.

If we use (6.411) for E1 it can be seen that(
∂E1

∂T

)∣∣∣∣
μ,ω

� α3μ
3 + α2μ

2 + · · · , (6.421)

(
∂E1

∂μ

)∣∣∣∣
T,ω

� β3μ
3 + β2μ

2 + · · · , (6.422)

where α3, α2, β3, β2 involve sums that can easily be found by the indicated
differentiation. Thus the oscillatory contributions to C, when expanded
in powers of μ, would be expected to be of order μ3 rather than the μ2

behaviour that was found in (6.420). Similar expansions for the deriva-
tives of N1 that appear in (6.418) and (6.419) result in(

∂N1

∂T

)∣∣∣∣
μ,ω

� γ2μ
2 + γ1μ + · · · , (6.423)(

∂N1

∂μ

)∣∣∣∣
T,ω

� δ2μ
2 + δ1μ + · · · , (6.424)

with γ2, γ1, δ2, δ1 expressed as various sums. By substituting the expan-
sions (6.421)–(6.424) into (6.416)–(6.419), and then using the results in
(6.415) with an expansion in powers of μ, it can be seen, after a bit of
work, that

C � π2Tμ2

6ω3

(
1 + Σ1 − 12

Σ2
2

Σ3

)
, (6.425)

with

Σ1 = 12
∞∑

k=1

(−1)k

[
cosh θk

sinh2 θk

− π2kT

ω

(
1

sinh θk
+

2
sinh3 θk

)]
× cos

(
2πk

μ

ω

)
, (6.426)
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Σ2 =
∞∑

k=1

(−1)k

(
1

sinh θk
− 2π2kT

ω

cosh θk

sinh2 θk

)
sin
(
2πk

μ

ω

)
, (6.427)

Σ3 = 1 +
∞∑

k=1

(−1)k4π2k

βω sinh θk
cos
(
2πk

μ

ω

)
, (6.428)

where

θk =
2π2k

βω
. (6.429)

As a check on this result, if we drop all of the terms that arose from the
oscillatory part of Ω (namely Σ1,2,3) we recover (6.420).

It remains to study how the appearance of the oscillatory terms in
(6.425) alters the behaviour of the specific heat from the linear temper-
ature dependence. It is possible to evaluate the asymptotic expansion of
the three sums defined in (6.426)–(6.428) for large values of βω in a simi-
lar way to what we did in Section 6.11.2. Leaving out the technical details
of this for brevity, we find the approximate forms

Σ1 � 3β3ω3(2μ̄ − 1)2

16π2 cosh2(βω/4)(2μ̄ − 1)
− 1, (6.430)

Σ2 � − β2ω2(2μ̄ − 1)
16π cosh2(βω/4)(2μ̄ − 1)

, (6.431)

Σ3 � βω

4 cosh2(βω/4)(2μ̄ − 1)
, (6.432)

with μ̄ defined by

μ̄ =
μ

ω
−
[μ
ω

]
.

(6.433)

The results in (6.430)–(6.432) can be checked against a direct numerical
evaluation of the sums defined by (6.426)–(6.428) and found to be accu-
rate for βω � 10 and μ̄ not too close to 0 or 1. Once βω � 100 the results
become very accurate even for μ̄ close to 0 and 1. Thus for T ≤ ω/100,
the simple expressions in (6.430)–(6.432) become reliable approximations
for Σ1,2,3.
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If we use (6.430)–(6.432) in the expression for the specific heat in
(6.425) the result can be shown to vanish. The de Haas–van Alphen con-
tribution to the specific heat cancels the continuum approximation as
found in (6.420) to the leading order we are working to. The specific heat
therefore vanishes as T → 0 faster than T . This is completely consis-
tent with the numerical results found in Schneider and Wallis (1998).
Because the de Haas–van Alphen approximation as well as the asymp-
totic evaluation of the sums leading to (6.430)–(6.432) neglect terms that
are exponentially suppressed, we expect that the specific heat vanishes
like e−αω/T for some constant α as T → 0. This was shown rigorously for
the one-dimensional gas in Toms (2005).

For T ≥ ω/100, but still small, the results in (6.430)–(6.432) start
to become less reliable. As a check on our results against the numerical
ones of Schneider and Wallis (1998) we plot the specific heat as found
from (6.425) to demonstrate the de Haas–van Alphen oscillations. This is
shown in Fig. 6.8. As the temperature increases we do find, as expected,
that the contribution from Σ1,2,3 becomes smaller exponentially, and the
linear behaviour with temperature is regained. The analogue of the de
Haas–van Alphen effect for trapped gases can therefore lead to potentially
observable consequences at very low temperature.
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Fig. 6.8 This plot shows C/(6N)2/3 plotted over a range of N for four sample
temperatures T = 0.1ω, T = 0.2ω, T = 0.3ω, and T = 0.5ω. As the temperature
increases the oscillation amplitude decreases and the curves approach the contin-
uum limit of 1 in the scaled specific heat. As the temperature decreases there are
significant deviations from the result found from using the continuum limit, and
for very small temperatures the specific heat starts to become vanishingly small.
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Notes

The basic idea that Bose–Einstein condensation can be viewed as symme-
try breaking, like the Higgs mechanism in particle physics, was discussed
by Kapusta (1981, 1989). The general version presented here was given
in Toms (1992). The method described in Section 6.9 was first presented
in Kirsten and Toms (1995). A very complete discussion of Bose–Einstein
condensation for the relativistic interacting scalar field is Benson et al.
(1991). This paper shows very clearly how the non-relativistic result
follows by taking a careful limit from the relativistic result.



7
Further applications of the Schwinger

action principle

In this chapter we return to the Schwinger action principle that we
introduced in Chapter 3 and consider some further applications. This not
only illustrates the utility of the method, but also helps to set the stage
for the final chapter where we return to quantum field theory and provide
a general definition for the effective action.

7.1 Integration of the action principle

Consider 〈a′|F (A, B)|b′′〉 where A and B each represent a complete set
of mutually compatible observables, and F (A, B) is some function. We
do not assume that observables from the two different sets commute with
each other. In general if F (A, B) contains terms like BA there is no way
to evaluate the above matrix element in terms of the eigenvalues of the
operators, since there is no possible way to reorder A and B to place
them next to their respective eigenstates unless A and B satisfy some
particular commutation relations. If [B,A] is known, it is always possible
to reorder the operators in F (A, B) so that all of the A’s stand to the
left of all of the B’s, allowing us to evaluate 〈a′|F (A, B)|b′′〉 in terms of
the eigenvalues of the operators. Let

F(A, B) = F (A, B) (7.1)

denote the operator where the commutation relation for [A, B] has been
used to move all occurrences of A in F (A, B) to the left of all occurrences
of B. F(A, B) is said to be well-ordered.1 In this case we have

〈a′|F (A, B)|b′′〉 = F(a′, b′′)〈a′|b′′〉. (7.2)

1 See Dirac, 1958, Section 32.
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The matrix element of F (A, B) is then seen to be directly related to the
transformation function 〈a′|b′′〉.

We can apply the idea of well-ordered operators to the action principle
(3.52). Define

δW21 = δW21 (7.3)

to be the well-ordered form of δW21. Then in (3.52) we have

δ〈a′
2, t2|a′

1, t1〉 =
i

�
δW ′

21〈a′
2, t2|a′

1, t1〉 (7.4)

where δW ′
21 denotes the replacement of all operators with their eigenval-

ues as in (7.2). Integration of (7.4) gives

〈a′
2, t2|a′

1, t1〉 = exp
( i

�
W ′

21

)
. (7.5)

Any constant of integration can be absorbed into W ′
21 and fixed by taking

the limit t2 → t1, and using 〈a′
2, t1|a′

1, t1〉 = δ(a′
2, a

′
1). W ′

21 depends only
on the observables at the initial and final times, and on the initial and
final times themselves.

It is now possible to use the action principle to make contact with the
Hamilton–Jacobi equation discussed in Section 1.4.2. Using (3.61) and
(3.73) in the action principle (3.52) we have

δ〈a′
2, t2|a′

1, t1〉 =
i

�
δxi(t2)〈a′

2, t2|pi(t2)|a′
1, t1〉 − i

�
δt2〈a′

2, t2|H(t2)|a′
1, t1〉

− i

�
δxi(t1)〈a′

2, t2|pi(t1)|a′
1, t1〉 +

i

�
δt1〈a′

2, t2|H(t1)|a′
1, t1〉.
(7.6)

In comparing this with (7.4) it can be noted that we may write

δ〈a′
2, t2|a′

1, t1〉 =
i

�
〈a′

2, t2|δW21|a′
1, t1〉 (7.7)

since δW21 is well-ordered. Comparison with (7.6) leads to

∂W21

∂xi(t2)
= pi(t2), (7.8)

∂W21

∂t2
= −H(t2), (7.9)

∂W21

∂xi(t1)
= −pi(t1), (7.10)

∂W21

∂t1
= H(t1). (7.11)
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These results may be recognized as operator versions of the Hamilton–
Jacobi equations. If H = H[x(t), p(t), t], then from (7.8)–(7.11) we have

∂W21

∂t2
+ H

[
x(t2),

∂W21

∂xi(t2)
, t2

]
= 0, (7.12)

−∂W21

∂t1
+ H

[
x(t1),−

∂W21

∂xi(t1)
, t1

]
= 0. (7.13)

Suppose that we concentrate on 〈x′′, t2|x′, t1〉 which we will call the
propagator and study in more depth in Section 7.5. We then have

〈x′′, t2|x′, t1〉 = exp
( i

�
W ′

21

)
(7.14)

from (7.5). The arbitrary constant of integration that we said had been
absorbed into W ′

21 can be determined from the requirement

〈x′′, t1|x′, t1〉 = δ(x′′,x′). (7.15)

The more general transformation function 〈a′
2, t2|a′

1, t1〉 can always be
recovered from

〈a′
2, t2|a′

1, t1〉 =
∫

dDx′′
∫

dDx′〈a′
2, t2|x′′, t2〉〈x′′, t2|x′, t1〉〈x′, t1|a′

1, t1〉
(7.16)

which follows by the completeness relation for the position eigenstates.

7.2 Application of the action principle to the free particle

We will now illustrate the action principle by applying it to the evaluation
of the propagator for a free particle. The Hamiltonian operator is simply

H =
1

2m
p2, (7.17)

where p is the momentum operator. Because H has no explicit depen-
dence on time, the Heisenberg equations of motion (3.90) or (3.48) give
us

∂

∂t
H =

d

dt
H = 0, (7.18)

and hence we find H(t1) = H(t2) by integration from t = t1 to t = t2. This
corresponds to the classical conservation of energy. It therefore follows
that

p(t1) = p(t2) = p, (7.19)
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where p is a constant operator. This can also be deduced directly from
the Heisenberg equation of motion (3.92) since [H, p] = 0.

If we abbreviate x1 = x(t1) and x2 = x(t2), then (7.8)–(7.11) become

∂

∂x2
W21 = p = − ∂

∂x1
W21, (7.20)

∂

∂t2
W21 = − p2

2m
= − ∂

∂t1
W21. (7.21)

Integration of these partial differential equations in a straightforward
way leads to

W21 = p(x2 − x1) − p2

2m
(t2 − t1) + C (7.22)

where C is a constant operator.
The constant value of momentum can be related to the positions x1

and x2 by solving the Heisenberg equations of motion (3.91). We have

ẋ =
i

�
[H, x] =

i

2m�
[p2, x]

=
i

2m�

[
p(p, x) + (p, x)p

]
=

1
m

p (7.23)

using the canonical commutation relation (3.95). Since p is a constant
operator, (7.23) can be integrated to give

x(t) =
1
m

pt + C0 (7.24)

where C0 is a constant operator. Applying the conditions x1 = x(t1) and
x2 = x(t2) leads to

x2 − x1 =
1
m

p(t2 − t1), (7.25)

so that p can be eliminated in (7.22) to give

W21 =
m(x2 − x1)2

2(t2 − t1)
+ C. (7.26)

The result in (7.26) is not in well-ordered form since

(x2 − x1)2 = x2
2 − x2x1 − x1x2 + x2

1. (7.27)
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It is necessary to order the term in x1x2 as x2x1 to obtain a well-ordered
form for W21. To do this, note that

−x1x2 = [x2, x1] − x2x1. (7.28)

Also from (7.25) we know that

[x2, x1] =
[
x1 +

1
m

p(t2 − t1), x1

]
=

1
m

(t2 − t1)[p, x1]

= − i�

m
(t2 − t1) (7.29)

using (3.95) and (3.103). Combining (7.27)–(7.29), and using the result
in (7.26), gives

W21 =
m

2(t2 − t1)
(x2

2 − 2x2x1 + x2
1) − i

2
� + C (7.30)

which is now well-ordered.
Because W21 in (7.30) is now well-ordered, we can replace the operators

in (7.30) with their eigenvalues. We have from (7.14)

〈x′
2, t2|x′

1, t1〉 = exp
( i

�
W ′

21

)
(7.31)

where

W ′
21 =

m(x′
2 − x′

1)
2

2(t2 − t1)
− i�

2
+ C. (7.32)

The last task remaining is to find the constant C. This can be done by
using (7.15). To do this define

δα(z) = (iπα)−1/2 exp
(

i

α
z2
)

(7.33)

and consider

I(α) =
∫ ∞

−∞
dz δα(z)f(z). (7.34)

Here α > 0 is a real number and f(z) is any function for which the integral
I(α) exists. We have, upon a simple change of variable z → α1/2z,

I(α) = (iπ)−1/2
∫ ∞

−∞
dz eiz2

f(α1/2z).
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By taking the limit α → 0 in I(α), and interchanging the order of the
limit and the integration, we find

I(0) = f(0)

since
∫∞

−∞ dz eiz2
= (iπ)1/2. This shows that limα→0 δα(z) has the prop-

erty of the Dirac delta distribution. We may therefore define

lim
α→0

(iπα)−1/2 exp
(

i

α
z2
)

= δ(z). (7.35)

Using (7.35) it is now easy to see that (7.15) holds only if

C =
i�

2

{
1 − ln

[ m

2πi�(t2 − t1)

]}
, (7.36)

giving

W ′
21 =

m

2(t2 − t1)
(x′

2 − x′
1)

2 − i�

2
ln
[ m

2πi�(t2 − t1)

]
, (7.37)

and

W21 =
m

2(t2 − t1)
(x2

2 − 2x2x1 + x2
1) − i�

2
ln
[ m

2πi�(t2 − t1)

]
. (7.38)

The propagator for a free particle is therefore

〈x′
2, t2|x′

1, t1〉 =
[ m

2πi�(t2 − t1)

]1/2
exp

[ im(x′
2 − x′

1)
2

2�(t2 − t1)

]
. (7.39)

We can also work out the action operator W21 defined by

W21 =
∫ t2

t1

dt
{1

2

[
p(t)ẋ(t) + ẋ(t)p(t)

]
− H

}
. (7.40)

Because p(t) = p is constant, the integration in (7.40) is trivial and gives

W21 =
1
2
p(x2 − x1) +

1
2
(x2 − x1)p − p2

2m
(t2 − t1). (7.41)

Utilizing (7.25) results in

W21 =
m

2(t2 − t1)
(x2 − x1)2. (7.42)
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This operator is Hermitian, as it must be; however, it is not well-ordered.
Using (7.27)–(7.29) again shows that

W21 =
m

2(t2 − t1)
(x2

2 − 2x2x1 + x2
1) − i�

2
. (7.43)

Comparing (7.43) with (7.38) shows very clearly that W21 is not obtained
from W21 by the process of well-ordering the operators. The formalism
tells us that δW21 must be obtained from δW21 by well-ordering the
operators, and it is easy to verify that this is the case for this example.

Finally we note that by taking the classical limit (i.e. � → 0) we have

lim
�→0

W21 = lim
�→0

W21 = S21 (7.44)

where S21 is Hamilton’s principle function.2 The fact that W21 and W21
coincide in the limit � → 0 is a consequence of the fact that x1 and x2
commute in this limit.

7.3 Application to the simple harmonic oscillator

The Hamiltonian was given earlier in (3.129) as

H =
p2

2m
+

1
2
mω2x2. (7.45)

The Heisenberg equations of motion for the position and momentum read
(see (3.48) and (3.90))

ẋ = − i

�
[x, H] = − i

2�m
[x, p2] =

1
m

p, (7.46)

and

ṗ = − i

�
[p, H] = − i

2�
mω2[p, x2] = −mω2x. (7.47)

These two equations are easily integrated with the results

x(t) = C1 cos ωt + C2 sinωt, (7.48)

p(t) = mẋ(t) = mω(−C1 sinωt + C2 cos ωt). (7.49)

Here C1 and C2 are constant operators to be fixed by the two conditions
x(t1) = x1 and x(t2) = x2. We have from (7.48)(

x2
x1

)
=
(

cos ωt2 sinωt2
cos ωt1 sinωt1

)(
C1
C2

)
,

2 S21 is the classical action functional evaluated along the classical path.
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which upon inversion of the 2 × 2 matrix gives

C1 =
1

sinω(t2 − t1)
[x1 sinωt2 − x2 sinωt1], (7.50)

C2 =
1

sinω(t2 − t1)
[x2 cos ωt1 − x1 cos ωt2]. (7.51)

By taking t = t1 and t = t2 in (7.49), and using the expressions for C1
and C2 we have just found, the following results are obtained:

p1 =
mω

sinω(t2 − t1)
[x2 − x1 cos ω(t2 − t1)], (7.52)

p2 =
mω

sinω(t2 − t1)
[−x1 + x2 cos ω(t2 − t1)]. (7.53)

Since the canonical commutation relations give [x2, p2] = i�, we have
from (7.53) that

[x1, x2] =
i�

mω
sinω(t2 − t1). (7.54)

This result may be used to express any monomial in x1 and x2 in well-
ordered form.

A straightforward calculation using

H2 =
p2
2

2m
+

1
2
mω2x2

2

with p2 substituted from (7.53) shows that

H2 =
mω2

2 sin2 ω(t2 − t1)
[x2

1 + x2
2 − (x1x2 + x2x1) cos ω(t2 − t1)].

As for the free particle considered in the previous section, because the
Hamiltonian does not have an explicit dependence on the time, we have
H1 = H2, and it does not matter which time we use to evaluate the
Hamiltonian. H2 can be written in well-ordered form using (7.54) as

H2 =
mω2

2 sin2 ω(t2 − t1)
[x2

1 + x2
2 − 2x2x1 cos ω(t2 − t1)]

− i�ω cos ω(t2 − t1)
2 sinω(t2 − t1)

. (7.55)
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We can now solve the equations (7.9) and (7.11) with p1 and p2 given
by (7.52) and (7.53) to find

W21 =
mω

2 sinω(t2 − t1)
[(x2

1+x2
2) cos ω(t2−t1)−2x2x1]+F (t2, t1), (7.56)

where F (t2, t1) is an arbitrary function with no dependence on x1 or
x2. It should be noted that because of (7.54) it does not matter which
order we write the term in x2x1 since x2x1 − x1x2 is a function of t2, t1
only. It is most convenient to take the order of x1 and x2 so that W21 is
well-ordered.

The result in (7.56) must also solve (7.8). From (7.56) we find

∂W21

∂t2
= − mω2

2 sin2 ω(t2 − t1)
[x2

1 + x2
2 − 2x2x1 cos ω(t2 − t1)] +

∂F (t2, t1)
∂t2

.

Since the right-hand side must equal −H2 with H2 given in (7.55), this
tells us that

∂

∂t2
F (t2, t1) =

i�ω cos ω(t2 − t1)
2 sinω(t2 − t1)

.

This last result may be integrated to yield

F (t2, t1) =
i�

2
ln sinω(t2 − t1) + f(t1),

where f(t1) is an arbitrary function of integration. Finally we require
(7.10) to be satisfied. Since H1 = H2 it is easy to show that f(t1) must
be a constant. This constant can be found from noting that as ω → 0 the
result for W21 should reproduce the result for the free particle found in
(7.38). This results in

W21 =
mω

2 sinω(t2 − t1)
[(x2

1 + x2
2) cos ω(t2 − t1) − 2x2x1]

+
i�

2
ln
[2πi� sinω(t2 − t1)

mω

]
. (7.57)

The propagator for the simple harmonic oscillator now follows from
(7.14) as
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〈x′
2, t2|x′

1, t1〉 =
[ mω

2πi� sinω(t2 − t1)

]1/2
exp

{ imω

2� sinω(t2 − t1)

× [(x′2
1 + x′2

2 ) cos ω(t2 − t1) − 2x′
2x

′
1]
}

. (7.58)

7.4 Application to the forced harmonic oscillator

In this section we wish to show how the Schwinger action principle can
be used to obtain the propagator for the forced harmonic oscillator. In
the next chapter we will show how this result is useful in a quantum field
theory setting.

The Hamiltonian reads

H =
p2

2m
+

1
2
mω2x2 − J(t)x (7.59)

where J(t) denotes the driving, or forcing, term. We will assume that
J(t) = 0 for t ≤ t− and for t ≥ t+ where t+ > t−. The Heisenberg
equations of motion give

ẋ =
i

�
[H, x] =

p

m
, (7.60)

as in (7.46); however,

ṗ =
i

�
[H, p] = −mω2x + J(t), (7.61)

in contrast with (7.47). Differentiating (7.60) with respect to t, and using
(7.61) results in

ẍ(t) + ω2x(t) =
1
m

J(t), (7.62)

and the interpretation of J(t) as the driving force should be obvious. The
equation of motion we have just obtained is valid for x(t) an operator,
but is identical to the classical equation of motion for a driven oscillator.
Probably the easiest way of solving (7.62) is to reduce it to a system of
first-order equations by factoring the differential operator

d2

dt2
+ ω2 =

( d

dt
− iω

)( d

dt
+ iω

)
that occurs on the left-hand side first. This leads us to define

y(t) =
dx(t)

dt
+ iωx(t), (7.63)
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with y(t) satisfying

dy(t)
dt

− iωy(t) =
1
m

J(t). (7.64)

Multiplying both sides of (7.64) by the integrating factor e−iωt and inte-
grating from t1 to t results in

y(t) = eiω(t−t1)y(t1) +
1
m

∫ t

t1

dτ J(τ)eiω(t−τ). (7.65)

If we take t1 < t−, then the lower limit on the integral in (7.65) can
be taken as t− since J(τ) = 0 for τ < t−. Using (7.63) and taking the
imaginary part of both sides of (7.65) leads to

x(t) = x1 cos ω(t− t1)+
1
ω

ẋ(t1) sinω(t− t1)+
1

mω

∫ t

t−

dτ J(τ) sinω(t−τ).

(7.66)

We can now use x(t2) = x2 and (7.60) to find

p1 = mẋ(t1) =
mω

sinω(t2 − t1)
[x2 − x1 cos ω(t2 − t1)]

− 1
sinω(t2 − t1)

∫ t+

t−

dτ J(τ) sinω(t2 − τ). (7.67)

We have chosen t2 > t+ so that the upper limit in the integral may be
taken as t+ instead of t2.

We can find p2 from p2 = mẋ(t2) with ẋ(t2) found by first differenti-
ating (7.66) with respect to t and then setting t = t2. This results in

p2 =
mω

sinω(t2 − t1)
[x2 cos ω(t2 − t1) − x1]

+
1

sinω(t2 − t1)

∫ t+

t−

dτ J(τ) sinω(τ − t1). (7.68)

With J(τ) = 0, the results for p1 and p2 reduce to those in (7.52) and
(7.53). We also note that because the source only alters the solution for
x(t) by an additive term which is a multiple of the identity operator, the
result for [x(t), x(t′)] will be unchanged from that of the simple harmonic
oscillator. In particular, (7.54) still applies.

We now wish to evaluate W21. First of all, note that from (7.8) and
(7.10) with p1 and p2 determined by (7.67) and (7.68) we have
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W21 =
mω

2 sinω(t2 − t1)
[(x2

1 + x2
2) cos ω(t2 − t1) − 2x2x1]

+
i�

2
ln
[2πi� sinω(t2 − t1)

mω

]
+

1
sinω(t2 − t1)

[x2I1 + x1I2] + F (t2, t1) (7.69)

where

I1 =
∫ t+

t−

dτ J(τ) sinω(τ − t1), (7.70)

I2 =
∫ t+

t−

dτ J(τ) sinω(t2 − τ), (7.71)

with F (t2, t1) some as yet unknown function of t1 and t2. The first two
terms in (7.69) are just those found for the simple harmonic oscillator in
(7.57).

We now need to solve (7.9) and (7.11). Unlike the free particle or the
simple harmonic oscillator where H(t2) = H(t1), this time the energy of
the oscillator is not conserved because of the external forcing term. From
(d/dt)H(t) = (∂/∂t)H(t) we find

d

dt
H(t) = −J̇(t)x(t), (7.72)

if (7.59) is used. Integration of both sides of (7.72) from t = t1 to t = t2
gives

H(t2) =H(t1) −
∫ t2

t1

dτ
dJ(τ)

dτ
x(τ)

=H(t1) +
∫ t+

t−

dτ J(τ)ẋ(τ). (7.73)

The last line has followed from the previous one by integrating by parts
and using the fact that J(τ) vanishes for τ < t− and τ > t+.

We can evaluate H(t2) directly from (7.59) and (7.68) to be

H(t2) =
mω2

2 sin2 ω(t2 − t1)
[x2

1 + x2
2 − (x1x2 + x2x1) cos ω(t2 − t1)]

+
ω

sin2 ω(t2 − t1)
[x2 cos ω(t2 − t1) − x1]I1

+
I2
1

2m sin2 ω(t2 − t1)
. (7.74)
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Partial differentiation of (7.69) with respect to t2 and comparison with
−H(t2) results in

∂

∂t2
F (t2, t1) = − I2

1

2m sin2 ω(t2 − t1)
. (7.75)

(Note that (7.54) was used to write H(t2) in (7.74) in well-ordered form.)
We can also find H(t1) in a similar manner to be

H(t1) =
mω2

2 sin2 ω(t2 − t1)
[x2

1 + x2
2 − (x1x2 + x2x1) cos ω(t2 − t1)]

− ω

sin2 ω(t2 − t1)
[x2 cos ω(t2 − t1) − x1]I2

+
I2
2

2m sin2 ω(t2 − t1)
. (7.76)

Partial differentiation of (7.69) with respect to t1 and comparison with
H(t1) results in

∂

∂t1
F (t2, t1) =

I2
2

2m sin2 ω(t2 − t1)
. (7.77)

To integrate (7.75) and (7.77) we will first consider I2
2 . Using (7.71) we

have

I2
2 =

∫ t+

t−

dτ

∫ t+

t−

dτ ′J(τ)J(τ ′) sinω(t2 − τ) sinω(t2 − τ ′).

The following trigonometric identity

sinω(t2 − τ) = sinω(t1 − τ) cos ω(t2 − t1) + cos ω(t1 − τ) sinω(t2 − t1)

may be used to give

I2
2 = − cos ω(t2 − t1)I1I2 − 1

ω
sinω(t2 − t1)I2

∂

∂t1
I1, (7.78)

noting (7.70). Because I2 does not involve t1, we can write (7.77) as

∂

∂t1
F (t2, t1) = − 1

2mω

∂

∂t1

[ I1I2

sinω(t2 − t1)

]
(7.79)

where the right-hand side is now a complete partial derivative.
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In a similar way, from (7.70) we have

I2
1 =

∫ t+

t−

dτ

∫ t+

t−

dτ ′J(τ)J(τ ′) sinω(τ − t1) sinω(τ ′ − t1)

= − cos ω(t2 − t1)I1I2 +
1
ω

sinω(t2 − t1)I1
∂

∂t2
I2. (7.80)

Because I1 does not depend on t2 we can write (7.75) as

∂

∂t2
F (t2, t1) = − 1

2mω

∂

∂t2

[ I1I2

sinω(t2 − t1)

]
. (7.81)

It now follows from (7.79) and (7.81) that

F (t2, t1) = − I1I2

2mω sinω(t2 − t1)
. (7.82)

Requiring W21 to reduce to the result for the simple harmonic oscillator
when J(t) = 0 fixes the constant of integration in (7.82) to vanish. We
therefore have

W21 =
mω

2 sinω(t2 − t1)
[(x2

1 + x2
2) cos ω(t2 − t1) − 2x2x1]

+
i�

2
ln
[2πi� sinω(t2 − t1)

mω

]
+

1
sinω(t2 − t1)

∫ t+

t−

dτ J(τ)[x2 sinω(τ − t1) + x1 sinω(t2 − τ)]

− 1
2mω sinω(t2 − t1)

∫ t+

t−

dτ

∫ t+

t−

dτ ′J(τ)J(τ ′)

× sinω(τ − t1) sinω(t2 − τ ′). (7.83)

We can also work out how much energy is transferred to the oscillator
by the forcing term. From (7.63) and (7.73) we have

ΔE = H(t2) − H(t1) = R
∫ t+

t−

dt J(t)y(t). (7.84)

Using (7.65) it can be seen that

ΔE =
∫ t+

t−

dt

∫ t

t−

dt′J(t)J(t′)
1
m

cos ω(t − t′)

+R
∫ t+

t−

dt J(t)eiω(t−t1)y(t1). (7.85)
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If the oscillator is initially at rest, then we find

ΔE =
∫ t+

t−

dt

∫ t

t−

dt′J(t)J(t′)
1
m

cos ω(t − t′) (7.86)

which is identical to the result found for the classical forced harmonic
oscillator.

7.5 Propagators and energy levels

So far we have only calculated the propagator. Often in quantum the-
ory we are interested in the energy spectrum of a given system rather
than the transition amplitude between two states. The Schwinger action
principle, although ideally suited for the calculation of transition ampli-
tudes, does not yield the energy spectrum in any immediately obvious
way. Since all of the information that we might be interested in should be
contained in the propagator, there must be some way of extracting the
energy spectrum from it. This is the main goal of this section. We will
present a general discussion of advanced and retarded propagators, fol-
lowed by applications to the free particle and simple harmonic oscillator
to show how everything works.

7.5.1 Advanced and retarded propagators

The propagator is an example of a Green’s function. Green function tech-
niques are useful not only in classical physics, such as electromagnetic
theory (Jackson, 1962), but are also central to the development of quan-
tum field theory.3 So apart from studying the role of Green’s functions
in the extraction of the energy levels, it is also useful to know a bit more
about them for later developments.

The propagator 〈x′′, t2|x′, t1〉 has been defined to be the transition
amplitude between two position eigenstates in the Heisenberg picture. It
proves convenient to change notation slightly and adopt

K(t′′,x′′; t′,x′) = 〈x′′, t′′|x′, t′〉. (7.87)

By taking t′′ → t′ in (7.87) we see that

K(t′,x′′; t′,x′) = δ(x′′,x′). (7.88)

3 See Bjorken and Drell (1964, 1965) for example.



338 Further applications of the Schwinger action principle

The propagator can be expressed in terms of Schrödinger picture eigen-
states by making use of the time evolution operator U(t′′, t′) as found in
(3.40). This gives

K(t′′,x′′; t′,x′) = 〈x′′|U(t′′, t′)|x′〉. (7.89)

If we now specialize to time-independent Hamiltonians, then we know
from (3.22) that U(t′′, t′) = exp [−(i/�)(t′′ − t′)H]. Energy eigenstates
|n′〉 of the Hamiltonian can be defined by

H|n′〉 = En′ |n′〉, (7.90)

where En′ are the energy levels of the system. The identification of En′

from the propagator K(t′′,x′′; t′,x′) is one of our main goals. By inserting
a complete set of energy eigenstates into (7.89) and noting that

U(t′′, t′)|n′〉 = exp
[
− i

�
(t′′ − t′)En′

]
|n′〉,

we find

K(t′′,x′′; t′,x′) =
∑
n′

e−(i/�)(t′′−t′)En′ 〈x′′|n′〉〈n′|x′〉. (7.91)

This provides one way of identifying En′ from a knowledge of the propa-
gator K(t′′,x′′; t′,x′); simply take K(t′′,x′′; t′,x′) as calculated from the
Schwinger action principle, write it in the form (7.91), and read off En′ .
However, if you look back at the propagators for a free particle in (7.39)
or the simple harmonic oscillator in (7.58) it is not immediately transpar-
ent how to rewrite the results in the form of (7.91). It would therefore be
easier if we could find a more direct and general method starting with the
propagator K(t′′,x′′; t′,x′) in any form and identifying the energy levels.

We are typically interested in Hamiltonians that are local in the sense
that

〈x′|H|n′〉 = Hx′〈x′|n′〉, (7.92)

for some differential operator Hx′ . For example, the standard Hamilto-
nian of non-relativistic quantum mechanics H = p2/(2m) + V (x) obeys
(7.92) with Hx′ = −(�2/2m)∇′2 + V (x′). Operating on both sides of
(7.90) with 〈x′| and using (7.92) gives

Hx′〈x′|n′〉 = En′〈x′|n′〉, (7.93)

which can be recognized as the time-independent Schrödinger equation
with 〈x′|n′〉 the wave function written in Dirac notation. It follows from
(7.91) and (7.93) that

i�
∂

∂t′′
K(t′′,x′′; t′,x′) = Hx′′K(t′′,x′′; t′,x′), (7.94)
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showing that the propagator satisfies the time-dependent Schrödinger
equation.4

The usual situation is that we are interested in t′′ > t′ in order to study
how a state evolves with time. However, in all that we have written down
it makes no difference whether we take t′′ > t′ or t′′ < t′. We will define
the retarded propagator Kr(t′′,x′′; t′,x′) by

Kr(t′′,x′′; t′,x′) =
{

0, if t′′ < t′;
K(t′′,x′′; t′,x′), if t′′ ≥ t′; (7.95)

and the advanced propagator Ka(t′′,x′′; t′,x′) by

Ka(t′′,x′′; t′,x′) =
{

K(t′′,x′′; t′,x′), if t′′ ≤ t′;
0, if t′′ > t′.

(7.96)

By defining the step function, or Heaviside distribution, θ(τ) by

θ(τ) =
{

1, if τ > 0;
0, if τ < 0; (7.97)

and

θ(0) = lim
τ→0

θ(τ), (7.98)

with the limit taken from above if τ > 0 and from below if τ < 0, we can
write (7.95) and (7.96) succinctly as

Kr(t′′,x′′; t′,x′) = θ(t′′ − t′)K(t′′,x′′; t′,x′), (7.99)
Ka(t′′,x′′; t′,x′) = θ(t′ − t′′)K(t′′,x′′; t′,x′). (7.100)

A useful integral representation for θ(τ) when τ �= 0 is

θ(τ) = − 1
2πi

∫ ∞

−∞

e−iωτ

ω + iε
dω, (7.101)

where ε → 0 is understood. The equivalence of (7.101) with (7.97) can be
shown by considering a contour in the complex ω-plane extending along
the real ω-axis and closed with a semi-circle in either the upper or lower
half-plane. Writing the complex variable ω = ωR + iωI with ωR(ωI) the
real (imaginary) parts we have e−iωτ = eωIτe−iωRτ . It then follows that
if τ > 0 we must close the contour in the lower half-plane to ensure
that the contribution coming from the semi-circle vanishes as the radius
is extended to infinity. This encloses a simple pole at ω = −iε and the

4 This result can also be deduced from (7.89) and (3.20).
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residue theorem gives the result of +1 for the contour integral.5 When
τ < 0 we must close the contour in the upper half-plane in order that
the contribution coming from the semi-circular arc vanishes as the radius
extends to infinity. This time no poles are enclosed, and the residue the-
orem (or Cauchy’s theorem) tells us that the contour integral vanishes.
This proves the equivalence between (7.101) and (7.97).

If we differentiate (7.97) it is obvious that θ′(τ) vanishes everywhere
except at τ = 0 where it is discontinuous. This indicates a possible con-
nection with the Dirac δ-distribution. One way to see this connection is
to differentiate (7.101) with respect to τ , let ε → 0, and note that we
are left with the integral representation of the Dirac δ-distribution. To
establish this connection in another way, let f(τ) be any differentiable
function which is well behaved as τ → ±∞ and at τ = 0. Consider∫ ∞

−∞
θ′(τ)f(τ)dτ and perform an integration by parts, followed by use of

the definition (7.97)∫ ∞

−∞
dτθ′(τ)f(τ) =

∫ ∞

−∞
dτ

{
d

dτ
[θ(τ)f(τ)] − θ(τ)f ′(τ)

}
= θ(τ)f(τ)|∞−∞ −

∫ ∞

0
dτf ′(τ)

= f(0). (7.102)

The second term on the right-hand side in the second line has used the
property (7.97) of θ(τ) to replace the lower limit of the integral with 0.
The last line has used the assumed finiteness of f(τ) at τ = 0,∞. From
(7.102) it can be seen that θ′(τ) has exactly the same property as the
Dirac δ-distribution, so we have established the distributional identity

θ′(τ) = δ(τ). (7.103)

If we now differentiate both sides of (7.99) with respect to t′′ and use
(7.103) we find that the retarded propagator satisfies(

i�
∂

∂t′′
− Hx′′

)
Kr(t′′,x′′; t′,x′) = i�δ(t′′ − t′)δ(x′′,x′). (7.104)

We have also used the results (7.88) and (7.94) for K(t′′,x′′; t′,x′) here.
In a similar way, from (7.100) we find(

i�
∂

∂t′′
− Hx′′

)
Ka(t′′,x′′; t′,x′) = −i�δ(t′′ − t′)δ(x′′,x′). (7.105)

5 Note that there is a factor of −1 because the contour is traversed in the clockwise
sense.
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Note the sign difference on the right-hand side of (7.105) when compared
with (7.104) comes about because

∂

∂t′′
θ(t′ − t′′) = −δ(t′ − t′′)

from (7.103). It can be seen from (7.95) and (7.96), or else from (7.99)
and (7.100) with θ(τ) + θ(−τ) = 1, that

Kr(t′′,x′′; t′,x′) + Ka(t′′,x′′; t′,x′) = K(t′′,x′′; t′,x′). (7.106)

Now suppose that we set t′′ = t′ + τ in Kr(t′′,x′′; t′,x′), so that we
have τ ≥ 0, and take the Fourier transform:

Kr(x′′,x′;E) =
∫ ∞

−∞
dτ exp

(
i

�
Eτ

)
Kr(t′ + τ,x′′; t′,x′). (7.107)

(Note that there is no harm in extending the integration range to −∞
because Kr(t′′,x′′; t′,x′) vanishes if τ < 0.) The inverse of (7.107) reads

Kr(t′ + τ,x′′; t′,x′) =
∫ ∞

−∞

dE

2π�
exp

(
− i

�
Eτ

)
Kr(x′′,x′;E). (7.108)

By making use of the fact that Kr(t′ + τ,x′′; t′,x′) satisfies (7.104) it is
easy to show that

(Hx′′ − E) Kr(x′′,x′;E) = −i�δ(x′′,x′). (7.109)

We may now write

Kr(x′′,x′;E) =
∑
n′

〈x′′|n′〉〈n′|x′〉Kr(E;n′), (7.110)

and using (7.109) along with (7.93) find

(En′ − E) Kr(E;n′) = −i�. (7.111)

This shows that Kr(E;n′) has simple poles at E �= En′ . It is therefore
necessary to give a prescription for dealing with the poles at E = En′ .
This can be found by demanding that all of the results that we have
found for Kr(t′′,x′′; t′,x′) be consistent. If we combine (7.111), (7.110)
and (7.108) we find (restoring t′′ = t′ + τ)

Kr(t′′,x′′; t′,x′) = i
∑
n′

〈x′′|n′〉〈n′|x′〉
∫ ∞

−∞

dE

2π

exp [−(i/�)E(t′′ − t′)]
E − En′

.
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The integral that appears on the right-hand side must result in

θ(t′′ − t′) exp
[
− i

�
(t′′ − t′)En′

]
as can be seen from (7.91) and (7.99). In order that this be so, from the
integral representation of the step function in (7.101) it follows that we
should replace E with E + iε in the denominator. This motivates the
definition

Kr(E;n′) =
i�

E − En′ + iε
(7.112)

with ε → 0 understood. This choice of an iε prescription ensures that we
will obtain the retarded propagator.

We can obtain a similar result for the advanced propagator. Leaving
out the details, since they are very similar to what we have just discussed,
we have

Ka(E;n′) =
−i�

E − En′ − iε
(7.113)

with the label r interchanged with a in (7.110). The overall sign change
here relative to (7.112) is attributable to that in front of δ(t′′ − t′) in
(7.105). The different iε prescription ensures that the advanced propaga-
tor is obtained.

The results in (7.112) and (7.113) show us another way to identify the
energy levels of a system; namely, study the analytical properties of the
Fourier transform of the advanced or retarded propagators. In the ε → 0
limit, the Fourier transforms of these propagators develop poles corre-
sponding to the energy levels of the system. We will illustrate this with
two examples.

7.5.2 Free particle

The propagator was derived from the Schwinger action principle in (7.39).
We then have

K(t′ + τ, x′′; t′, x′) =
[ m

2πi�τ

]1/2
exp

[ im(x′′ − x′)2

2�τ

]
(7.114)

if we take t′′ = t′ + τ . By restricting τ > 0 we can identify (7.114) with
the retarded propagator Kr(t′ + τ, x′′; t′, x′). Using (7.114) in the result
(7.107) gives us

Kr(x′′, x′;E) =
∫ ∞

0
dτ
[ m

2πi�τ

]1/2
exp

[ i

�
Eτ +

im(x′′ − x′)2

2�τ

]
(7.115)
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where E is understood to be E + iε here due to the iε prescription
discussed in the previous subsection.6

The analogue of (7.110) in this case is just the Fourier transform

Kr(x′′, x′;E) =
∫ ∞

−∞

dk

2π
eik(x′′−x′)Kr(E, k). (7.116)

Inverting (7.116) and using (7.115) results in

Kr(E; k) =
∫ ∞

0
dτ
[ m

2πi�τ

]1/2
e(i/�)Eτ

×
∫ ∞

−∞
dx′′e

{
[im(x′′−x′)2/2�τ]−ik(x′′−x′)

}

=
∫ ∞

0
dτ e(i/�)[E−(�2/2m)k2]τ (7.117)

=
i�

E − (�2/2m)k2 . (7.118)

The last line has followed from the fact that E contains a small positive
imaginary part as mentioned above. This ensures that the integration in
(7.117) converges.

The result in (7.118) shows us that the energy associated with a system
consisting of a single free particle is given by (�2k2/(2m). Identifying the
eigenvalue of momentum operator p by p′ = �k, we see that the energy
is the standard result p′2/(2m) as in classical mechanics.

7.5.3 Simple harmonic oscillator

The propagator was found from the Schwinger action principle in (7.58)
and reads

K(t′ + τ, x′′; t′, x′) =
[ mω

2πi� sinωτ

]1/2

× exp
{ imω

2� sinωτ
[(x′2 + x′′2) cos ωτ − 2x′x′′]

}
.

(7.119)

with the replacement t′′ = t′ + τ . Assuming τ > 0, this can be viewed as
the retarded propagator Kr(t′ + τ, x′′; t′, x′), and can be used in (7.107)
to express Kr(x′′, x′;E) as an integral. We are after Kr(E;n′) since the

6 Note that because Kr(t′ + τ, x′′; t′, x′) vanishes for τ < 0, the lower limit on the
integration in (7.107) can be replaced with 0.
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poles of this as a function of E determines the energy spectrum. This can
be found most easily by setting x′′ = x′ in (7.110) and integrating both
sides with respect to x′:∫ ∞

−∞
dx′Kr(x′, x′;E) =

∑
n′

Kr(E;n′) (7.120)

=
∑
n′

i�

E − En′
(7.121)

We have used the completeness of the position eigenstates and (7.112).
If we use (7.119) in (7.107) and perform the integration over x′, but not
over τ , we find∫ ∞

−∞
dx′Kr(x′, x′;E) =

∫ ∞

0
dτ e(i/�)Eτ [2(cos ωτ − 1)]−1/2

. (7.122)

Noting that

[2(cos ωτ − 1)]−1/2 =
∞∑

n=0

e−i(n+1/2)ωτ ,

we obtain∫ ∞

−∞
dx′Kr(x′, x′;E) =

∞∑
n=0

i�

E − (n + 1/2)�ω
, (7.123)

again using the iε prescription that gives E a small positive imaginary
part. From (7.123) we can read off the quantized energy levels (n+1/2)�ω
that agree with the more standard derivation in Section 3.5.

7.6 General variation of the Lagrangian

In the applications of the Schwinger action principle that have been con-
sidered in Chapter 3 and in the present chapter we have only considered
variations of the transformation function in the end times or positions.
However the action principle is claimed to be valid for any type of vari-
ation. One type of variation that we have not considered is one in which
the structure of the Lagrangian itself is altered. For the free particle or
simple harmonic oscillator the only variables in the Lagrangian that we
can alter are the mass or frequency which are both constant. This does
not lead to anything new. However for the forced harmonic oscillator con-
sidered in Section 7.4 we can alter the driving force J(t). This variation
is not simply related to the endpoint variations that were utilized earlier.
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We will show how a variation in the structure of the Lagrangian can be
used as the basis for a perturbative treatment of the theory.

We had

δ〈a′
2, t2|a′

1, t1〉 =
i

�
〈a′

2, t2|δW21|a′
1, t1〉 (7.124)

as our expression of the Schwinger action principle. (This was the result
in (3.52) of Section 3.2). Suppose that the variation in (7.124) refers to
a variation in the structure of the Lagrangian of the system with the
endpoints held fixed. In this case we can write

δW21 =
∫ t2

t1

dt δL(t), (7.125)

with δL(t) representing the variation of the Lagrangian operator, what-
ever that might be. The general action principle, expressed in (7.124),
can then be written as

δ〈a′
2, t2|a′

1, t1〉 =
i

�

∫ t2

t1

dt〈a′
2, t2|δL(t)|a′

1, t1〉. (7.126)

By inserting complete sets of states taken at the time t in the manner
indicated below, this last result can be rewritten as

δ〈a′
2, t2|a′

1, t1〉 =
i

�

∫ t2

t1

dt
∑
b′1

∑
b′2

〈a′
2, t2|b′

2, t〉〈b′
2, t|δL(t)|b′

1, t〉〈b′
1, t|a′

1, t1〉.

(7.127)

Now suppose that we perform another infinitesimal variation of the
Lagrangian, independent of the one that we have just done. If we denote
the first variation that resulted in (7.127) by δ1, and use δ2 to denote the
second variation, we find

δ2δ1〈a′
2, t2|a′

1, t1〉 =
i

�

∫ t2

t1

dt
∑
b′1

∑
b′2

[
(δ2〈a′

2, t2|b′
2, t〉) 〈b′

2, t|δ1L(t)|b′
1, t〉

×〈b′
1, t|a′

1, t1〉 + 〈a′
2, t2|b′

2, t〉〈b′
2, t|δ1L(t)|b′

1, t〉
× (δ2〈b′

1, t|a′
1, t1〉)

]
. (7.128)

(Note that since the second variation in the structure of the Lagrangian
is independent of the first, there is no term like δ2〈b′

2, t|δ1L(t)|b′
1, t〉 in

(7.128).) The terms that involve the variation δ2 that occur on the right-
hand side of (7.128) can be expressed as
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δ2〈a′
2, t2|b′

2, t〉 =
i

�

∫ t2

t1

dt′〈a′
2, t2|δ2L(t′)|b′

2, t〉,

δ2〈b′
1, t|a′

1, t1〉 =
i

�

∫ t2

t1

dt′〈b′
1, t|δ2L(t′)|a′

1, t1〉,

if we use (7.126). The completeness relation for the kets |b′
1, t〉 and |b′

2, t〉
allows us to write (7.128) as

δ2δ1〈a′
2, t2|a′

1, t1〉 =
(

i

�

)2 ∫ t2

t1

dt

∫ t2

t

dt′〈a′
2, t2|δ2L(t′)δ1L(t)|a′

1, t1〉

+
(

i

�

)2 ∫ t2

t1

dt

∫ t

t1

dt′〈a′
2, t2|δ1L(t)δ2L(t′)|a′

1, t1〉.

(7.129)

If we utilize the time-ordering symbol introduced in Section 3.1.2, the
result in (7.129) can be expressed in a more compact form. We have, by
definition of time ordering,

T [δ1L(t)δ2L(t′)] = θ(t−t′)δ1L(t)δ2L(t′)+θ(t′−t)δ2L(t′)δ1L(t). (7.130)

(Compare this with (3.27).) Using the time-ordering symbol, it is easy to
see that (7.129) can be rewritten as

δ2δ1〈a′
2, t2|a′

1, t1〉 =
(

i

�

)2 ∫ t2

t1

dt

∫ t2

t

dt′〈a′
2, t2|T [δ1L(t)δ2L(t′)] |a′

1, t1〉.

(7.131)

From this result it is clear that the order in performing the two varia-
tions is irrelevant. The extension of (7.131) to an arbitrary number of
variations is straightforward and results in

δ1 · · · δn〈a′
2, t2|a′

1, t1〉 =
(

i

�

)n ∫ t2

t1

dt′1 · · ·
∫ t2

t

dt′n

× 〈a′
2, t2|T [δ1L(t′1) · · · δnL(t′n)] |a′

1, t1〉. (7.132)

Here δ1, . . . , δn represent n independent variations.
In order to show the utility of this result, we can use it to make contact

with the time-development operator in the interaction picture. Suppose
that the Lagrangian operator can be written as

L(t) = L0(t) + L1(t) (7.133)

for some operators L0(t) and L1(t). Furthermore, suppose that when we
set L1(t) = 0 the transition amplitude for the Lagrangian L0(t) is known.
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We can evaluate the amplitude for the theory whose Lagrangian is given
by (7.133) by treating L1(t) perturbatively. In order to do this, introduce a
continuous parameter λ and write

Lλ(t) = L0(t) + λL1(t). (7.134)

If we take λ = 0, then Lλ(t) reduces to L0(t) with a known transition
amplitude. When we take λ = 1, Lλ(t) becomes the Lagrangian in (7.133)
whose amplitude we wish to know.

When the Lagrangian is taken as in (7.134), we can regard the ampli-
tude 〈a′

2, t2|a′
1, t1〉 as a function of λ. The aim is to compute this amplitude

as a Taylor series in λ. From (7.126) we have

∂

∂λ
〈a′

2, t2|a′
1, t1〉 =

i

�

∫ t2

t1

dt〈a′
2, t2|L1(t)|a′

1, t1〉. (7.135)

Using (7.132) we find

∂n

∂λn
〈a′

2, t2|a′
1, t1〉 =(

i

�

)n ∫ t2

t1

dt′1 · · ·
∫ t2

t1

dt′n〈a′
2, t2|T [L1(t′1) · · ·L1(t′n)] |a′

1, t1〉. (7.136)

We now expand 〈a′
2, t2|a′

1, t1〉 in a Taylor series in λ about λ = 0 to obtain

〈a′
2, t2|a′

1, t1〉 =
∞∑

n=0

λn

n!
∂n

∂λn
〈a′

2, t2|a′
1, t1〉

∣∣∣∣
λ=0

=
∞∑

n=0

λn

n!

(
i

�

)n ∫ t2

t1

dt′1 · · ·
∫ t2

t1

dt′n

× 〈a′
2, t2|T [L1(t′1) · · ·L1(t′n)] |a′

1, t1〉|λ=0 . (7.137)

If we set λ = 1, so that the Lagrangian operator becomes equal to that
in (7.133), we find

〈a′
2, t2|a′

1, t1〉 = 〈a′
2, t2|T

[
exp

i

�

∫ t2

t1

dt′L1(t′)
]
|a′

1, t1〉
∣∣∣∣
λ=0

(7.138)

by summing the series and using the definition of the time-ordered expo-
nential function defined earlier in Section 3.1.2. The states that appear
on the right-hand side of (7.138) have their time development determined
by using the Hamiltonian H0 that is obtained from the Lagrangian L0,
since the right-hand side is evaluated at λ = 0. This is equivalent to using
the interaction picture described in Appendix 3.
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7.7 The vacuum-to-vacuum transition amplitude

In this section we will show how the Schwinger action principle may be
used to evaluate the vacuum persistence amplitude for the forced har-
monic oscillator. The result will then be compared with that found using
the interaction picture described in Appendix 3.

The equation of motion for the position operator for the forced har-
monic oscillator is (see (7.62))

ẍ(t) + ω2x(t) =
1
m

J(t). (7.139)

Consider t1 < t− and t2 > t+ where J(t), that we will call the source, can
be non-zero only for t− ≤ t ≤ t+ as before. Let |in〉 denote the ground
state for t < t− and |out〉 denote the ground state for t > t+. We are inter-
ested in 〈out|in〉, and in particular its dependence on the driving force,
or source, J(t). This transition amplitude is referred to as the ‘vacuum
persistence amplitude’.

Suppose that we define

〈F (t)〉 =
〈out|F (t)|in〉

〈out|in〉 , (7.140)

where t− ≤ t ≤ t+ for any operator F (t). By taking the inner product of
(7.139) between the states |in〉 and |out〉, we have(

d2

dt2
+ ω2

)
〈x(t)〉 =

1
m

J(t). (7.141)

The general solution to this can be written as

〈x(t)〉 = h(t) +
1
m

∫ t+

t−

dt′ G(t, t′)J(t′), (7.142)

where h(t) is any solution to the homogeneous equation obtained by
setting J(t) = 0 in (7.141) and G(t, t′) is a solution to(

d2

dt2
+ ω2

)
G(t, t′) = δ(t − t′). (7.143)

That is, G(t, t′) is a Green function that we must specify.
At this stage we can consider the boundary conditions. If we take

J(t) = 0, then the ground states |in〉 and |out〉 are identical, and we will
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have 〈x(t)〉 = 0.7 This means that we must choose h(t) = 0 in (7.142).8

We therefore have

〈x(t)〉 =
1
m

∫ t+

t−

dt′ G(t, t′)J(t′). (7.144)

By taking the functional derivative of this last result with respect to the
source J(t′) we find

δ

δJ(t′)
〈x(t)〉 =

1
m

G(t, t′). (7.145)

Note that G(t, t′) as defined in (7.143) is independent of J(t), so that
further functional derivatives of (7.145) must vanish.

Next, let us write

〈out|in〉 = exp
[

i

�
W [J ]

]
, (7.146)

for some W [J ]. If we vary both sides of this with respect to J(t) we find

δ〈out|in〉 =
i

�
δW [J ] exp

[
i

�
W [J ]

]
. (7.147)

The Schwinger action principle (7.126) gives us

δ〈out|in〉 =
i

�
〈out|

∫ t2

t1

δL(t)dt |in〉

=
i

�

∫ t+

t−

dt δJ(t)〈out|x(t)|in〉, (7.148)

since δL(t) = δJ(t)x(t) here. Combining (7.147) and (7.148), and making
use of the definition (7.140), we find

δW [J ]
δJ(t)

= 〈x(t)〉. (7.149)

If we now differentiate both sides of (7.149) and use (7.145) we obtain

δ2W [J ]
δJ(t′)δJ(t)

=
1
m

G(t, t′). (7.150)

7 This is true because the operator x(t) involves a sum of terms with the creation and
annihilation operators a and a† whose vacuum expectation values both vanish.

8 Note that as h(t) satisfies the homogeneous equation, it must be independent of the
source J(t).
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Because G(t, t′) is independent of J(t), the solution to this equation may
be seen to be

W [J ] =
1

2m

∫ ∞

−∞
dt

∫ ∞

−∞
dt′ G(t, t′)J(t)J(t′). (7.151)

Note that W [J = 0] = 1 by (7.146) since the states |in〉 and |out〉 coin-

cide in this case, and
δW [J ]
δJ(t)

∣∣∣∣
J=0

= 0 from (7.149). We have chosen to

extend the limits of integration to −∞ and +∞ since J(t) vanishes as
t → ±∞ by assumption. The only remaining thing is to discuss which
Green function enters here.

We can find the general solution to (7.143) by solving first for t > t′

then for t < t′ and matching up the two solutions at t = t′. Let

G(t, t′) =
{

G<(t, t′) for t < t′,
G>(t, t′) for t > t′.

(7.152)

We will require G(t, t′) to be continuous at t = t′:

G<(t′, t′) = G>(t′, t′). (7.153)

By integrating both sides of (7.143) from t = t′ − ε to t = t′ + ε, followed
by taking the ε → 0 limit, we find a second condition

∂G>(t, t′)
∂t

∣∣∣∣
t=t′

− ∂G<(t, t′)
∂t

∣∣∣∣
t=t′

= 1 (7.154)

that the Green function must satisfy.9

It is obvious that we can write the solutions to (7.143) when t �= t′ as

G>(t, t′) =A>(t′)e−iωt + B>(t′)eiωt, (7.155)

G<(t, t′) =A<(t′)e−iωt + B<(t′)eiωt, (7.156)

for some functions A>(t′), A<(t′), B>(t′), B<(t′). The continuity condi-
tions (7.153) and (7.154) at t = t′ give us two equations for the four
unknown functions. We therefore need two further conditions to specify
the solution completely. The conditions that we will choose are that for
t > t+, 〈x(t)〉 contains only positive frequencies (i.e. has a time depen-
dence e−iωt) and that for t < t−, 〈x(t)〉 contains only negative frequen-
cies (i.e. has a time dependence eiωt). As noted by Schwinger (1951c,

9 The continuity condition implies that the ω2 term in (7.143) makes no contribution
when we let ε → 0.
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1953b) the Green function satisfies ‘. . . the temporal analogue of the out-
going wave or radiation condition familiar in the spatial description of a
harmonic source’. We therefore impose

B>(t′) = 0 = A<(t′). (7.157)

The two continuity conditions (7.153) and (7.154) at t = t′ give us

A>(t′)e−iωt′ = B<(t′)eiωt′ , (7.158)

and

−iωA>(t′)e−iωt′ − iωB<(t′)eiωt′ = 1, (7.159)

respectively. The solution to (7.158) and (7.159) is

A>(t′) =
i

2ω
eiωt′ , (7.160)

B<(t′) =
i

2ω
e−iωt′ , (7.161)

and therefore

G(t, t′) =
{

i
2ωe−iω(t−t′) if t ≥ t′,
i

2ωeiω(t−t′) if t ≤ t′.
(7.162)

Alternatively, we can combine the two time intervals of this result and
write the single equation

G(t, t′) =
i

2ω
e−iω|t−t′|. (7.163)

This allows us to see that the result found here for W [J ], as a consequence
of the boundary conditions employed as described above, agrees with the
vacuum persistence amplitude found at the end of Appendix 3.

The particular Green function that we found is known as the ‘Feyn-
man Green function’ because of its importance in quantum field theory
as demonstrated by Feynman (1949a). Because the Feynman Green func-
tion plays such a central role in quantum field theory, we will study it a
bit further here as a preparation for the next chapter.

Another way to solve (7.143) is by expressing G(t, t′) as a Fourier
transform. Write

G(t, t′) =
∫ ∞

−∞

dk

2π
eik(t−t′)G(k). (7.164)

We then find

(−k2 + ω2)G(k) = 1, (7.165)
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noting that

δ(t − t′) =
∫ ∞

−∞

dk

2π
eik(t−t′).

Provided that k2 �= ω2, the solution for G(k) is obvious; however, the
integration goes from k = −∞ to k = +∞ and runs through the points
k = ±ω where G(k) has simple poles. This means that we must regard
(7.164) as a contour integral with an integration path that avoids the
poles at k = ±ω. How we choose this path coincides precisely with the
choice that we needed to make in the boundary conditions when we solved
for G(t, t′) earlier.10 We therefore must choose a contour that leads us to
the result in (7.163).

The contour that we specify in (7.164) can be closed by the addition
of a semi-circle of infinite radius. In order that this semi-circle makes no
contribution to the result, if t > t′ we must close the semi-circle in the
upper half of the complex k-plane (so that if k = iR, then eik(t−t′) =
e−R(t−t′) → 0 as R → ∞). Because of our requirement that G(t, t′) ∝
e−iωt, this demands that the k = −ω pole be enclosed. By similar reason-
ing, for t < t′ we choose the semi-circle in the lower half of the complex
k-plane and require that k = ω be enclosed. A simple application of the
residue theorem shows that the procedure we have described recovers the
Green function in (7.163).

Rather than choose a contour that is indented off the real axis around
the poles at k = ±ω, it is simpler to displace the poles off the real axis
and leave the integration as it stands. We need to shift the k = −ω pole
above the real axis (so that it is enclosed by the semi-circle in the upper
half of the complex k-plane) and the k = ω pole below the real axis (so
that it is enclosed by the semi-circle in the lower half of the complex
k-plane). It is easy to see that this can be accomplished by replacing ω2

in (7.164) with ω2 − iε with ε → 0 understood. We therefore have the
Fourier transform of the Feynman Green function being

G(t, t′) = −
∫ +∞

−∞

dk

2π

eik(t−t′)

k2 − ω2 + iε
. (7.166)

This ‘iε’ prescription ensures that we obtain the Feynman Green function.

7.8 More general systems

In Chapter 3 we introduced the Schwinger action principle and used
it to derive the canonical commutation relations for the position and

10 Recall that we chose G(t, t′) ∝ e−iωt for t > t′ and G(t, t′) ∝ eiωt for t < t′.
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the momentum, as well as the Heisenberg equations of motion. In these
derivations if we assume that the variations of the position and momen-
tum are multiples of the identity operator, so that they commute with
all operators, only commutation relations are obtained. If we are to treat
fermions, which satisfy anti-commutation relations, our assumption con-
cerning the nature of the infinitesimal variations of position and momen-
tum must be relaxed.11 In this section we will re-examine the Schwinger
action principle in quantum mechanics from a more general standpoint.12

If we consider a system of bosons initially, then the Lagrangian operator
in (3.68) may be written in the form

L =
1
2
(pẋ + ẋp − ṗx − xṗ) − H(p, x, t) (7.167)

if we add an appropriate total time derivative term.13 If we introduce

Q =
(

x
p

)
, (7.168)

QT = (x, p), (7.169)

then (7.167) can be rewritten as

L =
1
2
(QT AQ̇ − Q̇T AQ) − H(Q, t), (7.170)

where

A =
1
2

(
0 −I
I 0

)
. (7.171)

The constant matrix A has the following properties:

A∗ = A, AT = −A, A† = −A. (7.172)

Suppose that we now consider a more general theory where L is given
by (7.170) but where the constant matrix A is not necessarily given by
(7.171). We will require A to be independent of Q and Q̇, and in order
that the Lagrangian operator be Hermitian require

A† = −A. (7.173)

11 This was discussed in Section 3.8 for the Schrödinger field.
12 This section is not needed for the final chapter and can be omitted by the reader

not interested in issues related to the generality of the Schwinger action principle.
13 We will not bother to explicitly indicate the coordinate indices on the position and

momentum here.
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The dynamical variables entering L are assumed to be real

Q∗ = Q. (7.174)

We make no further assumptions about the nature of Q, or of the arbitrary
variation δQ, at this stage. The action operator is given by

W21 =
∫ t2

t1

dt L(t), (7.175)

with L(t) given in (7.170) and is Hermitian.
Before looking at what the action principle has to say about the quan-

tum theory, we will examine the classical theory based on (7.170) with
A† = −A. Any matrix can be decomposed as the sum of a symmetric
matrix and an antisymmetric matrix. We can write

A = As + Aa, (7.176)

where

As =
1
2
(A + AT ) (7.177)

is symmetric, and

Aa =
1
2
(A − AT ) (7.178)

is antisymmetric. The Lagrangian L in (7.170) may be written as

L =
1
2
As

ij(QiQ̇j − Q̇jQi) +
1
2
Aa

ij(QiQ̇j + Q̇jQi) − H(Q, t), (7.179)

where the indices i and j are summed over the appropriate range. Even
though we are considering a classical theory, we are not making any
assumptions about the commutativity properties of the Qi. Normally we
are used to variables where QiQ̇j = Q̇jQi. In this case the term in As

makes no contribution to the Lagrangian and we lose no generality by
taking A to be antisymmetric. This was the case for the boson theory we
considered in Section 3.3.

There is however another natural possibility for the variables. Con-
sider variables which obey QiQ̇j = −Q̇jQi and QiQj = −QjQi. With
this choice the classical theory is described by anti-commuting coordi-
nates, which although are perhaps strange, are no less consistent than
coordinates which commute. We will refer to variables which commute
as c-type, and variables which anti-commute as a-type. Schwinger was
the first to utilize them in quantum theory, and called them variables of
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the first kind and second kind respectively. Our terminology is now more
standard.14

We will now partition Q into two sets of variables

Q =
(

b
f

)
(7.180)

where bi denotes the set of classically commuting variables (i.e. bi is
c-type) and fα denotes the set of classically anti-commuting variables
(i.e. fα is a-type). We will further assume that the constant matrix A,
which obeys (7.173), takes the form

A =
(

AB 0
0 AF

)
, (7.181)

where

AT
B = − AB, (7.182)

AT
F =AF . (7.183)

More generally, cross-terms in the c-type and a-type variables could be
allowed in the Lagrangian. In this case, A is not the direct sum of AB and
AF as given in (7.181), and the off-diagonal blocks of A must be taken
to be a-type matrices. We will not consider this further in what follows.

We will first consider a variation of the initial or the final time. As in
Section 3.2 we have

δtW21 =
∫ t2+δt2

t1+δt1

dt L(t) −
∫ t2

t1

dt L(t)

= δt2 L(t2) − δt1 L(t1). (7.184)

(We have appended a subscript t to δ on the left-hand side of (7.184) to
show that the variation is only with respect to the time.) The result in
(7.184) is of the general form in (3.61) with the infinitesimal generator
given by

Gt(t) = δt L(t). (7.185)

Next, consider a general variation of the dynamical variables Q(t) with
the time held fixed. It follows from (7.170) that

δL(t) =
1
2
(δQT AQ̇ + QT AδQ̇ − δQ̇T AQ − Q̇T AδQ) − δH (7.186)

14 See DeWitt (1984) for example.
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where

δH = H(Q + δQ, t) − H(Q, t). (7.187)

Equation (7.186) is identical to

δL(t) = δQT AQ̇ − Q̇T AδQ − δH +
1
2

d

dt
(QT AδQ − δQT AQ). (7.188)

The equations of motion must be contained in

δQT AQ̇ − Q̇T AδQ = δH, (7.189)

and the generator of the infinitesimal transformation of the dynami-
cal variables is

GQ(t) =
1
2
[QT (t)AδQ(t) − δQT (t)AQ(t)]. (7.190)

At this stage Schwinger (1970) makes a strong assumption. In com-
puting δH from (7.187), he assumes that it is always possible to write
δH in a form where δQ appears on the left or on the right. For con-
formity with (7.189), this requires δQ to possess simple commutation
relations with Q. Furthermore, Schwinger demands that δQ commutes
with H. These restrictions are then shown to lead only to commuta-
tion or anti-commutation relations for the dynamical variables. It was
later realized by other authors (Kibble and Polkinghorne (1958), Kibble
(1959), and Bloore and Lovely (1972)) that Schwinger’s restrictions could
be weakened somewhat, allowing more general possibilities, such as the
parastatistics of Green (1953).

We can make a weaker assumption than Schwinger, still based on the
form of (7.189), by writing δH in the form

δH = δQT Hl + HrδQ (7.191)

for some operators Hl and Hr. If δH is to be Hermitian we must require
H†

l = Hr. In this case, we have

δH = δQT Hl + H†
l δQ. (7.192)

It is important to emphasize that this requirement on δH still entails
restrictions on the class of allowed variations which may rule out certain
theories. If H is more than quadratic in Q, then some assumption must
be made about the relation between Q and δQ if δH is to be written in
the form (7.192). It is possible to go some way without assuming (7.192),
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but at some stage the variations must be restricted in some way if any
progress is to be made.15

The equations of motion which follow from (7.189) and (7.192) are

AQ̇ =Hl, (7.193)

−Q̇T A =H†
l . (7.194)

It is easy to see that (7.194) is just the Hermitian conjugate of (7.193) if
we use the property A† = −A in (7.173). Assuming that A is invertible,
implying that all of the variables are dynamical, we have the solution

Q̇ = A−1Hl (7.195)

to the equations of motion (7.193).
Another possible variation is to alter the structure of L(t) in some way.

Suppose that we change L(t) to

LΛ(t) = L(t) + Λ(t) (7.196)

where Λ(t) is some arbitrary infinitesimal function which may depend
on the dynamical variables. We will take Λ† = Λ to be Hermitian. This
alters the Hamiltonian to

HΛ = H − Λ (7.197)

changing the equation of motion (7.193) to

AQ̇Λ = Hl − Λl (7.198)

if we define

δΛ = δQT Λl + Λ†
l δQ. (7.199)

Writing

QΛ = Q − δΛQ, (7.200)

we find that

δΛQ̇ = A−1Λl (7.201)

using (7.195) and (7.198).

15 For example, the analysis of Bloore and Lovely (1972), which does not assume
(7.192), has the tacit assumption that the variations must be independent of time,
and a number of other properties are imposed.
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The alteration of the Lagrangian operator in (7.196) changes the action
operator by an amount

δΛW21 =
∫ t2

t1

dt Λ(t). (7.202)

If we define

GΛ(t2) =
∫ t2

t1

dt Λ(t), (7.203)

GΛ(t1) = 0, (7.204)

then (7.202) is of the general form (3.61) required by the action princi-
ple. The change in any observable generated by GΛ(t2) can be computed
using the general result (3.86). In particular we must have

δΛQ(t2) =
i

�
[GΛ(t2), Q(t2)]. (7.205)

This result can be compared with (7.201). The two expressions obtained
for δΛQ must be consistent. This consistency will lead to the canonical
commutation relations.

Λ(t) is completely general so far. Suppose that we specialize to the
variation considered by Peierls (1952),

Λ(t) = λ(t)δ(t − t′). (7.206)

Then (7.203) and (7.204) give

GΛ(t2) =
{

0 if t′ �∈ [t1, t2],
λ(t′) if t′ ∈ [t1, t2].

(7.207)

If Λ(t) is given by (7.206) we have G(t2) = 0 if t′ > t2. From (7.205) we
find

δΛQ(t2) = 0 if t2 < t′. (7.208)

If we set

t′ = t2 − τ (7.209)

with τ > 0, then

δΛQ(t2) =
i

�
[λ(t2 − τ), Q(t2)]

� i

�
[λ(t2), Q(t2)] (7.210)
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since λ(t2) is already infinitesimal, and we work only to lowest order.
Also from (7.201) and (7.206) we have

δΛQ̇(t) = A−1λl(t)δ(t − t′). (7.211)

Integration of both sides of this result from t′ − τ to t′ + τ where τ > 0
gives

δΛQ(t′ + τ) − δΛQ(t′ − τ) = A−1λl(t′). (7.212)

Using (7.208) and (7.209), and again working only to first order in
infinitesimals, we have

δΛQ(t2) = A−1λl(t2). (7.213)

In order that (7.210) be consistent with (7.213) we must have

A−1λl =
i

�
[λ, Q]. (7.214)

If we now take

λ(t) = −H(t)δt, (7.215)

then λl = −Hlδt. Equation (7.214) now leads to

−A−1Hl =
i

�
[−H, Q]

which may be recognized as

Q̇ =
i

�
[H, Q], (7.216)

if (7.195) is used. This is the Heisenberg equation of motion for the
dynamical variables.

We can consider other possibilities for λ. If λ is independent of the Qi

then δλ = 0 under a variation of the dynamical variables. From (7.214)
we obtain

[λ, Qi] = 0. (7.217)

After a λ which is independent of Qi, the next most complicated
possibility is to take λ to depend linearly on Qi. Let

λ = εT Q + QT ε (7.218)

which is Hermitian if ε∗ = ε is real. ε is taken to have no dependence on
Q. With Q given as in (7.180), we may write

ε =
(

εB

εF

)
, (7.219)
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and (7.218) becomes

λ = εT
Bb + bT εB + εT

Ff + fT εF . (7.220)

Because λ must be c-type (since it is part of the modified action), εB

must be c-type and εF must be a-type. Variation of (7.220) with respect
to b, f shows that

λl =
(

εB

εF

)
(7.221)

and (7.214) results in

A−1
B εB =

i

�
[λ, b], (7.222)

A−1
F εF =

i

�
[λ, f ]. (7.223)

Because εB and εF may be specified independently, (7.222) and (7.223)
give

A−1
B εB =

i

�
[εT

Bb + bT εB, b], (7.224)

0 =
i

�
[εT

Ff + fT εF , b], (7.225)

A−1
F εF =

i

�
[εT

Ff + fT εF , f ], (7.226)

0 =
i

�
[εT

Bb + bT εB, f ]. (7.227)

In order to analyse the structure of these four equations we will use the
following identity

[AB, C] = A[B,C]q − [C, A]qB (7.228)

where

[A, B]q = AB − qBA (7.229)

with q an arbitrary number. Applying this first to (7.224) results in

−i�(A−1
B )ijεBj = εBj[bj, bi]q − [bi, εBj]qbj

+ bj[εBj, bi]q − [bi, bj]qεBj. (7.230)

The aim of this exercise is to obtain a relation for [bi, bj]q in terms of
something which is independent of bi. Suppose that we write

[bi, bj]q = Tij(q), (7.231)
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for some Tij(q) which is independent of the operators bi. We will show
that this can only work if q = ±1. To do this, note that Tij(q) can be
viewed as the elements of a matrix. We can always decompose

Tij(q) = T(ij)(q) + T[ij](q) (7.232)

where

T(ij)(q) =
1
2

[
Tij(q) + Tji(q)

]
, (7.233)

T[ij](q) =
1
2

[
Tij(q) − Tji(q)

]
. (7.234)

By direct computation from (7.231) we have

T(ij)(q) =
1
2
(1 − q){bi, bj}, (7.235)

where {bi, bj} = bibj + bjbi is the anti-commutator. It is also easy to see
that

T[ij](q) =
1
2
(1 + q)[bi, bj]. (7.236)

However, both T(ij)(q) and T[ij](q) are constructed from Tij(q), which by
assumption is independent of the operators bi. The only way for both
T(ij)(q) and T[ij](q) to be independent of bi occurs if q = 1 or if q = −1.
No other values of q are allowed. We must now study these two allowed
values of q to see if they are consistent.

Returning now to (7.230) we see that if [bi, bj]q with q = ±1 is a fixed
numerical value independent of the operators bi, then because the left-
hand side of the equation is independent of bi, the two terms on the
right-hand side involving bi must vanish. We may pick

[bi, εBj]q = 0 (7.237)

for q = ±1. If we choose q = −1, we are left in (7.230) with (A−1
B )ijεBj =

0. Since we wish to allow εB �= 0, there is no solution in the case q = −1.
We must therefore have q = 1, in which case we obtain

[bi, bj] =
i�

2
(A−1

B )ij. (7.238)

In the classical limit, � → 0, we obtain bibj = bjbi as expected from
our earlier discussion. We also see from (7.237) with q = 1 that εB com-
mutes with bi and therefore may be regarded as a c-type function. This
is consistent with what we found earlier by demanding that λ be c-type.
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Given that εB is an ordinary c-type function which commutes with bi,
(7.227) immediately leads to

[bi, fα] = 0. (7.239)

We can now try to analyse (7.226) in exactly the same way as we did
(7.224). The case q = −1 leads to εF = 0 as the only solution. The case
q = 1 leads to

[fα, εFβ] = 0

and
i�

2
(A−1

F )αβεFβ = [fα, fβ]εFβ.

This time there is no solution if εFβ �= 0 because (A−1
F )αβ is symmetric in

α and β whereas [fα, fβ] is antisymmetric. So regardless of whether q = 1
or q = −1, we must have εF = 0. There is no way to deduce [fα, fβ]q from
a λ which is linear in the dynamical variables. We can note that (7.225)
is trivially satisfied by εF = 0.

To summarize, by taking λ to be linear in the dynamical variables Q,
we have shown that λ can only depend on the c-type dynamical variables
bi. The two relations (7.238) and (7.239) must be satisfied for conformity
with the Schwinger action principle.

We now examine a λ which is quadratic in the dynamical variables.
We will write

λ = QT MQ, (7.240)

where M is a c-type Hermitian matrix. We will take

M =
(

MB 0
0 MF

)
, (7.241)

so that

λ = bT MBb + fT MFf. (7.242)

We know from (7.238) that bibj = bjbi + (i�/2)(A−1
B )ij. It then follows

that

bT MBb = (MB)ijbibj

=
1
2

[
(MB)ij + (MB)ji

]
bibj +

i�

4
(MB)ij(A−1

B )ij.

The last term on the right-hand side is a constant term satisfying (7.217).
Accordingly, we lose no generality by assuming that MB is a symmetric
matrix. Because the relation between fαfβ and fβfα is unknown, we do
not impose any symmetry properties on MF .
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By varying λ with respect to the dynamical variables, it is easy to see
that

λl =
(

MBb
MFf

)
, (7.243)

and so (7.214) results in

A−1
B MBb =

i

�
[λ, b], (7.244)

A−1
F MFf =

i

�
[λ, f ]. (7.245)

Because MB and MF may be freely specified independently of each other,
we must have

A−1
B MBb =

i

�
[bT MBb, b], (7.246)

0 =
i

�
[fT MFf, b], (7.247)

0 =
i

�
[bT MBb, f ], (7.248)

A−1
F MFf =

i

�
[fT MFf, f ]. (7.249)

It is now straightforward to show that (7.246) is satisfied by virtue of
(7.238), and that (7.247) and (7.248) are satisfied by virtue of (7.239).
The only equation that can have any new content is (7.249), and we will
now analyse this equation.

We can always write MF = Ma
F +Ms

F where Ma
F is antisymmetric and

Ms
F is symmetric. These two parts of MF can be specified independently

of each other, so (7.249) results in

A−1
F Ms

Ff =
i

�
[fT Ms

Ff, f ], (7.250)

A−1
F Ma

Ff =
i

�
[fT Ma

Ff, f ]. (7.251)

If we assume that Ma
F �= 0, then (7.251) gives us

(A−1
F )αβfγ − (A−1

F )αγfβ =
i

�
[fβfγ − fγfβ, fα]. (7.252)

(This follows from (Ma
F )βγ = −(Ma

F )γβ.) Defining

[fα, fβ]q = Tαβ(q), (7.253)
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in a similar way to (7.231), with Tαβ(q) independent of the operators fα,
we find

(A−1
F )αβfγ − (A−1

F )αγfβ = − i

�

[
Tαβ(q) + Tβα(q)

]
fγ

+
i

�

[
Tαγ(q) + Tγα(q)

]
fβ.

The solution to this equation requires

Tαβ(q) + Tβα(q) = i�(A−1
F )αβ. (7.254)

Directly from (7.253) we find

Tαβ(q) + Tβα(q) = (1 − q){fα, fβ}. (7.255)

The results in (7.253)–(7.255) are only consistent with each other, and
with the requirement that Tαβ(q) be independent of fα if q = −1. (q = 1
results in A−1

F = 0 which is not allowed.) We therefore find

{fα, fβ} =
i�

2
(A−1

F )αβ. (7.256)

In the classical limit, � → 0, the operators fα reduce to a-type numbers
as we found earlier for the classical theory.

Given (7.256), it is now easy to show that the only solution to (7.250)
is for Ms

F = 0. We therefore find that MF in (7.242) may be chosen to
be antisymmetric.

It is now natural to investigate a λ which is higher order than quadratic
in the dynamical variables Q. Consider a general monomial in fα and bi.
It must contain an even number of the fα operators if the coefficients of
the monomial are to be c-type. Write

λ = λα1···α2ni1···imfα1 · · · fα2nbi1 · · · bim , (7.257)

where the coefficients λα1···α2ni1···im are c-type, and all repeated indices
are summed over appropriate values. Note that because bi commutes with
fα, we can always arrange the order of the f ’s and b’s as shown in (7.257)
without any loss of generality. Furthermore, because bibj = bjbi+ a c-type
number and fαfβ = −fβfα+ a c-type number, we do not lose any gen-
erality by taking λα1···α2ni1···im to be totally antisymmetric in α1 · · ·α2n

and totally symmetric in i1 · · · im.
We now wish to compute δλ. In order to do this we need to know the

properties of δfα and δbi. By varying the canonical commutation relations
we have already found in (7.238), (7.239), and (7.256) we obtain

[δbi, bj] + [bi, δbj] = 0, (7.258)
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[δbi, fα] + [bi, δfα] = 0, (7.259)
{δfα, fβ} + {fα, δfβ} = 0. (7.260)

The simplest assumption we can make which satisfies (7.258)–(7.260) is
that

[bi, δbj] = 0, (7.261)
[bi, δfα] = [δbi, fα] = 0, (7.262)

{fα, δfβ} = 0. (7.263)

These results hold if the variations δbi and δfα are treated as classical
c-type or a-type functions.

It is now easy to show that

δλ = 2nλα1···α2ni1···imδfα2nfα1 · · · fα2n−1bi1 · · · bim

+mλα1···α2ni1···imδbimfα1 · · · fα2nbi1 · · · bim−1 . (7.264)

Because we have imposed the relations (7.261)–(7.263) on the variations,
we have

δλ = δQT λl + λ†
l δQ = 2δQT λl. (7.265)

Write

λl =
(

λli

λlα

)
, (7.266)

where

λlj =
m

2
λα1···α2ni1···im−1jfα1 · · · fα2nbi1 · · · bim−1 , (7.267)

λlβ =nλα1···α2n−1βi1···imfα1 · · · fα2n−1bi1 · · · bim . (7.268)

The relation (7.214) that must be satisfied if the action principle is to
hold gives us

(A−1
B )ijλlj =

i

�
[λ, bi], (7.269)

(A−1
F )αβλlβ =

i

�
[λ, fα]. (7.270)

If we make use of (7.239), then

[λ, bi] = λα1···α2ni1···imfα1 · · · fα2n [bi1 · · · bim , bi]. (7.271)



366 Further applications of the Schwinger action principle

By repeated use of the identity in (7.228) where we take q = 1, along
with the fact that λα1···α2ni1···im is symmetric in i1 · · · im, it is easy to see
that

[λ, bi] =mλα1···α2ni1···imfα1 · · · fα2nbi1 · · · bim−1 [bim , bi]

=
i�

2
mλα1···α2ni1···imfα1 · · · fα2nbi1 · · · bim−1(A

−1
B )imi.

With (7.267) used on the left-hand side of (7.269), the relation (7.269)
can be seen to be satisfied. (Recall that (A−1

B )ij is antisymmetric).
In a similar way, use of (7.239) leads to

[λ, fα] = λα1···α2ni1···imbi1 · · · bim [fα1 · · · fα2n , fα].

By repeated use of the identity (7.228) with q = −1 and the antisymmetry
of λα1···α2ni1···im in α1 · · ·α2n, it can be seen that

[λ, fα] = 2nλα1···α2ni1···imfα1 · · · fα2n−1 [fα2n , fα]bi1 · · · bim

= i�nλα1···α2ni1···im
fα1 · · · fα2n

(A−1
F )α2nαbi1 · · · bim

.

The equation resulting in (7.270) can now be seen to be satisfied if we
use the result just derived on the right-hand side, and use (7.268) on the
left-hand side.

It therefore follows that provided the assumptions (7.261)–(7.263) on
the variations of the operators bi and fα hold, the relations (7.238),
(7.239), and (7.256) may be imposed consistently with the Schwinger
action principle for any alteration of the operator Lagrangian which can
be expressed as a monomial in the operators bi and fα.

The analysis of this section shows that it is too strong to claim that
it is possible to derive the canonical commutation relations from the
Schwinger action principle, since properties must be imposed on varia-
tions of the dynamical variables which cannot be derived from the action
principle. (For example, we assumed that the Hamiltonian was always
such that its variation could be written in the form (7.189).) A more
accurate statement is that it is possible to set up the theory so that
a set of commutation and anti-commutation relations may be imposed
consistently. Within the constraints we have imposed, it has been shown
that only Bose and Fermi statistics are allowed. In order to obtain any
other kind of statistics it is necessary to change the form assumed for the
Lagrangian, restrict the allowed class of variations of the Lagrangian, or
restrict the properties of the allowed variations of the dynamical variables
more than we have done.
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Notes

The transition amplitude for the free particle appears in Schwinger
(1951b). The transition amplitude for the forced harmonic oscillator is
presented in Feynman (1948) using the path integral method. The rela-
tionship between the more widely known path integral method and the
Schwinger action principle is discussed by DeWitt (1965). A very com-
prehensive treatment of the path integral method in quantum mechanics
is Kleinert (2004). For more about Schwinger’s approach to quantum
mechanics, see Schwinger (2001).



8
General definition of the effective action

This chapter presents the application of the Schwinger action principle
to interacting field theory. We concentrate on the case of scalar fields for
simplicity. It will be shown how the perturbative expansion of the effective
action can be obtained in a systematic manner. The renormalization of
interacting scalar fields with a quartic self-interaction is discussed using
this formalism to two-loop order. We will see how to incorporate finite
temperature effects into the formalism and then discuss Bose–Einstein
condensation using a generalization of the effective action due to Callan,
Jackiw, and Tomboulis (Cornwall et al., 1974).

8.1 Generating functionals for free field theory

The action integral for a typical theory that we are interested in is local in
the sense that it only involves the integral of fields at the same spacetime
point. (See the examples of Chapter 2.) When we replace the classical
fields with operators, this means that the time-ordering operation is not
important in the action. This is also true for the equations of motion.
In this section we will follow essentially the same procedure as we did in
Section 7.7, but this time for field theory.

Suppose that we consider a free field theory with a field operator
denoted by φI(t,x). Here I runs over any type of indices that the
field might have. We will initially assume that φI(t,x) is a Bose field
to avoid the complication of dealing with anti-commuting numbers. In
order to deal with the basic formalism, it proves convenient to adopt
DeWitt’s (1965) condensed notation with an index, like i, standing for
the complete set of labels on a field, including the spacetime coordinates.
We will use φi in condensed notation to be short for φI(t,x) in con-
ventional notation. So the condensed index i is short for (I, t,x). We

368
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have been using the Einstein summation convention in which a repeated
index involves a sum over all possible values. In condensed notation we
will understand that any repeated index is summed over all values of
the normal index I and also involves an integration over the continuous
labels t and x. For example, if we have Jiφ

i in condensed notation, this is

shorthand for the lengthier expression
∑

I

∫
dt

∫
dDxJI(t,x)φI(t,x) in

normal notation. An object like Aij in condensed notation that has two
(or more) indices must correspond to an object in normal notation with
more than one spacetime label: Aij ↔ AIJ(t,x; t′,x′). An expression like
Aijφ

iφj in condensed notation becomes∑
I,J

∫
dt

∫
dDx

∫
dt′
∫

dDx′AIJ(t,x; t′,x′)φI(t,x)φJ(t′,x′)

in normal notation. The advantage of using condensed notation, as should
be readily evident, is that it shortens many expressions considerably and
allows us to manipulate terms in exactly the same way as if they were
finite dimensional.

We will consider initially a free field whose action functional is

S[φ] = −1
2
Aijφ

iφj + Jiφ
i. (8.1)

A specific example of this is the real scalar field described in (3.170)
where we ignore any self-interaction and add on a coupling to an external
source. The external source is a convenience that we introduce for reasons
that will become apparent; it can be set to zero at any stage. In this case
we have the correspondence

Aij ↔
(
�x + m2 − iε

)
δ(x, x′). (8.2)

Here we have added on the iε to ensure that when we define the Green
function it corresponds to the Feynman Green function as described in
Section 7.7.

The equation of motion for the field operator φi that follows from the
action functional (8.1) is

Aijφ
j = Ji. (8.3)

If we define the Feynman Green function in condensed notation as Gij

where

AijG
jk = δk

i , (8.4)

we can solve (8.3) with

φi = GijJj. (8.5)
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The Schwinger action principle reads

δ〈out|in〉 =
i

�
〈out|δS|in〉. (8.6)

Again, because of our assumption that the action only involves the prod-
ucts of fields with the same time coordinate, whether or not we include
the time-ordering operation in (8.6) is irrelevant. (See the scalar field
action in (3.170) for example.) Suppose that we choose the variation in
(8.6) to be with respect to the external source Ji keeping everything else
fixed. Then we obtain

δ

δJi
〈out|in〉 =

i

�
〈out|φi|in〉. (8.7)

Introduce the notation

〈A[φ]〉 =
〈out|T (A[φ])|in〉

〈out|in〉 , (8.8)

and

〈out|in〉 = exp
(

i

�
W [J ]

)
. (8.9)

These are the analogues of (7.140) and (7.146) found for the forced
harmonic oscillator. Differentiation of both sides of (8.9) results in

δ

δJi
〈out|in〉 =

i

�

δW

δJi
exp

(
i

�
W [J ]

)
. (8.10)

Comparison with (8.7) and use of the definition (8.8) shows that

δW

δJi
= 〈φi〉. (8.11)

From (8.5) we have
δW

δJi
= GijJj. (8.12)

Regarding this as a functional differential equation for W [J ], the solution
to (8.12) is seen to be

W [J ] =
1
2
JiG

ijJj + W [0], (8.13)

where W [0] is independent of the source Ji and is something that we need
to determine.
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To find W [0], apply the Schwinger action principle (8.6) again, except
this time take the variation to be with respect to Aij.1 From (8.1) we
have

δS = −1
2
δAijφ

iφj. (8.14)

Using the results from (8.6), (8.9), and (8.14) we find

δW = −1
2
δAij

〈out|T (φiφj)|in〉
〈out|in〉 . (8.15)

We have used the locality of the action functional to introduce the time-
ordering operation here.2 We now use the notation of (8.8) and set Ji = 0
to find

δW [0] = −1
2
δAij〈T (φiφj)〉. (8.16)

As in the previous chapter, see (7.132), we have

δ2〈out|in〉
δJiδJj

=
(

i

�

)2

〈out|T (φiφj)|in〉. (8.17)

Making the replacement of 〈out|in〉 in terms of W [J ] as defined in (8.9),
setting Ji = 0, and noting (8.12), it can be seen that

δ2W

δJiδJj

∣∣∣∣
Ji=0

=
i

�
exp

(
− i

�
W [0]

)
〈out|T (φiφj)|in〉. (8.18)

Finally, (8.13) may be used on the left-hand side to see that

〈T (φiφj)〉 = −i�Gij. (8.19)

The relationship between the time-ordered product of field operators
and the Feynman Green function established in (8.19) may be used back
in (8.16) resulting in

δW [0] =
i�

2
δAijG

ij. (8.20)

It proves useful to view the Green function defined by (8.4) as the inverse
of Aij. We can then view δAijG

ij in (8.20) as the trace of δAA−1 if

1 Remember that we are allowed to vary with respect to anything that occurs in the
Lagrangian of the theory.

2 It can be introduced at the earlier stage of (8.14) if we like.
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we proceed by analogy with what would be found if A was an ordinary
symmetric matrix with components Aij. This gives

δAijG
ij = tr(δAA−1)

= δ
[
tr ln(�2Aij)

]
(8.21)

= δ
[
ln det(�2Aij)

]
(8.22)

if we use the matrix identity tr ln = ln det in the last line.3 In addition
we have introduced an arbitrary constant �2 to keep the argument of the
logarithm dimensionless. This motivates the adoption of

W [0] =
i�

2
tr ln(�2Aij) (8.23)

=
i�

2
ln det(�2Aij). (8.24)

From (8.13) the complete expression for W [J ] is now

W [J ] =
1
2
JiG

ijJj +
i�

2
ln det(�2Aij) (8.25)

=
1
2
JiG

ijJj − i�

2
ln det

(
Gij

�2

)
(8.26)

with the second equality making use of the fact that the Green function
is the inverse of Aij as shown in (8.4).

The only role of the external source here is to provide us with some-
thing to differentiate with respect to. In order to remove the dependence
on the source Ji, suppose that we define the background field ϕi by

ϕi = 〈φi〉 =
δW

δJi
. (8.27)

We may then perform a Legendre transformation, exactly as we did
in passing from a Lagrangian to a Hamiltonian description in classical
mechanics, with

Γ[ϕ] = W [J ] − Jiϕ
i. (8.28)

In this definition it is understood that all of the dependence on the source
is eliminated in favour of a dependence on ϕi using (8.27). Making use of
(8.5) shows that

ϕi = GijJj. (8.29)

3 For a symmetric matrix this identity follows simply by diagonalization of the matrix.
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By operating on both sides of this with Aij and making use of the
definition of the Green function in (8.4) we find

Ji = Aijϕ
j. (8.30)

If we now use (8.25) for W [J ], eliminate Ji using (8.30), and simplify the
result using (8.4), it can be seen that

Γ[ϕ] = −1
2
Aijϕ

iϕj +
i�

2
ln det(�2Aij) (8.31)

= S[ϕ] +
i�

2
ln det(�2Aij). (8.32)

The result for Γ[ϕ] is seen to consist of the classical action plus a quan-
tum correction. It is conventional to call Γ[ϕ] the ‘effective action’. Later
we will show how this result is connected with what we have been calling
the effective action in earlier chapters.

Before continuing on to consider interacting theories, it is useful to
show another way of obtaining W [J ]. Suppose that we redefine our field
operator by

φi = ψi − χi, (8.33)

with χi chosen to remove the linear term in the field operator from the
action functional (8.1). By a straightforward calculation, making use of
the symmetry of Aij, we find

S = −1
2
Aijψ

iψj + (Ji + Aijχ
j)ψi − 1

2
Aijχ

iχj − Jiχ
i. (8.34)

We will therefore make the choice

Ji = −Aijχ
j, (8.35)

or equivalently,

χi = −GijJj (8.36)

if we make use of (8.4). This allows us to simplify (8.34) to

S = −1
2
Aijχ

iχj +
1
2
JiG

ijJj. (8.37)

The last term in (8.37) is independent of the field operators. This means
that if we use the Schwinger action principle with the last term on the
right-hand side of (8.37) varied, we find

δ〈out|in〉[J ] =
i

2�
δ(JiG

ijJj)〈out|in〉[Ji = 0] (8.38)
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where we explicitly indicate the dependence on the source. The solution
to this is

〈out|in〉[J ] = exp
(

i

2�
JiG

ijJj

)
〈out|in〉[J = 0]. (8.39)

The analysis of the J = 0 amplitude follows as described above. This
result is the field theory analogue of what we found for the vacuum
persistence amplitude for the forced harmonic oscillator in Section 7.7.

8.2 Interacting fields and perturbation theory

In the previous section we considered the effective action for a free field
theory. We now want to see how to deal with the more general case of a
theory with interactions. We again use condensed notation with φi rep-
resenting the field operators. The action functional S[φ] can be divided
up into two parts:

S = S0 + S1, (8.40)

with S1 treated as the interaction term.4 It proves convenient to include
a coupling between the field φi and an external source Ji as we have done
before. The Schwinger action principle then gives us

〈out|in〉[J ] = 〈out|T
[
exp

(
i

�
S1 +

i

�
Jiφ

i

)]
|in〉0 (8.41)

where the subscript 0 on the right-hand side is to remind us that the
states are evaluated treating only S0 as the action; the only occurrence
of S1 and Ji on the right-hand side is in the exponential factor. This is
discussed at the end of Section 7.6.

Define W [J ] exactly as in (8.9), except with (8.41) now used for
〈out|in〉. We can remove the dependence on the external source by adopt-
ing (8.27) and (8.28). The difference this time is that in the absence of
a closed form expression for W [J ] we cannot solve for Ji explicitly in
terms of ϕi. Instead we must regard (8.27) as an implicit definition that
is solved for Ji as a function of ϕi. If we differentiate both sides of (8.28)
with respect to ϕj, we have

δΓ
δϕj

=
δW

δϕj
− δJi

δϕj
ϕi − Jj, (8.42)

4 See Section 7.6 for the quantum mechanical version of this.
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where we must regard W as a functional of ϕ through its dependence on
Ji. Using the chain rule for differentiation, we have

δW

δϕj
=

δW

δJi

δJi

δϕj
. (8.43)

With the definition (8.27) used for the first factor on the right-hand side
of (8.42), it is easy to see that the first and second terms on the right-hand
side cancel leaving us with

δΓ
δϕj

= −Jj. (8.44)

This gives us an explicit result for Ji as a function of ϕi that we can use
to remove all dependence on the external source Ji.

Starting with the definition (8.28) and using (8.9) for W [J ], we have

exp
(

i

�
Γ[ϕ]

)
= exp

(
− i

�
Jiϕ

i

)
〈out|in〉[J ].

If we now use (8.41) and eliminate Ji using (8.44), we find

exp
(

i

�
Γ[ϕ]

)
= 〈out|T

{
exp

[
i

�
S1 − i

�

δΓ
δϕi

(φi − ϕi)
]}

|in〉0. (8.45)

Note that Γ[ϕ] occurs on both sides of this equation, so this must be
regarded as an implicit definition for the effective action. As a conse-
quence, it appears at first sight as if this is not a particularly useful result;
however, we will see that there is a very nice approximation scheme that
we can use.

The formal expression (8.45) does not require any special choice to be
made for S0 and S1; in other words, the result for Γ[ϕ] is independent
of how we make our split. Because of the occurrence of φi − ϕi in the
exponential, it proves advantageous to expand S[φ] about φi = ϕi, and
moreover to define a new field ψi by5

φi = �
1/2ψi + ϕi. (8.46)

We find

S[φ] = S[ϕ] + �
1/2S,i[ϕ]ψi +

�

2
S,ij[ϕ]ψiψj + Sint[ϕ, ψ]. (8.47)

5 The reason for the factor of �
1/2 will become apparent later.
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Here we are using the condensed notation S,i to stand for the functional
derivative with respect to ϕi. S,ij stands for the second functional deriva-
tive with respect to ϕi and ϕj, and so on. By explicit construction, Sint

involves only terms in ψi that are of cubic and higher orders; thus the
leading power of � that occurs in Sint is �

3/2. We will now make the
choice

S0 = S[ϕ] +
�

2
S,ij[ϕ]ψiψj, (8.48)

S1 = �
1/2S,i[ϕ]ψi + Sint[ϕ, ψ]. (8.49)

With this choice, the argument of the exponential in (8.45) involves

S1 − Γ,i[ϕ](φi − ϕi) = �
1/2 (S,i[ϕ] − Γ,i[ϕ])ψi + Sint[ϕ, ψ]. (8.50)

The leading-order approximation to Γ[ϕ] consists of disregarding the
interaction and source terms altogether. This leads to

exp
(

i

�
Γ[ϕ]

)
� 〈out|in〉0, (8.51)

where on the right-hand side 〈out|in〉0 is computed only using the theory
generated by the action S0 in (8.48). As a consequence, we can use our
result for the free field found in Section 8.1. Using (8.32) it is easy to see
that

Γ[ϕ] = S[ϕ] +
i�

2
ln det(�2S,ij[ϕ]) + · · · . (8.52)

If there are no cubic or higher-order terms in the fields, because Sint van-
ishes in this case, it is easy to see that all of the higher-order terms in
(8.52) vanish (those indicated by · · ·) and the result recovers the free field
result in Section 8.1.6

The form of (8.52) suggests that we regard Γ[ϕ] as obtained pertur-
batively by expanding in powers of �. Then (8.52) gives us the first two
terms in the expansion. Although (8.50) would seem to indicate that frac-
tional powers of � might occur, we will see that in fact this does not
happen and only integral powers of � will be found. We will write

Γ[ϕ] = S[ϕ] +
∞∑

n=1

�
nΓ(n)[ϕ] (8.53)

6 Note that S,ij = −Aij if we compare with (8.1), but since we should strictly include
an absolute value of the determinant inside the logarithm, the sign difference is not
important here.
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where we know

Γ(1)[ϕ] =
i

2
ln det(�2S,ij[ϕ]) (8.54)

from (8.52). Our next concern will be the computation of Γ(2)[ϕ].
Returning to (8.50), using (8.53) for Γ[ϕ] in the first term on the right-

hand side shows that the expansion of the right-hand side of this result in
powers of � begins with a term of order �

3/2. (The classical action cancels
with the first term in Γ coming from (8.53.) Suppose, for the purposes of
counting powers of �, we define

S1 − Γ,i(φi − ϕi) = �
3/2A3/2 + �

2A2 + �
5/2A5/2 + · · · , (8.55)

for some functionals An/2 that depend on both ψi and ϕi. Since Sint

involves cubic and higher-order terms in the Taylor expansion of S[φ] in
(8.47), it can be seen that

A3/2 = −Γ(1)
,i [ϕ]ψi +

1
3!

S,ijk[ϕ]ψiψjψk, (8.56)

A2 =
1
4!

S,ijkl[ϕ]ψiψjψkψl. (8.57)

Higher-order terms may be evaluated in a straightforward manner. We
now expand the exponential of (8.45) in powers of � to find

exp
[

i

�
S1 − i

�
Γ,i(φi − ϕi)

]
= 1 + i�1/2A3/2 + �

(
iA2 − 1

2
A2

3/2

)
+ · · ·

(8.58)

where the next term in the expansion is of order �
3/2. To evaluate the

right-hand side of (8.45) we need to know 〈out|T (ψi1 · · ·ψin)|in〉0 given
the form of (8.56) and (8.57). Suppose that we define, as we did in (8.8),

〈A[ψ]〉0 =
〈out|T (A[ψ])|in〉0

〈out|in〉0
, (8.59)

for any functional A[ψ]. Then from (8.45) we have

e(i/�)Γ[ϕ] = 〈out|in〉0
{

1 + i�1/2〈A3/2〉0 + �〈iA2 − 1
2
A2

3/2〉0 + · · ·
}

.

(8.60)

We can use (8.51) and (8.52) for 〈out|in〉0, but we need to evaluate the
expressions for all other terms in the expansion. To do this we will make
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contact with the generating functional for a free theory coupled to an
external source again.

We had the result in (8.39) for the action given in (8.1). The Green
function Gij was defined in (8.4). Furthermore, we know from the results
of Section 7.6 that

δn〈out|in〉[J ]
δJi1 · · · δJin

∣∣∣∣
J=0

=
(

�

i

)n

〈out|T (φi1 · · ·φin)|in〉0. (8.61)

Thus,

〈φi1 · · ·φin〉0 =
〈out|T (φi1 · · ·φin)|in〉0

〈out|in〉0

=
(

�

i

)n
δn

δJi1 · · · δJin

〈out|in〉[J ]
〈out|in〉0

∣∣∣∣
J=0

=
(

�

i

)n
δn

δJi1 · · · δJin

exp
(

i

2�
JiG

ijJj

)∣∣∣∣
J=0

. (8.62)

If we compare the action (8.1) with that in (8.48) it can be seen that we
must set φi = �

1/2ψi and scale Ji → �
1/2Ji if we are to apply the results

of Section 8.1. Doing this in (8.62), it can be observed that all factors of
� cancel and we find

〈ψi1 · · ·ψin〉0 =
1
in

δn

δJi1 · · · δJin

exp
(

i

2
JiG

ijJj

)∣∣∣∣
J=0

. (8.63)

The cancellation of factors of � is a consequence of including the factor of
�

1/2 in (8.46); it is not necessary, but makes counting powers of � in our
expansion easier. Since Aij = −S,ij[ϕ] here, we have the Green function
that occurs in (8.63) as the solution to

S,ij[ϕ]Gjk = −δk
i . (8.64)

Because S,ij will have a dependence on ϕ in general, so will the Green
function; the Green function is not identical to the free field result in this
approach for an interacting theory. Again we emphasize that the Feyn-
man Green function is to be chosen, a result that is guaranteed by the iε
prescription.

By expanding the exponential on the right-hand side of (8.63) in pow-
ers of the external source Ji, it is obvious that if n is odd 〈ψi1 · · ·ψin〉0 =
0. (This is because the expansion of the exponential can only contain
an even number of factors of Ji.) As a consequence, in the expansion
of the effective action all terms on the right-hand side of (8.60) that
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involve a fractional power of � (like �
3/2, �5/2, . . .) necessarily vanish. Only

integral powers of � can occur as we claimed earlier and we have

e(i/�)Γ[ϕ] = 〈out|in〉0
{

1 + �〈iA2 − 1
2
A2

3/2〉0 + · · ·
}

. (8.65)

The next term in the expansion on the right-hand side of (8.65) will be
of order �

2. With (8.51) and (8.52) used for 〈out|in〉0, we find

Γ[ϕ] = S[ϕ] +
i�

2
ln det

(
�2S,ij[ϕ]

)
− i� ln

{
1 + �〈iA2 − 1

2
A2

3/2〉0 + O(�2)
}

= S[ϕ] +
i�

2
ln det

(
�2S,ij[ϕ]

)
+ �

2〈A2 +
i

2
A2

3/2〉0 + O(�3). (8.66)

By continuing the expansion, higher-order terms in Γ[ϕ] may be evalu-
ated.

We now need to evaluate 〈A2〉0 and 〈A2
3/2〉0. This involves knowing the

explicit results for expressions of the form 〈ψi1 · · ·ψin〉0 as found using
(8.63). We start with 〈ψiψj〉0 which is given by

〈ψiψj〉0 =
1
i2

δ2

δJiδJj
exp

(
i

2
JnGnmJm

)∣∣∣∣
J = 0

. (8.67)

Because we are setting Ji = 0, we can expand the exponential in its Tay-
lor series. If this is done, it is clear that only the single term that involves
two factors of J can possibly contribute. We have

〈ψiψj〉0 = − i

2
Gnm δ2

δJiδJj
(JnJm)

= − i

2
Gnm(δi

nδj
m + δi

mδj
n)

= −iGij, (8.68)

where in the last line we have used the symmetry of Gij = Gji.
Turn next to 〈ψiψjψkψl〉0. This time we have

〈ψiψjψkψl〉0 =
1
i4

δ4

δJiδJjδJkδJl

1
2!

(
i

2
JnGnmJm

)2

(8.69)

after expanding the exponential.7 We find

〈ψiψjψkψl〉0 = −1
8
GnmGpq δ4(JnJmJpJq)

δJiδJjδJkδJl
. (8.70)

7 The only term in the expansion of the exponential that can contribute is the one that
involves four factors of J .
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If we perform the indicated differentiations we will end up with 4! = 24
terms. It is not too difficult to write them down; however, it should be
clear that proceeding like this will not be practical when more factors of
ψi are present, since if there are 2n factors of ψi we will end up with
(2n)! possible terms. Instead, we can notice that we only need to know
the result when the differentiations are contracted with products of Green
functions that are symmetric in their indices. For the expression in (8.70)
the order of the indices m and n does not matter, nor does the order of
the indices p and q. Furthermore, since GmnGpq = GpqGmn, the order of
the pair of indices (m, n) and the pair (p, q) does not matter. Of the 24
possible terms that arise, only 24/(222!) = 3 will result in independent
expressions.8 We therefore find

〈ψiψjψkψl〉0 = −GijGkl − GikGjl − GilGjk. (8.71)

The next result we need is

〈ψiψjψkψlψmψn〉0 =
1
i6

δ6

δJiδJjδJkδJlδJmδJn

1
3!

(
i

2
JaGabJb

)3

. (8.72)

The differentiations with respect to J will give rise to 6! = 720 terms
this time. However the contraction with products of Green functions will
reduce the number of independent terms considerably. Each Green func-
tion is symmetric in its indices, giving a factor of 23, one factor of 2 for
each pair of indices. In addition, the order of the three Green functions
in the product does not matter. Since there are 3! possible orderings,
this means that of the 720 terms that arise, only 720/(233!) = 15 will be
independent. We have

〈ψiψjψkψlψmψn〉0 = i[GijGklGmn + GijGlmGnk + GijGmnGkl

+(j ↔ k) + (j ↔ l) + (j ↔ m) + (j ↔ n)]
(8.73)

where (j ↔ k) means to write down the same three terms in the first line
but with the indices j and k switched.

The general rule should be apparent from the examples we have just
done. In any expression like 〈ψi1 · · ·ψi2n〉0 write down all possible pairings
of terms:

〈ψi1 · · ·ψi2n〉0 = 〈ψi1ψi2〉0 · · · 〈ψi2n−1ψi2n〉0 + all possible pairs. (8.74)

8 There is a factor of 2 for the symmetry of each of the two Green functions in its
indices, and a factor of 2! for the fact that the order of the two Green functions is
irrelevant.
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For each pair, 〈ψiψj〉0, use −iGij. This gives the result. All of the numer-
ical factors that arise from the Taylor expansion of the exponential will
cancel due to the symmetry of the Green functions and the indifference of
the result to the order of the Green functions in the product. The result
in (8.74) is usually known as Wick’s theorem after its formal elucidation
by G. C. Wick (1950).

We are now in a position to evaluate 〈A2〉0 and 〈A2
3/2〉0. For 〈A2〉0 we

use (8.57) to find

〈A2〉0 =
1
4!

S,ijkl[ϕ]〈ψiψjψkψl〉0. (8.75)

The result in (8.71) may now be used. It is seen that the result is con-
tracted with S,ijkl which is symmetric in all of its indices since the order
of differentiation does not matter. Each of the three terms coming from
(8.71) gives an identical expression when contracted with S,ijkl upon a
suitable relabelling of indices, and we are left with the single term

〈A2〉0 = −1
8
S,ijkl[ϕ]GijGkl. (8.76)

The evaluation of 〈A2
3/2〉0 is a bit more involved. From (8.56) we find

〈A2
3/2〉0 = Γ(1)

,i Γ(1)
,j 〈ψiψj〉0 − 1

3
Γ(1)

,l S,ijk〈ψiψjψkψl〉0

+
1

(3!)2
S,ijkS,lmn〈ψiψjψkψlψmψn〉0. (8.77)

We will evaluate each of the three terms on the right-hand side separately.
The first term on the right-hand side of (8.77) is easy since we can

simply use (8.68). We find

Γ(1)
,i Γ(1)

,j 〈ψiψj〉0 = −iΓ(1)
,i Γ(1)

,j Gij. (8.78)

The second term can be found using (8.71). The result is contracted with
S,ijk that is symmetric in its indices; thus all three terms lead to an
identical expression upon appropriate relabelling of indices. We obtain

1
3
Γ(1)

,l S,ijk〈ψiψjψkψl〉0 = −Γ(1)
,l S,ijkG

ijGkl. (8.79)

At this stage we can simplify the two terms we have obtained in (8.78)
and (8.79) using the result for Γ(1) found in (8.54). Writing Γ(1) in the
equivalent form

Γ(1) =
i

2
tr ln

(
�2S,ij

)
, (8.80)
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we differentiate with respect to ϕi to find 9

Γ(1)
,i = − i

2
S,ijkG

jk. (8.81)

Using (8.81) to simplify (8.78) and (8.79) results in

1
3
Γ(1)

,l S,ijk〈ψiψjψkψl〉0 =
i

2
S,ijkS,lmnGijGklGmn, (8.82)

and

Γ(1)
,i Γ(1)

,j 〈ψiψj〉0 =
i

4
S,iklS,jmnGijGklGmn

=
i

4
S,ijkS,lmnGijGklGmn (8.83)

where in the second line of (8.83) we have relabelled the indices to make
the result look like that in (8.82).

For the last term on the right-hand side of (8.77) we need to use (8.73).
The result is contracted with S,ijk and S,lmn and upon an appropriate
relabelling of indices we find only two independent terms:

1
(3!)2

S,ijkS,lmn〈ψiψjψkψlψmψn〉0 =
i

4
S,ijkS,lmnGijGklGmn

+
i

6
S,ijkS,lmnGilGjmGkn.

(8.84)

We can now combine the results of (8.82)–(8.84) to find from (8.77)
that

〈A2
3/2〉0 =

i

6
S,ijkS,lmnGilGjmGkn. (8.85)

Note that the first two terms that occur on the right-hand side of (8.77)
have led to expressions that cancel with the first term on the right-
hand side of (8.84). We will return to this cancellation when we discuss
Feynman diagrams in the next section. Our result for Γ(2)[ϕ] reads

Γ(2)[ϕ] = −1
8
S,ijkl[ϕ]GijGkl − 1

12
S,ijkS,lmnGilGjmGkn. (8.86)

It should be clear from our description how, in principle, you could
evaluate terms in the expansion of Γ[ϕ] to any order in �.

9 We have used the matrix identity δ(tr ln A) = tr(A−1δA), see (8.21), and noted that
−Gij is the inverse of S,ij by virtue of (8.64).
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8.3 Feynman diagrams

There is a very useful way of interpreting the terms in the perturbative
expansion of the effective action that makes use of diagrams. This method
was originally devised by Feynman (1949b), with the resulting diagrams
now referred to as ‘Feynman diagrams’.

The basic idea is to interpret the cubic and higher-order terms that
arise in the expansion of the action functional about ϕ as vertices in the
diagram. So for example we will interpret S,ijk as a three-point vertex,
S,ijkl as a four-point vertex, and so on. The pictures we can draw for
these vertices are illustrated in Fig. 8.1.

The contraction of the vertices with Green functions is indicated by
joining together the lines emanating from the vertices to form closed
loops. For example, S,ijkG

ij would be represented by the diagram shown
in (a) of Fig. 8.2 and S,ijklG

ij would be represented by the diagram in
(b) of Fig. 8.2. The results that we found for the effective action in Sec-
tion 8.2 do not involve any indices that are not summed. In this case we
join up the relevant lines from the vertices according to the way they are
connected by Green functions. For example, S,ijklG

ijGkl is represented
by diagram (a) of Fig. 8.3, S,ijkS,lmnGilGjmGkn is represented by dia-
gram (b) of Fig. 8.3, and S,ijkS,lmnGijGklGmn is represented by diagram
(c) of Fig. 8.3. Because there are no lines coming out from the diagrams
in Fig. 8.3, these are sometimes called ‘vacuum diagrams’.

The expression for Γ(2)[ϕ] is made up solely from the Feynman dia-
grams (sometimes simply called ‘graphs’) corresponding to (a) and (b) of
Fig. 8.3; the diagram in (c) does not occur. In the evaluation of 〈A2

3/2〉0 in

S,i1
...in

S,ijklS,ijk

l

i j

kk

i1 i2

in–1in

i j

Fig. 8.1 The vertices that can occur in Feynman diagrams.

k

(a)

k

l

(b)

Fig. 8.2 The Feynman diagrams that correspond to S,ijkGij and S,ijklG
ij .



384 General definition of the effective action

(a) (b) (c)

Fig. 8.3 Feynman diagram (a) corresponds to S,ijklG
ijGkl, diagram (b) to

S,ijkS,lmnGilGjmGkn, and diagram (c) to S,ijkS,lmnGijGklGmn.

Section 8.2 we did encounter terms that would have the graphical inter-
pretation of (c) in Fig. 8.3. However, these terms ended up cancelling
out of the final expression. A graph like that in (c) of Fig. 8.3, which
can end up as two separate pieces by cutting one of the internal lines, is
called ‘one-particle reducible’. Graphs like those of (a) or (b) of Fig. 8.3,
which do not have this property, are called ‘one-particle irreducible’. One-
particle irreducible graphs remain in one piece (called ‘connected’) when
any single internal line is cut. What we have shown in Section 8.2 is that
to order �

2 the effective action is comprised of one-particle irreducible
vacuum diagrams. This turns out to be true to all orders in �.10

One other piece of terminology that is used concerns the number of
loops in a diagram. Graphs like those in Fig. 8.3 are called ‘two-loop
diagrams’ for a fairly obvious reason. Examples of three-loop diagrams
are those in Fig. 8.4. By introducing � as we did earlier, the power of
� that occurs in Γ[ϕ] counts the number of loops. For this reason, the
expansion we have described in Section 8.2 is called the ‘loop expansion’.
Before giving a proof that the � expansion is the same as expanding in
the number of loops in a Feynman diagram, we will show how the use
of Feynman diagrams shortens the calculation of the effective action. A
recipe for the construction of Γ[ϕ] is given below.

We have argued that Γ[ϕ] contains only one-particle irreducible graphs.
We only need to consider the vertices that arise from the expansion of S[φ]
about φ = ϕ. The two-loop effective action can contain two three-point
vertices or one four-point vertex. Consider the two three-point vertices

Fig. 8.4 Possible vacuum diagrams of three-loop order that can contribute to
the effective action. They are one-particle irreducible.

10 See Jackiw (1974) for a proof.
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i j

k

l m

n
2

1 1

3! 2!
–ih(ih 

1/2)2

Fig. 8.5 Three-point vertices that when paired off can contribute to the two-
loop effective action. The factor of � and the appropriate combinatorial factor is
indicated.

first. Before pairing off the lines on the vertices according to Wick’s theo-
rem, we have the situation in Fig. 8.5. The numerical factor comes about
as follows. There is a factor of 1/2! coming from the Taylor expansion of
the exponential to second order to give rise to the two vertices, as well
as a factor of (i�1/2)2. (Recall that the factor of � in the exponent is
�

−1 × �
3/2 after scaling the fields ψi → �

1/2ψi.) Each vertex has a factor
of 1/3! from the Taylor expansion of S[φ]. Finally, there is a factor of
−i� coming from that outside the logarithm in the definition of Γ[ϕ] in
the line above (8.66). Multiplication of these factors gives the coefficient
indicated in Fig. 8.5.

We now pair off the lines on the vertices in Fig. 8.5 in all possible ways
to give one-particle irreducible graphs. If we consider the line labelled i
on the first vertex it can only join with the lines labelled l, m, or n on
the second vertex.11 Regardless of which of l, m, n is chosen for i to pair
with we end up with the same result because of the symmetry of the ver-
tex: S,lmn = S,mnl etc. We therefore end up with the situation shown in
Fig. 8.6 by choosing i to pair with l. The factor of 3 that has appeared in
passing between Fig. 8.5 and Fig. 8.6 accounts for the three possible lines
we can pair with i. (We chose to pair i with l, but we could equally well
have chosen to pair with m or n giving an identical result.) In Fig. 8.6
we can now pair the line j with either m or n, each of which gives the
same result.12 This gives the result in Fig. 8.7 with the extra factor of 2
accounting for the two ways to pair j. There is only one possible pairing
of the lines left, so simplifying the numerical factor we find the result in
Fig. 8.8. Associated with each pairing of the lines is a factor of −i coming
from the basic result 〈ψiψj〉0 = −iGij from (8.68) used in Wick’s theo-
rem. This gives the overall coefficient of S,ijkS,lmnGilGjmGkn in Γ(2) as
(−i)3 × (i�2/12) = −(�2/12) in complete agreement with that found for
this particular term in (8.86).

For the four-point vertex, there is a factor of i� coming from the expan-
sion of the exponential (arising from i�−1 × (�1/2)4) and a factor of 1/4!

11 If i joins with j or k, we will necessarily end up with a one-particle reducible graph.
12 If j pairs with k the graph is one-particle reducible.
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j

k

m

n

–ih(ih1/ 2)2
2

1 1

3! 2!
× 3

Fig. 8.6 We have paired off i with l in Fig. 8.6 to obtain this diagram. The
factor of 3 comes about because we could choose to pair i with l, m, or n, and
all such pairings give rise to the same expression.

k n
–ih(ih1/ 2)2

21 1

3! 2!
× 3 × 2

Fig. 8.7 We have paired off j with m in Fig. 8.6 to obtain this diagram. The
additional factor of 2 comes about because we could have chosen to pair off j
with n to give an identical diagram.

12
ih2

Fig. 8.8 We pair off k with n in Fig. 8.7 to obtain this diagram. There is only
one possible pairing. The numerical factor that multiplies the diagram has been
simplified.

l

i j

k

4!
h 

2

Fig. 8.9 The four-point vertex that can contribute to the two-loop effective
action. The lines must be paired off in all possible ways.

8
h 

2

Fig. 8.10 The two-loop diagram that results from pairing off the lines in
Fig. 8.9.

coming from the Taylor expansion of S[φ] to give the vertex. If we mul-
tiply by the overall factor of −i� from outside the logarithm as before,
we find the result in Fig. 8.9. If we consider the line i, there are three
possible lines to pair with, each of which gives an identical result due
to the symmetry of the vertex S,ijkl. After this pairing there is only one
possible pairing left. This results in the diagram of Fig. 8.10. Again there
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is a factor of −i coming from each Green function on the paired lines,
resulting in (−i)2 in this case. The coefficient of S,ijklG

ijGkl in Γ(2) is
therefore (−i)2 × �

2/8 = −�
2/8 again in agreement with the result in

(8.86). Hopefully it is clear how the general procedure may be used for
other terms in Γ[ϕ].

To finish this discussion we will now prove our earlier assertion that the
number of loops in a given Feynman diagram that contributes to Γ[ϕ] is
identical to the power of � that occurs in our expansion. To do this, note
that a general diagram consists of a number of different n-point vertices.
Let vn be the number of n-point vertices in some graph. (For example in
Fig. 8.3 for diagram (a) we have v4 = 1; for diagrams (b) and (c) we have
v3 = 2.) Let I be the number of Green functions that occur. Because each
Green function corresponds to a line, this is also the number of lines that
connect the vertices, called ‘internal lines’. Each pairing of the lines in
the different vertices connects up two lines from the complete set of lines
coming from all the vertices. This means that we must have

2I =
∞∑

n=3

nvn. (8.87)

The number of loops is given by the topological relation

L = I −
∞∑

n=3

vn + 1, (8.88)

that can be recognized as Euler’s theorem for planar graphs.13 If we
combine (8.87) and (8.88) we find

L =
∞∑

n=3

(n

2
− 1
)

vn + 1. (8.89)

We now argue that L is the power of � that occurs in the expansion
of Γ[ϕ]. Each n-point vertex carries a power of �

n/2 due to our scaling
of ψi → �

1/2ψi described above. There is a factor of �
−1 in the argu-

ment of the exponential, therefore each n-point vertex gives us a factor
of �

(n/2−1). Since there are vn such vertices we find the factor �
(n/2−1)vn .

Considering all possible vertices results in the factor of � being

∞∏
n=3

�
[n/2−1]vn = �

∑∞
n=3[n/2−1]vn .

13 See Rouse Ball and Coxeter (1974) for example.
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Finally there is an overall factor of −i� in the definition of Γ[ϕ] outside
the logarithm, resulting in the final power being �

L with L given by (8.89)
as claimed.

8.4 One-loop effective potential for a real scalar field

As an application of the general formalism, we will study a real scalar
field with a λφ4 self-interaction in four-dimensional spacetime. We will
calculate the effective potential and compare the result with that found
earlier using the simpler energy ζ-function method of Chapter 4. The
benefit of the present approach is that it gives us a systematic way to
go beyond lowest order in perturbation theory, which we will study in
Section 8.6.

The classical action functional will be chosen to be

S[φ] =
∫

dvx

(
1
2
∂μφ∂μφ − 1

2
m2φ2 − λ

4!
φ4 − c

)
, (8.90)

and we will be interested in only four-dimensional spacetime. With the
insights gained from the simpler calculations of Chapter 4, the formal
results that we have obtained for the effective action will be expected
to be divergent and require regularization and renormalization to be
carried out.

The key ingredients needed for Γ[ϕ] are the terms that occur in the
expansion of S[φ] about φ = ϕ. If we let φ = ϕ + �

1/2ψ as in (8.46), we
find

S[φ] = S[ϕ] + �
1/2
∫

dvx

(
∂μϕ∂μψ − m2ϕψ − λ

6
ϕ3ψ

)
+�

∫
dvx

(
1
2
∂μψ∂μψ − 1

2
m2ψ2 − λ

4
ϕ2ψ2

)
−�

3/2
∫

dvx
λ

6
ϕψ3 − �

2
∫

dvx
λ

4!
ψ4. (8.91)

It is easy to identify S,ijk and S,ijkl in the last two terms of (8.91). We
could have obtained them directly by repeated functional differentiation
of (8.90) if we wished. The term in the middle line of (8.91) corresponds
to (�/2)S,ijψ

iψj in condensed notation. If we integrate ∂μψ∂μψ by parts,
it can be seen that

S,ij = −
[
�x + m2 +

λ

2
ϕ2(x)

]
δ(x, x′). (8.92)
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The Feynman Green’s function is therefore defined by (see (8.64))[
�x + m2 +

λ

2
ϕ2(x)

]
G(x, x′) = δ(x, x′) (8.93)

with m2 understood to be m2 − iε here.
The calculation of the effective action, even at one-loop order, relies on

an evaluation of G(x, x′). When ϕ(x) = 0, or more generally when the
background field is constant, it is easy to calculate G(x, x′) by Fourier
transforms. We will concentrate on constant background fields in this
section. Suppose that we consider(

�x + M2 − iε
)
G(x, x′) = δ(x, x′) (8.94)

where M2 = m2 + (λ/2)ϕ2 is constant. Let

G(x, x′) =
∫

d4k

(2π)4
eikμ(xμ−x′μ)G(k). (8.95)

Because

δ(x, x′) =
∫

d4k

(2π)4
eikμ(xμ−x′μ), (8.96)

we find

G(k) =
−1

k2 − M2 + iε
. (8.97)

It is now possible to carry out the integration over k in (8.95) to obtain an
explicit result for G(x, x′).14 Instead of doing this we will perform a Wick
rotation to imaginary time and evaluate the Euclidean Green function
GE(x, x′) that we define by

GE(x, x′) =
∫

d4k

(2π)4
eikμ(xμ−x′μ)(k2 + M2)−1. (8.98)

The Euclidean Green function is easier to calculate, and we can always
recover the original Green function by analytic continuation. Transform
to spherical polar coordinates in (8.98) is defined by

k1 = k sinχ sin θ cos φ,

k2 = k sinχ sin θ sinφ,

k3 = k sinχ cos θ,

k4 = k cos χ,

14 See Bogoliubov and Shirkov (1959) for example.
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and let

kμ(xμ − x′μ) = kr cos χ,

where r = |x − x′|. The integrations over θ and φ in (8.98) are easily
performed leaving

GE(x, x′) =
1

4π3

∫ ∞

0
dk

k3

k2 + M2

∫ π

0
dχ sin2 χ e−ikr cos χ. (8.99)

The integration over χ in (8.99) results in a Bessel function:15

GE(x, x′) =
1

4π3r

∫ ∞

0
dk

k2J1(kr)
k2 + M2 . (8.100)

This last integral can also be done16 to yield

GE(x, x′) =
M

4π2r
K1(Mr), (8.101)

with K1 a Bessel function of the third kind. So long as r �= 0 this result
is perfectly finite; however, when r → 0 we find

GE(x, x′) � 1
4π2r2 +

M2

8π2 ln
(

Mr

2

)
+ · · · (8.102)

by expanding the Bessel function. The divergences found in our earlier
approach (described in Chapter 4) show up when we let x → x′ in the
Green function. In the expression for the one-loop effective action (8.54)
the trace (since ln det = tr ln) involves setting two of the condensed nota-
tion indices i and j equal to each other and summing. In the normal nota-
tion this will involve two spacetime coordinates set equal to each other
and integrating, a procedure that may lead to a divergent expression.

We can relate Γ(1) directly to G(x, x′) by varying both sides of (8.54),
noting first that ln det = tr ln, with respect to M2:

∂

∂M2 Γ(1) =
i

2
tr
(

−Gij ∂

∂M2 S,jk

)
=

i

2

∫
dvxG(x, x). (8.103)

15 See #3.771.8 on page 427 of Gradsteyn and Ryzhik (1965).
16 See #6.566.2 on page 687 of Gradsteyn and Ryzhik (1965).
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In obtaining the second line we have used

∂

∂M2 S,jk = −δjk

as follows from (8.92). Thus, G(x, x), which we have just seen to be infi-
nite, appears. There are many different ways of dealing with G(x, x) that
have been developed. We will discuss one method here and an alternative
method in the next section.

One of the oldest ways to deal with the divergences that arise is to
note that because they are associated with high energies there may be
some new physics that occurs at high energy. Our existing theory is then
just a low energy approximation to this ‘better’ theory. This motivates
the introduction of a cut-off in the momentum space integration. We will
define

G(x, x) = −
∫ Λ d4k

(2π)4
(k2 − M2 + iε)−1, (8.104)

where the presence of Λ denotes that the integration only extends over
values of k with |k| ≤ Λ. If we regard the integration over k0 in (8.104)
as along a contour in the complex plane, we can rotate the contour of
integration from the real axis to lie along the imaginary axis extending
from −i∞ to +i∞. Making the change of variable (Wick rotation)

k0 = ik4, (8.105)

and then switching to spherical polar coordinates as defined earlier we
have the general result∫ Λ

f(k2)d4k = 2π2i

∫ Λ

0
κ3f(−κ2)dκ, (8.106)

where

κ2 = −(k0)2 + (k1)2 + (k2)2 + (k3)2

= (k4)2 + (k1)2 + (k2)2 + (k3)2. (8.107)

When applied to (8.104) we find

G(x, x) =
i

8π2

∫ Λ

0

κ3

κ2 + M2 dκ

=
i

16π2

[
Λ2 − M2 ln

(
1 +

Λ2

M2

)]
. (8.108)
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It is clear how the divergence that is present in the original expression
appears when we try to take Λ → ∞. There is both a quadratic and a
logarithmic dependence on Λ.

We return to the result for G(x, x) before the integration in the first line
of (8.108). As in (4.3) we may define the one-loop effective potential by

Γ(1) [ϕ] = −
∫

dvxV (1)(ϕ). (8.109)

We have, noting the relationship in (8.103),

V (1) =
1

16π2

∫ Λ

0
dκ κ3 ln

[
(κ2 + M2)�2

]
(8.110)

where we introduce the arbitrary length scale � to keep the argument of
the logarithm dimensionless. Regardless of the value for �, we can recover

∂

∂M2 V (1) = − i

2
G(x, x)

from (8.110). The integral in (8.110) can be done with the result

V (1) =
1

64π2

[
Λ4 ln

(
1 +

Λ2

M2

)
− M4 ln

(
1 +

Λ2

M2

)
−1

2
Λ4 + Λ2M2 + Λ4 ln(�2M2)

]
� 1

64π2

[
Λ4 ln(�2Λ2) − M4 ln

(
Λ2

M2

)
−1

2
Λ4 + 2Λ2M2 − 1

2
M4
]

. (8.111)

In the second equality above we have taken Λ � M , expanded the log-
arithms, and kept only those terms that do not vanish in the limit Λ →
∞. We can combine this with the classical part of the effective action,
remembering that we have treated ϕ as constant here, to find

Veff = c +
1
2
m2ϕ2 +

λ

4!
ϕ4 + � V (1)(ϕ). (8.112)

We have V (1) given in (8.111) with M2 = m2 + (λ/2)ϕ2.
The physical parameters of the theory must be defined by adopting

some set of renormalization conditions as discussed in Section 4.6. We
will impose the same set of renormalization conditions as we did before
(see (4.145)–(4.147)). The parameters that occur in the original action
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(8.90) are treated as bare quantities. Because the difference between the
bare and renormalized quantities only arises at one-loop order, we may
write

c = cR + � δc(1) + �
2δc(2) + · · · , (8.113)

m2 = m2
R + � δm2(1) + �

2δm2(2) + · · · , (8.114)

λ = λR + � δλ(1) + �
2δλ(2) + · · · . (8.115)

Here δ denotes a counterterm, with the superscript in brackets denot-
ing the order of the counterterm in the loop expansion. So far we
have only discussed one-loop order, but we expect there to be coun-
terterms at all orders in the loop expansion necessary for renormal-
ization. In addition, we have ignored a possible renormalization of the
background field ϕ. We will verify that this is allowed at one-loop
order in the next section when we discuss background fields that are
not constant. In Section 8.6 we will consider what happens at two-
loop order.

If we work only to order �, then because V (1) is multiplied by � in
(8.112), we can simply replace m2, λ in (8.111) with their renormalized
values m2

R, λR. The renormalization conditions (4.145)–(4.147) fix the
counterterms of order � to be

δc(1) = − 1
64π2

[
Λ4 ln(�2Λ2) − m4

R ln
(

Λ2

m2
R

)
−1

2
Λ4 + 2Λ2m2

R − 1
2
m2

R

]
, (8.116)

δm2(1) = − λR

32π2

[
Λ2 − m2

R ln
(

Λ2

m2
R

)]
, (8.117)

δλ(1) =
3λ2

R

32π2

[
ln
(

Λ2

m2
R

)
− 1
]

. (8.118)

Using these counterterms back in the effective potential shows that we
recover exactly the same expression as we found earlier in (4.151) using a
completely different approach. There is no dependence in the final expres-
sion on the cut-off Λ that we may now safely take to infinity. The crucial
feature that resulted in the disappearance of Λ from our final result is
that all of the terms in V (1) that became infinite as we took Λ → ∞
had the same form as those that appeared in the classical action (or
potential). If, for example, we had ended up with a term in V (1) like
Λ3M that is allowed on dimensional grounds, we could not have removed
the Λ dependence by using the renormalization counterterms in (8.116)–
(8.118). We would then be forced to conclude that the theory was not
renormalizable.
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8.5 Dimensional regularization and the derivative expansion

8.5.1 Dimensional regularization

An alternative method of regularization to the cut-off scheme described
in Section 8.4 makes use of dimensional regularization (‘t Hooft and
Veltman, 1972). Here we treat the spacetime dimension n initially as a
complex variable and try to perform the analytic continuation to n = 4.
For example, from Section 8.4 we have

G(x, x) = −
∫

dnk

(2π)n
(k2 − M2 + iε)−1. (8.119)

Perform the Wick rotation of the k0 contour as in (8.105) to find

G(x, x) = i

∫
dnκ

(2π)n
(κ2 + M2)−1. (8.120)

with κ2 defined as in (8.107), but extended to n spacetime dimensions. In
order to examine the convergence of this integral, look at the behaviour
of the integrand for large and small values of κ. The volume element
contains κn−1 and the integrand has a factor of κ−2 leading to the asymp-
totic behaviour of κn−3 for large κ. We therefore take R(n) < 2 to ensure
convergence of the integrand for large κ. At the lower end of the integra-
tion, for small κ the integrand behaves like κn−1 (assuming that M �= 0),
so we take R(n) > 0 to ensure that the integral converges when κ → 0.
Combining these two results suggests that we work initially in the strip
0 < R(n) < 2 in the complex n-plane where we expect G(x, x) as defined
by (8.120) to be an analytic function of n. The aim is to evaluate this func-
tion and then to explore the analytic continuation back to the physical
spacetime dimension (e.g. n = 4).

The integration in (8.120) may be performed using exactly the same
procedure as we introduced in Section 4.2. We first write

(κ2 + M2)−1 =
∫ ∞

0
dt e−t(κ2+M2),

then do the integration over κ noting that this just involves a product
of Gaussians, and finally make use of the integral representation of the
Γ-function in (A1.1) of Appendix 1 to find

G(x, x) = i(4π)−n/2Γ
(
1 − n

2

)
(M2)n/2−1. (8.121)

This result is an analytic function of n in the strip 0 < R(n) < 2
as expected from the discussion above; however, it can now be defined
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throughout the complex n-plane by analytic continuation of the Γ-
function. The procedure is virtually the same as the energy ζ-function
method we used earlier in the book, although of course the parameter
that is being analytically continued is totally different here. In fact we
could have used dimensional regularization in previous chapters had we
wished. The result in (8.121) is seen to contain a simple pole at n = 4,
and this is where the original divergence that is present in the coincidence
limit of the Green function shows up.

The underlying approach of dimensional regularization suggests the fol-
lowing. Regard our original quantum fields φi as fields in an n-dimensional
spacetime, with n viewed as a complex variable chosen in a suitable region
of the complex plane to ensure that the expressions that we deal with
are well defined (assuming this is possible). We are interested in ana-
lytic continuation back to n = 4. (Other spacetime dimensions are easily
accommodated.) We can regard our n-dimensional ‘regulating’ spacetime
as Mn = M4 ×Vn−4 where M4 is four-dimensional Minkowski spacetime,
and Vn−4 represents the additional dimensions whose volume we will call
�n−4 with � an arbitrary unit of length. Only the quantum part of the
field needs to depend on the coordinates of the extra dimensions for Vn−4
because all we require is that the momentum integrals are n-dimensional.
We can take the background field ϕi to only have a dependence on the
physical four-dimensional coordinates. Using dimensional analysis it is
easily seen from the action that the results in the following table are
obtained.

Quantity Dimension (units of
length)

φ, ϕ 1 − n/2
m2 −2
c −n
λ n − 4

In addition, dnx = �n−4d4x when occurring in an expression that only
involves the coordinates on four-dimensional Minkowski spacetime.

Because renormalized expressions may be related to physically mea-
surable quantities, following ‘t Hooft (1971) we will choose renormalized
quantities to have the same dimensions for all n as they do for n = 4.
This means that we can write

m2 = m2
R + δm2, (8.122)

c = �4−n [cR + δc] , (8.123)
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λ = �n−4 [λR + δλ] , (8.124)

ϕ(x) = �2−n/2Z1/2ϕR(x). (8.125)

The last result requires a brief explanation. We have written φi = ϕi +
�

1/2ψi, so that our background field has dimensions of 1 − n/2 (in units
of length) according to the above table. We want the renormalized back-
ground field to have length units of −1 (corresponding to n = 4 in 1−n/2),
so that a factor of �2−n/2 is introduced to balance the dimensions on both
sides of (8.125). In addition, rather than writing a field counterterm, it is
conventional to use a field renormalization factor Z1/2. We can write

Z = 1 + δZ. (8.126)

All of the counterterms in (8.122)–(8.126) may be expressed in terms of
the loop expansion like

δq = � δq(1) + �
2δq(2) + · · · , (8.127)

with q representing any relevant quantity (m2, c, λ, Z).As before, the super-
script (n) indicates the order in the loop expansion. In dimensional regu-
larization, each δq(n) is expressed in terms of the poles that occur at n = 4
(plus possibly some additional finite parts depending upon how we define
our renormalization conditions).

The one-loop effective potential in n dimensions V
(1)
n is defined in

terms of the one-loop effective action by Γ(1) = −
∫

dnx V
(1)
n . It is clear

that since dnx = �n−4d4x we should define the effective potential in four
spacetime dimensions as

V (1) = �n−4V (1)
n . (8.128)

Using (8.103) we have

∂

∂M2 V (1) = − i

2
�n−4G(x, x)

=
1
2
(4π)−n/2�n−4Γ

(
1 − n

2

)
(M2)n/2−1. (8.129)

We can integrate this result using the boundary condition V (1) = 0 when
M2 = 0, and make use of the recurrence relation (A1.2) for the Γ-function
in Appendix 1 to find

V (1) = −1
2
�n−4(4π)−n/2�n−4Γ

(
−n

2

)
(M2)n/2. (8.130)

This result may be analytically continued throughout the entire complex
n-plane. There is a simple pole at the physical spacetime dimension of
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n = 4. Making use of the Laurent expansion of the Γ-function described in
Appendix 1 it can be shown that

V (1) =
M4

32π2

[
1

n − 4
+

1
2

ln
(

M2�2

4π

)
− 3

4
+

1
2
γ + · · ·

]
. (8.131)

Note that

M2 = m2 +
λ

2
ϕ2

= m2
R +

λR

2
ϕ2

R + O(�), (8.132)

if we make use of (8.122), (8.124), and (8.125). As in the earlier calcula-
tion of the effective potential, we can take the quantities that occur inside
V (1) as renormalized to the order we are working.

With (8.122)–(8.125) used along with dnx = �n−4d4x we have the
classical, or zero-loop, potential given by

V (0) = cR + �δc(1) +
1
2
m2

Rϕ2
R +

�

2
δm2(1)ϕ2

R

+
λR

4!
ϕ4

R + �
δλ(1)

4!
ϕ4

R. (8.133)

Note that introducing � as we have done has resulted in the factor of �n−4

coming from the n-dimensional volume element cancelling with the fac-
tors of � coming from the definition of the counterterms and renormalized
quantities in (8.122)–(8.125). If we concentrate on simply removing the
pole terms, so that we can take the n → 4 limit, it can be seen that we
must choose

δc(1) = − m4
R

32π2 (n − 4)−1, (8.134)

δm2(1) = −λRm2
R

16π2 (n − 4)−1, (8.135)

δλ(1) = − 3λ2
R

16π2 (n − 4)−1. (8.136)

It is easy to show that if we impose the same renormalization conditions
we used earlier in (4.145)–(4.147), then in addition to the pole terms indi-
cated in (8.134)–(8.136) there are additional finite terms present. The full
renormalized result for the effective potential is identical to that found
by the previous methods.

The main advantage of using dimensional regularization in place of the
energy ζ-function method is that it extends in a straightforward way to
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higher orders in the loop expansion. The main advantage that dimen-
sional regularization has over the use of a cut-off is that it is manifestly
gauge-invariant; gauge symmetry is independent of the spacetime dimen-
sion. A cut-off on the other hand introduces a mass scale into the theory
that breaks gauge invariance unless special care is taken.

8.5.2 Non-constant background fields

In order to present a complete analysis of the renormalization of λφ4

theory even at one-loop order it is necessary to remove the restriction
to constant background fields. We must therefore solve (8.93) for an
arbitrary value of ϕ2(x). We will study the more general equation[

�x + m2 + V (x)
]
G(x, x′) = δ(x, x′) (8.137)

where m2 is understood to be m2−iε as before. Here V (x) is an arbitrary
function of x. (For example, we might be interested in V (x) = λϕ2(x)/2.)

The singular behaviour of G(x, x′) shows up as x → x′. In addition,
to calculate the one-loop effective action we only require G(x, x). We can
therefore concentrate on the behaviour of G(x, x′) when x and x′ are
close. To this end, let

xμ = x′μ + yμ, (8.138)

with x′μ regarded as fixed. The aim is to substitute this into (8.137),
expand in powers of yμ and then solve the resulting equations order by
order in yμ. This is a method that was introduced to study the short
distance behaviour of the Green’s function in curved spacetime by Bunch
and Parker (1979), and first used in the present context in Moss et al.
(1992).

Expanding V (x) in a Taylor series about xμ = x′μ gives

V (x) = V (x′) +
∞∑

j=1

1
j!

yμ1 · · · yμj Vμ1···μj , (8.139)

where

Vμ1···μj =
∂nV (x)

∂xμ1 · · · ∂xμj

∣∣∣∣
x=x′

. (8.140)

Since �x = �y = ημν ∂2

∂yμ∂yν
and δ(x, x′) = δ(y), we find that (8.137)

can be written as(
�y + M2 +

∞∑
j=1

1
j!

yμ1 · · · yμj Vμ1···μj

)
G(x, x′) = δ(y), (8.141)
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where

M2 = m2 − iε + V (x′). (8.142)

In order to solve (8.141), we Fourier transform G(x, x′) just as we did for
the case of constant V (x) with one slight difference:

G(x, x′) =
∫

dnk

(2π)n
eik·y G(k;x′). (8.143)

This time the Fourier transform G(k;x′) will depend on the fixed point x′

that we choose to expand about. As we will see, this allows us to obtain an
expansion for the effective action in terms of derivatives of the background
field. The result is given in n spacetime dimensions because we will adopt
dimensional regularization here.

The next step is to substitute (8.143) for G(x, x′) into (8.141). Before
doing this, note that

�yG(x, x′) =
∫

dnk

(2π)n
eik·y (−k2)G(k;x′), (8.144)

and that

yμ1 · · · yμjG(x, x′) =
∫

dnk

(2π)n
(−i)j ∂jeik·y

∂kμ1 · · · ∂kμj

G(k;x′)

=
∫

dnk

(2π)n
eik·y ij

∂jG(k;x′)
∂kμ1 · · · ∂kμj

, (8.145)

if we integrate by parts to obtain (8.145) from the result of the previous
line. The Fourier transform G(k;x′) must then satisfy⎡⎣(−k2 + M2) +

∞∑
j=1

ij

j!
Vμ1···μj

∂j

∂kμ1 · · · ∂kμj

⎤⎦G(k;x′) = 1. (8.146)

We can solve this equation in terms of the number of derivatives of V
that occur by letting

G(k;x′) =
∞∑

l=0

Gl(k, x′), (8.147)

with l counting the number of derivatives.
When (8.147) is used in (8.146) by equating terms on each side that

have no derivatives (i.e. ignore the terms coming from the sum over j
since they involve at least one derivative) we find

G0(k;x′) =
−1

k2 − M2 . (8.148)
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This is exactly what we found for the case of constant V in Section 8.4.
Substitution of (8.147) into (8.146), and using the result in (8.148),

leads to
∞∑

l=1

Gl(k;x′) − (k2 − M2)−1
∞∑

j=1

∞∑
l=0

ij

j!
Vμ1···μj

∂jGl(k;x′)
∂kμ1 · · · ∂kμj

= 0. (8.149)

The first term can be clearly identified as an expansion in powers of the
derivatives of V , but the second term is more complicated since it is really
j + l that counts the number of derivatives there. To deal with this we
may relabel the summation indices using

∞∑
l=0

∞∑
j=1

f(l, j) =
∞∑

n=1

n∑
j=1

f(n − j, j). (8.150)

(This is deduced by setting n = j+l, so that l = n−j. Because l = 0, 1, . . .
we can only have j = 1, 2, . . . , n. The range of n is 1, 2, . . . .) If we relabel
n → l in (8.150) we obtain

∞∑
l=1

Gl(k;x′) − (k2 − M2)−1
∞∑

l=1

l∑
j=1

ij

j!
Vμ1···μj

∂jGl−j(k;x′)
∂kμ1 · · · ∂kμj

= 0. (8.151)

Now l counts the number of derivatives in both of the two terms, and we
can conclude that

Gl(k;x′) = (k2 − M2)−1
l∑

j=1

ij

j!
Vμ1···μj

∂jGl−j(k;x′)
∂kμ1 · · · ∂kμj

. (8.152)

This result fully determines all of the Gl(k;x′) in an iterative manner
beginning with l = 1.

Setting l = 1 in (8.152) and using the result for G0(k;x′) in (8.148) it
is found that

G1(k;x′) = 2iVμkμ(k2 − M2)−3. (8.153)

With l = 2 in (8.152), and making use of the results for l = 0, 1 it can be
shown that

G2(k;x′) = −ημνVμν(k2 − M2)−3 + 4kμkνVμν(k2 − M2)−4

−2VμV μ(k2 − M2)−4 + 12kμkνVμVν(k2 − M2)−5. (8.154)

Higher-order terms may be evaluated in a similar, although increasingly
more complicated, way.17 The nature of the expansion is that the higher-
order terms start to fall off with larger powers of k. This makes the

17 The next two terms are given in Moss et al. (1992).
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expansion useful for the purposes of discussing renormalization because
eventually after a finite number of terms we will have an expression that
converges as we take n → 4 even for x = x′. Another feature that can be
noticed is that for l odd, Gl(k;x′) is an odd function of k. This means
that when we take x → x′ in G(x, x′) the terms with l odd will make no
contribution.

If we now work out G(x′, x′), the expression that we need to determine
Γ(1), we find

G(x′, x′) =
∫

dnk

(2π)n
[G0(k;x′) + G1(k;x′) + G2(k;x′) + · · ·] . (8.155)

By using dimensional regularization, all of the momentum integrals that
occur in this result can be made convergent in an appropriate region of
the complex n-plane. The basic structure that we need to evaluate is
(restoring the factor of iε)

I(p) =
∫

dnk

(2π)n
(k2 − M2 + iε)−p

= i(−1)p

∫
dnκ

(2π)n
(κ2 + M2)−p (8.156)

where we have performed the Wick rotation (8.105, 8.107) in the second
equality. Following the same steps as we used in going from (8.120) to
(8.121), it can be shown that

I(p) = i
(−1)p

(4π)n/2

Γ(p − n/2)
Γ(p)

(M2)n/2−p. (8.157)

We also require

Iμ(p) =
∫

dnk

(2π)n
kμ(k2 − M2 + iε)−p, (8.158)

Iμν(p) =
∫

dnk

(2π)n
kμkν(k2 − M2 + iε)−p. (8.159)

The evaluation of Iμ(p) is easy. Because the integrand is an odd function
of k, the result must be zero:

Iμ(p) = 0. (8.160)

For Iμν(p), we first note that Iμν(p) = Iνμ(p). The only symmetric object
that we have at our disposal is the metric tensor ημν; thus, we must have

Iμν = A(p)ημν, (8.161)
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for some function A(p).18 To calculate A(p) in (8.161), contract both sides
with ημν and use ημνημν = n and ημνkμkν = k2 to find

A(p) =
1
n

∫
dnk

(2π)n
k2(k2 − M2 + iε)−p.

Writing k2 = (k2 − M2 + iε) + (M2 − iε) allows us to evaluate A(p) in
terms of I(p) defined in (8.156) and use (8.157) to find

A(p) =
1
n

[
I(p − 1) + (M2 − iε)I(p)

]
=

i

2
(4π)−n/2(−1)p−1 Γ(p − 1 − n/2)

Γ(p)
(M2)n/2+1−p. (8.162)

We have taken ε → 0 and simplified the Γ-functions using the recursion
relation (A1.2).

Higher-order terms that arise in the expansion of G(x′, x′) all will
involve integrals of the form we have been considering, but with more
factors of kμ in the integrands. Terms with an odd number of factors will
integrate to zero, just as we found for Iμ(p) above. This means that in
the expression for G(x′, x′) only terms of the form G2l(k;x′) with l =
0, 1, 2, . . . will be non-zero.19

Returning to the expansion for G(x′, x′) in (8.155), using the results
for G0, G1, and G2 found in (8.148, 8.153, 8.154), and performing the
momentum integrals as just described leads to

G(x′, x′) = −I(1) + ημνVμν [4A(4) − I(3)]
+2V μVμ [6A(5) − I(4)] + · · ·

= i(4π)−n/2Γ
(
1 − n

2

)
(M2)n/2−1

+
i

6
(4π)−n/2Γ

(
3 − n

2

)
(M2)n/2−3ημνVμν

− i

12
(4π)−n/2Γ

(
4 − n

2

)
(M2)n/2−4V μVμ. (8.163)

Although the last two terms in (8.163) are finite as we take n → 4, some
care must be taken here because we are really after Γ(1) given by

∂

∂M2 Γ(1) =
i

2

∫
dvx′ G(x′, x′).

18 This result can also be deduced by noting that for μ 	= ν in (8.159) the integrand
involves odd functions of k and so must vanish, and that the results for μ = ν = 0
and μ = ν = 1 are opposite in sign, but equal in magnitude by symmetry.

19 The odd terms will of course contribute to G(x, x′) for x 	= x′.
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We should integrate with respect to M2 first before taking the limit
n → 4. If we are not interested in terms of G(x′, x′) that give rise to
total derivatives in the integrand of the effective action, we may drop
ημνVμν = �x′V (x′). The first term in (8.163) clearly gives rise to the
effective potential that we have already calculated. Call this contribution
Γ(1)

0 . Upon integration with respect to M2 we find

Γ(1) � Γ(1)
0 − 1

24
(4π)−n/2Γ

(
3 − n

2

)∫
dvx′(M2)n/2−3VμV μ (8.164)

= Γ(1)
0 − 1

384π2

∫
dvx′

VμV μ

M2 . (8.165)

In the second equality we have taken the limit n → 4 noting that the
result is finite. The second term in (8.165) therefore represents the first
correction to the effective potential for a non-constant V (x).

We can apply this straight away to the case of λφ4 theory with a non-
constant background field by taking V (x) = (λR/2)ϕ2

R(x) and M2 =
m2

R + (λR/2)ϕ2
R(x). The result is

Γ(1) = Γ(1)
0 − λ2

R

384π2

∫
dvx

ϕ2
R(x)

m2
R + (λR/2)ϕ2

R(x)
∂μϕR(x)∂μϕR(x). (8.166)

There is no pole term present in the one-loop effective action involving
derivatives of the field that requires renormalization. As we claimed ear-
lier, to one-loop order no infinite field renormalization is needed. The
result that we found here agrees with that first obtained in Iliopoulos et al.
(1975) by a different method. The next term in the derivative expansion
of the effective action contains four derivatives and can be found using
the method that we have just described in Moss et al. (1992).

8.6 Renormalization of λφ4 theory

To round off our discussion of renormalization we will consider what
happens in λφ4 theory at two-loop order. We will use dimensional regular-
ization as described in the last section. The renormalization at one-loop
order has already been considered, so we proceed directly to the next
order in the loop expansion.

We had Γ(2) given by (8.86). With the action functional (8.91) it is
clear that when we write the result in normal (uncondensed) notation,

Γ(2) =
λ

8

∫
dnxG2(x, x) − λ2

12

∫
dnx

∫
dnx′ϕ(x)ϕ(x′)G3(x, x′). (8.167)

In terms of Feynman diagrams, the first term corresponds to the graph
in Fig. 8.10 and the second term to that in Fig. 8.8.
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We are interested in the divergent part of Γ(2). The first term is easy to
evaluate since it is the square of the one-loop term that we have already
found. However, squaring the one-loop expression Γ(1) will end up with a
double pole at n = 4, as well as a simple pole whose residue will involve
the finite part of G(x, x). For general background fields it is impossible
to calculate the finite part of G(x, x) exactly. A crucial part of the cal-
culation will be to show that all such non-local pole terms cancel out of
the divergent part of Γ(2) to leave a relatively simple structure that can
be dealt with by the same type of counterterms as we used at one-loop
order.

We will write

G(x, x′) = Gs(x, x′) + Gns(x, x′), (8.168)

where we require Gns(x, x′) to be non-singular and finite as n → 4 even
when x = x′. The singular part of G(x, x′) and terms that contain poles
as n → 4 will therefore be found in Gs(x, x′). This split of the Green func-
tion is always possible because our expansion of G(x, x′) in Section 8.5.2
in powers of derivatives of the background field ϕ(x) beyond G0 all lead to
finite expressions at n = 4. We are free to define Gs(x, x′) to be the result
of including the first few terms in the derivative expansion of G(x, x′)
with all of the higher-order terms (that lead to finite expressions even
for n = 4) included in Gns(x, x′). Any contributions to G(x, x′) coming
from x nowhere close to x′ can also be included in Gns(x, x′). Gns(x, x′)
is therefore a very complicated function that we are unable to calculate
for general background fields. We will prove that whatever we choose for
Gns(x, x′) does not affect the divergent part of Γ(2).

The simplest choice we can make is to define Gs(x, x′) to contain only
the term G0 in the derivative expansion:

Gs(x, x′) = −
∫

dnk

(2π)n
eik·(x−x′) (k2 − M2)−1. (8.169)

This will turn out to be sufficient for the later analysis as well. The result
of performing the integration in Gs(x, x) was given in (8.121). Expanding
about the pole at n = 4 results in

Gs(x, x) =
iM2

8π2(n − 4)
+

iM2

16π2

[
ln
(

M2

4π

)
+ γ − 1

]
, (8.170)

if we drop terms that vanish when n → 4. From (8.168) we then find

�n−4G(x, x) =
iM2

8π2(n − 4)
+ Greg(x), (8.171)
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where

Greg(x) = Gns(x, x) +
iM2

16π2

[
ln
(

M2�2

4π

)
+ γ − 1

]
. (8.172)

Greg(x) is a regular finite function of x.
If we let Γ(2)

1 denote the first term in the two-loop effective action in
(8.167), we have

Γ(2)
1 =

λ

8

∫
dnxG2(x, x)

=
λR

8

∫
d4x

[
�n−4G(x, x)

]2
(8.173)

=
∫

d4x

[
− λRM4

512π4(n − 4)2
+

iλRM2

32π2(n − 4)
Greg(x) + · · ·

]
.

(8.174)

In the second line above we have used dnx = �n−4d4x and (8.124), noting
that we are only working to order �

2 and that Γ(2) is already multiplied
by �

2. The last line in (8.174) has resulted from the use of (8.171) with
only pole terms kept.

Up to now we have encountered divergences when we take the coin-
cidence limit x = x′ in a Green function. Another source of divergences
comes about when we multiply Green functions together even with x �= x′.
The second term of Γ(2) in (8.167) involves G3(x, x′) and we need to see
if this expression is divergent. We will first consider the easier problem of
the evaluation of the divergent part of G2(x, x′) for x �= x′, since it will
turn out that we need to know this anyway. We can use our decomposition
(8.168) to obtain

G2(x, x′) = G2
s(x, x′) + 2Gs(x, x′)Gns(x, x′) + G2

ns(x, x′). (8.175)

Gns(x, x′) should be finite as n → 4 whether we take x → x′ or not by our
assumption when making the split (8.168). The last term is then finite at
n = 4. For the middle term, because of our assumption on Gns(x, x′), any
divergences can come only from Gs(x, x′). But Gs(x, x′) is not singular
even for n = 4 unless x = x′ which is not the case here.20 We conclude
that any divergences that are present in G2(x, x′) can come only from
G2

s(x, x′).

20 The most divergent part of Gs(x, x′) was evaluated in terms of a Bessel function in
(8.101).
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Write Gs(x, x′) as in (8.143). We then find

G2
s(x, x′) =

∫
dnk

(2π)n

∫
dnp

(2π)n
ei(k+p)·y G(k;x′)G(p; x′)

=
∫

dnp

(2π)n
eip·y

∫
dnk

(2π)n
G(k;x′)G(p − k;x′). (8.176)

In the second equality we have changed variables from p to p−k. We only
require the pole part of this expression. The first term in the derivative
expansion of G(k;x′) is G0(k;x′) and it behaves like k−2 for large k. This
means that the leading behaviour of G(k;x′)G(p − k;x′) for large k is
k−4, and that higher-order terms in the derivative expansion will lead to
momentum integrals that converge at n = 4 because they fall off at least
as fast as k−6 for large k. The pole part of G2

s(x, x′) comes only from
using G0(k;x′) for G(k;x′). If we let PP{· · · } denote the pole part of any
expression, we then have

PP
{
G2(x, x′)

}
= PP

{
G2

s(x, x′)
}

=
∫

dnp

(2π)n
eip·y PP {J2(p)} . (8.177)

with

J2(p) =
∫

dnk

(2π)n
(k2 − M2 + iε)−1 [(p − k)2 − M2 + iε

]−1
. (8.178)

The easiest procedure now is to notice that the pole termof J2(p) is foundby
setting p = 0, in which case we have J2(p = 0) = I(2) where I(2) was found
in (8.157).21 However, in order to introduce a more general approach we will
proceed differently.

Combine the two denominators in J2(p) using the identity

1
a1a2

=
∫ 1

0
dz [a1z + a2(1 − z)]−2

. (8.179)

This first appears in Feynman (1949b) although a similar idea was used
by Schwinger.22 Using (8.179) for J2(p) leads to

J2(p) =
∫ 1

0
dz

∫
dnk

(2π)n

[
(k − zp)2 + z(1 − z)p2 − M2 + iε

]−2
. (8.180)

21 This can be seen by expanding J2(p) about p = 0 and noting that all terms beyond
that for J2(0) lead to convergent integrals at n = 4.

22 See the parenthetical remark below Eq. (14a) in Feynman (1949b).
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The integration over k may be done by first translating the variable of
integration k → k + zp, and then recognizing that the result is simply
I(2) of (8.157) with M2 → M2 − z(1 − z)p2. This gives

J2(p) = i(4π)−n/2Γ

(
2 − n

2

)∫ 1

0
dz
[
M2 − z(1 − z)p2]n/2−2

. (8.181)

We can now expand about the pole at n = 4 to obtain

PP {J2(p)} = − i

8π2(n − 4)
. (8.182)

Using this back in (8.177) shows that

PP
{
G2(x, x′)

}
= − i

8π2(n − 4)
δ(x, x′) (8.183)

since
∫

[dnp/(2π)n] eip·y = δ(y).

We now turn to the more complicated case of G3(x, x′). Using (8.168)
we obtain

G3(x, x′) = G3
s(x, x′) + 3G2

s(x, x′)Gns(x, x′)
+ 3Gs(x, x′)G2

ns(x, x′) + G3
ns(x, x′). (8.184)

The last two terms are finite for n → 4 for x �= x′ by our definition of
Gns(x, x′) and the result for Gs(x, x′) found earlier. Therefore any diver-
gences can come only from the first two terms in (8.184). We have already
shown that PP

{
G2

s(x, x′)
}

is given by (8.183); thus,

PP
{
G2

s(x, x′)Gns(x, x′)
}

= − i

8π2(n − 4)
δ(x, x′)Gns(x′, x′). (8.185)

We have used the Dirac δ-distribution to set x = x′ in the factor of
Gns(x, x′). We know that Gns(x′, x′) is finite even at n = 4, so we have
extracted the pole part of the second term in (8.184). This pole term can
be observed to be a very complicated non-local expression.

The hard part is the evaluation of PP
{
G3

s(x, x′)
}
. Proceed as we did

leading up to (8.176) to find

G3
s(x, x′) =

∫
dnk

(2π)n

∫
dnp

(2π)n

∫
dnq

(2π)n
ei(k+p+q)·yG(k;x′)G(p; x′)G(q;x′)

=
∫

dnp

(2π)n
eip·yJ3(p) (8.186)
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where

J3(p) =
∫

dnk

(2π)n

∫
dnq

(2π)n
G(k;x′)G(q;x′)G(p − k − q;x′). (8.187)

We now must deal with a double integral over momenta. If each of the two
integrals (one over k and one over q) when considered separately converge
as n → 4 then J3(p) will be finite. We know from our derivative expansion
of G(k;x′) that G(k;x′) = G0(k;x′) + O(k−5) for large k. This allows us
to conclude by counting powers of k and q that if we are interested in
just the divergent part of J3(p), then we only need to use G0(k;x′) for
G(k;x′).23 We have, using (8.148) for G0(k;x′) and dropping the explicit
iε for brevity,

PP {J3(p)} = −PP
{ ∫

dnk

(2π)n

∫
dnq

(2π)n
(k2 − M2)−1(q2 − M2)−1

×
[
(p − k − q)2 − M2]−1

}
. (8.188)

Evaluating even the divergent part of J3(p) is a bit daunting. Fortu-
nately, Collins (1974) has presented an elegant method that we can use.
It begins with a generalization of the identity (8.179),

1
a1a2a3

= 2
∫ 1

0
d3z δ

(
1 −

3∑
i=1

zi

)
(a1z1 + a2z2 + a3z3)−3 (8.189)

that introduces three Feynman parameters, although only two of them
are independent because of the Dirac δ. We now use (8.189) for the three
terms that occur in (8.188) in an obvious way. The resulting expression
can be simplified by completing the square first on k and then on q, fol-
lowed by a translation of the variables of integration. After some algebra
the following result is obtained

PP {J3(p)} = −2
∫ 1

0
d3z δ

(
1 −

3∑
i=1

zi

)
PP
{∫

dnk

(2π)n

∫
dnq

(2π)n

×
[
(z1 + z3)k2 +

z1z2 + z2z3 + z3z1

z1 + z3
q2

+
z1z2z3

z1z2 + z2z3 + z3z1
p2 − M2

]−3}
. (8.190)

23 Higher-order terms in the derivative expansion will not diverge at n = 4.
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The integration over k can be done using (8.156) with p = 3 taken there.
Then the integral over q can be done using the same integral but with
p = 3 − n/2 taken in (8.156). After some simplifications it can be shown
that

PP {J3(p)} = −PP
{
(4π)−nΓ(3 − n)(M2)n−3K(p)

}
(8.191)

where

K(p) =
∫ 1

0
d3z δ

(
1 −

3∑
i=1

zi

)
(z1z2 + z2z3 + z3z1)−n/2

×
(

1 − z1z2z3

z1z2 + z2z3 + z3z1

p2

M2

)n−3

. (8.192)

The function K(p) has poles coming from points where z1z2+z2z3+z3z1 =
0. The δ-function restricts the integration to a triangular region in the
first quadrant of R

3 cut off by the coordinate planes z1 = 0, z2 = 0, and
z3 = 0. This is pictured in Fig. 8.11. If we keep away from the edges of
the triangular region, all of z1, z2, z3 are non-zero and the integrand of
(8.192) is finite at n = 4. The only way that z1z2 +z2z3 +z3z1 can vanish
is if two of the zi vanish with the third constrained to be 1. This means
that the divergences at n = 4 in (8.192) come only from the vertices
of the triangular region pictured in Fig. 8.11. Because the integrand of
(8.192) is a symmetric function of z1, z2, z3, the contribution to the pole
at n = 4 must be the same for each vertex. We can therefore evaluate the
contribution from one of the vertices and then multiply the result by 3
to obtain the complete pole contribution.

z 3

z 2

z1

1

1

1

Fig. 8.11 The region of integration for (8.192) is shown by the shaded triangle.



410 General definition of the effective action

Consider the pole coming from z1 = 1, z2 + z3 = 0. Make the change of
variable

z1 = 1 − α, z2 = αβ, z3 = α(1 − β). (8.193)

(Note that z1 + z2 + z3 = 1.) The divergence at n = 4 should show up as
α → 0 since z2 + z3 = α here. Use the δ-function to integrate out z1 in
(8.192), and then note that dz2dz3 = αdαdβ. It follows that24

PP {K(p)} = 3 PP
{∫ 1

0
dα

∫ 1

0
dβ α1−n/2 [1 − α + α(1 − β)]−n/2

×
[
1 − αβ(1 − α)(1 − β)

1 − α + α(1 − β)
p2

M2

]n−3}
. (8.194)

The pole shows up as α → 0, so if we expand the integrand in powers
of α it can be seen that only the leading term gives rise to a pole.25 We
have

PP {K(p)} = 3 PP
{∫ 1

0
dα

∫ 1

0
dβ α1−n/2

}
= − 6

n − 4
, (8.195)

and can conclude that

K(p) = − 6
n − 4

+ K0(p) + · · · , (8.196)

where K0(p) is finite as n → 4. The remaining terms indicated by · · · in
(8.196) vanish as n → 4 and are of no interest to us.

Looking back at (8.191), because Γ(3 − n) has a simple pole at n = 4,
it can be seen that we need to know what K0(p) is if we are to obtain the
complete pole part of J3(p). We can get this by returning to the expres-
sion (8.192) for K(p), subtracting off that part of the integrand that gave
rise to the pole term in (8.195), and then letting n → 4 knowing that the
result will be finite. The pole came from the three vertices of the trian-
gular region of integration at z1 + z2 = 0, z2 + z3 = 0, and z3 + z1 = 0

24 The factor of 3 accounts for the contributions of the three vertices of the triangle as
explained above.

25 The second term in the expansion in powers of α behaves like α2−n/2 which does
not integrate to give a pole as n → 4.
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and from the behaviour (z1 + z2)−2, (z2 + z3)−2, and (z3 + z1)−2 of the
integrand. This means that we have

K0(p) =
∫ 1

0
d3z δ

(
1 −

3∑
i=1

zi

)[
(z1z2 + z2z3 + z3z1)−2

×
(

1 − z1z2z3

z1z2 + z2z3 + z3z1

p2

M2

)
−(z1 + z2)−2 − (z2 + z3)−2 − (z3 + z1)−2

]
.

(8.197)

Integrate out z1 using the δ-function and make the change of variable
(8.193) as before to find

K0(p) =
∫ 1

0
dα

∫ 1

0
dβ α

{
α−2 [1 − α + αβ(1 − β)]−2

×
[
1 − αβ(1 − α)(1 − β)

1 − α + α(1 − β)
p2

M2

]
−α−2 − (1 − α + αβ)−2 − (1 − αβ)−2

}
.

(8.198)

The integrals are now elementary and easily done. It is best to evaluate
the result as an indefinite integral and then work out the definite integral
by taking the limit at the end since taken separately some of the definite
integrals diverge. The result, after a bit of calculation, turns out to be

K0(p) = 3 − p2

2M2 . (8.199)

We can now evaluate (8.191) to find

PP {J3(p)} = − M2

(4π)4

{
− 6

(n − 4)2
+

1
n − 4

[
9 − p2

2M2

−6γ − 6 ln
(

M2

4π

)]}
. (8.200)

If we note that ∫
dnp

(2π)n
eip·y p2 = −�yδ(y),
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then from (8.186) we have

PP
{
G3

s(x, x′)
}

=
M2

(4π)4

{
6

(n − 4)2
+

1
n − 4

[
6γ − 9 + 6 ln

(
M2

4π

)
− 1

2M2 �x

]}
δ(x, x′). (8.201)

We now combine the results of (8.185) and (8.201) to find
PP{G3(x, x′)}. The answer can be written in terms of Greg(x) defined in
(8.172) and is

PP
{
G3(x, x′)

}
=
[

3M2

128π4(n − 4)2
− 3M2

256π4(n − 4)
(1 + 2 ln �2)

− 1
512π4(n − 4)

�x − 3i

8π2(n − 4)
Greg(x)

]
δ(x, x′).

(8.202)

If we call Γ(2)
2 the second term in (8.167), then when we use (8.202) the

integration over x′ may be done using the δ-function that is present. Fur-
thermore, we may use λ = �n−4λR, m2 = m2

R, and ϕ(x) = �2−n/2ϕR(x),
all valid to order �

0 (that is all we need because Γ(2)
2 is multiplied by �

2

and we are only working to order �
2), along with dnx = �n−4d4x to find

PP
{

Γ(2)
2

}
= −λ2

R

12

∫
d4x ϕR(x)

[
3M2

128π4(n − 4)2
− 3M2

256π4(n − 4)

− 1
512π4(n − 4)

�x − 3i

8π2(n − 4)
Greg(x)

]
ϕR(x). (8.203)

This may now be combined with Γ(2)
1 in (8.174) to find that the complete

pole part of the two-loop effective action is

PP
{

Γ(2)
}

=
∫

d4x

[
− λR

512π4(n − 4)2

(
m4

R + 2λRm2
Rϕ2

R +
3
4
λ2

Rϕ4
R

)
+

λ2
R

1024π4(n − 4)

(
m2

Rϕ2
R +

λR

2
ϕ4

R

)
+

λ2
R

6144π4(n − 4)
ϕR�xϕR

+
iλ2

R

32π2(n − 4)

(
m2

R +
3
2
λRϕ2

R

)
Greg(x)

]
. (8.204)

The pole part of Γ(2) can be seen to have a dependence on the com-
plicated non-local part of the Green function Greg(x) present in the last
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term in (8.204). If this was the complete contribution to the effective
action of order �

2 then the renormalization program would fail because
to cancel the non-local pole term we would be forced to consider a
non-local Lagrangian. However, there is a subtlety hidden in our loop
expansion. We assumed in our counting in powers of � that all of the
terms in the expansion of the classical action functional had no explicit
factors of � associated with them; yet, the masses, coupling constants,
and fields that entered the classical action were bare and we had to
express them in terms of renormalized ones plus counterterms. The coun-
terterms are necessary to remove the divergences in the effective action
order by order in the loop expansion; thus, there is an � expansion
hidden inside our formal expression for the effective action because we
have obtained the expansion in terms of bare quantities only. A bit of
care must be exercised if we want to work consistently to a given order
in �.

We are after Γ [ϕ] to order �
2. Because Γ(2) [ϕ] is multiplied by �

2 it
makes no difference in our result (8.167) if we take all masses, coupling
constants, and fields to be renormalized. In contrast, the formal expres-
sion for Γ(1) [ϕ] is only multiplied by �. Therefore when we replace m2, λ, ϕ
with their renormalized values plus counterterms, the counterterms of
one-loop order (order �) will affect the final result to order �

2. This must
be taken into account if we wish to obtain the complete contribution to
the effective action that is of order �

2. We had from (8.80)

Γ(1) =
i�

2
tr ln

(
�2S,ij

)
.

By expressing S,ij in terms of the renormalized values and counterterms
we will find

S,ij = S
(0)
,ij + �S

(1)
,ij + · · · (8.205)

where S
(0)
,ij is given as in (8.92) but with renormalized values, and

S
(1)
,ij = −

[
δm2(1) +

δλ(1)

2
ϕ2

R(x)
]

δ(x, x′) (8.206)

arises from the one-loop counterterms. Note that ϕ = ϕR to order �

because we did not need to perform any infinite field renormalization to
this order. If we take

S
(0)
,ij Gjk = −δk

i , (8.207)

then our Green function will not involve �. We may expand the logarithm
to find
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Γ(1) =
i�

2
tr ln

[
�2S

(0)
,ij

(
δj
l − �GjkS

(1)
,kl + · · ·

)]
=

i�

2
tr ln

[
�2S

(0)
,ij

]
− i�2

2
GijS

(1)
,ij + · · · . (8.208)

When we return from condensed notation to normal notation, the second
term in (8.208) may be seen to make an order �

2 contribution to the
effective action that is

Γ(1)
2−loop =

i�2

2

∫
dnx

[
δm2(1) +

δλ(1)

2
ϕ2

R(x)
]

G(x, x). (8.209)

To obtain the complete contribution to order �
2 it is necessary to

add the result in (8.209) to our earlier one in (8.204) for Γ(2) [ϕ]. We
can use the one-loop counterterms found in (8.135) and (8.136), and the
expression for G(x, x) in (8.171) to see that

PP
{

Γ(1)
2−loop

}
=

i

2
�

2
∫

d4x

[
δm2(1) +

1
2
δλ(1)ϕ2

R(x)
]

�n−4G(x, x)

= �
2
∫

d4x

[
λR

256π4(n − 4)

(
m4

R + 2λRm2
Rϕ2

R +
3
4
λ2

Rϕ4
R

)
− iλR

32π2(n − 4)

(
m2

R +
3
2
λRϕ2

R

)
Greg(x)

]
.

(8.210)

When this result is added to that found in (8.204) we find the complete,
and final, pole part of the effective action at two-loop order to be

PP {Γ2−loop} = �
2
∫

d4x

[
λR

512π4(n − 4)2

(
m4

R + 2λRm2
Rϕ2

R +
3
4
λ2

Rϕ4
R

)
+

λ2
R

1024π4(n − 4)

(
m2

Rϕ2
R +

1
2
λRϕ4

R

)
+

λ2
R

6144π4(n − 4)
ϕR�xϕR

]
. (8.211)

The potentially damaging non-local pole term that involved Greg(x) at
intermediate steps in the calculation has cancelled out of the final result.
The appearance of Greg(x) in (8.210) coming from the one-loop countert-
erms in the effective action was exactly what was needed to remove the
dependence on Greg(x) from (8.204). The pole terms that remain are all
of a form that can be dealt with by local counterterms in the classical
action. We make use of (8.122)–(8.126) with (8.127) to find that the order
�

2 part of the classical action is
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S(2) = �
2
∫

d4x

{
− 1

2
δZ(2)ϕR�xϕR − 1

2

[
δm2(2) + m2

RδZ(2)
]
ϕ2

R

− 1
4!

[
δλ(2) + 2λRδZ(2)

]
ϕ4

R − δc(2)
}

. (8.212)

The two-loop counterterms in (8.212) are now fixed by the requirement
that S(2) cancels the pole terms in (8.208). A short calculation shows that

δZ(2) =
λ2

R

3072π4(n − 4)
, (8.213)

δm2(2) =
λ2

Rm2
R

128π4(n − 4)2
+

5λ2
Rm2

R

3072π4(n − 4)
, (8.214)

δλ(2) =
9λ3

R

256π4(n − 4)2
+

17λ3
R

1536π4(n − 4)
, (8.215)

δc(2) =
λRm4

R

512π4(n − 4)2
. (8.216)

This completes the renormalization of the theory to two-loop order.
After all this, a modification of our previous loop expansion suggests

itself. We have seen that due to the renormalization process we must
express bare quantities in terms of renormalized ones plus counterterms
with the counterterms having an expansion in powers of the loop count-
ing parameter �. This �-dependence is hidden inside every term in the
perturbative expansion that we have obtained, rendering the extraction
of the complete part of the effective action of a given order in � a bit
cumbersome.26 A better approach is to acknowledge from the start that
the bare terms in the classical action will contain an expansion in powers
of � through the necessary counterterms, and to treat the counterterms
as part of the interaction by a suitable modification of the An defined in
(8.55). This organizes the � expansion in a better manner and obviates
the need to consider expansions within expansions.27

8.7 Finite temperature

In Chapter 5 we obtained results for the effective action at finite temper-
ature to lowest order in perturbation theory. We now want to discuss how
the more general perturbative approach of the previous sections of the

26 It has been seen to involve expansions within expansions in our two-loop calculation.
27 See the calculation in Toms (1982) for example.
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present chapter may be generalized to include finite temperature. The
expansion of the effective action at zero temperature was built around
the Green function; therefore, we will first study the Green function at
finite temperature.

8.7.1 Real scalar field

The natural replacement for the vacuum expectation value of any oper-
ator A[φ], defined as in (8.8), is the statistical, ensemble, or thermal,
average:

〈A〉 = tr(ρA). (8.217)

Here ρ is the density operator: ρ = Z−1e−βH, with Z the partition func-
tion (see Section 5.1). In particular, we will define the finite temperature,
or thermal, Green function by

G(x, x′) = i 〈T (φ(t,x)φ(t′,x′))〉 . (8.218)

(Compare this to (8.19). The angle brackets now mean the thermal aver-
age as in (8.217). We will set � = 1 here since it is not needed to count
loops; we have already done this.) It proves convenient to deal with
G>(x, x′) and G<(x, x′) defined by

G>(x, x′) = i 〈φ(t,x)φ(t′,x′)〉 , (8.219)
G<(x, x′) = i 〈φ(t′,x′)φ(t,x)〉 , (8.220)

so that

G(x, x′) = θ(t − t′)G>(x, x′) + θ(t′ − t)G<(x, x′). (8.221)

Note that with these definitions we have

G<(x, x′) = G>(x′, x). (8.222)

This means that we may concentrate on G> and obtain G< by (8.222).
Making use of the expansion (3.187) of the field in terms of creation

and annihilation operators, we can express G>(x, x′) and G<(x, x′) in
terms of 〈anan′〉, 〈ana†

n′〉, 〈a†
nan′〉, and 〈a†

na†
n′〉. These thermal averages

were already calculated in Section 5.2 with the results (see (5.55) and
(5.56) with μ = 0)

〈ana†
n′〉 = F (En)δnn′ , (8.223)

〈a†
nan′〉 = [1 + F (En)] δnn′ , (8.224)
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and 〈anan′〉 = 0 = 〈a†
na†

n′〉. Here F (E) is the Bose–Einstein distribution
function defined by

F (E) =
(
eβE − 1

)−1
. (8.225)

A short calculation shows that

G>(x, x′) = i
∑

n

(2En)−1
{

fn(x)f∗
n(x′)e−iEn(t−t′) [1 + F (En)]

+f∗
n(x)fn(x′)eiEn(t−t′)F (En)

}
. (8.226)

This result can be simplified by making use of the results of Section 3.6,
beginning with (3.174) and using the properties of the Cnn′ .

Let G(En) be any function. Then∑
n

G(En)f∗
n(x)fn(x′) =

∑
n,n′,n′′

G(En)Cnn′C∗
nn′′fn′(x)f∗

n′′(x′)

=
∑

n,n′,n′′

G(En′)Cnn′C∗
nn′′fn′(x)f∗

n′′(x′)

=
∑
n′

G(En′)fn′(x)f∗
n′(x′). (8.227)

In the first line we have used (3.174) along with its complex conjugate.
In the second line we have used the property (3.179). In the final line we
have used the symmetry of Cnn′ along with the unitary property (3.180).

By using (8.227) for the second term in (8.226), we find

G>(x, x′) = i
∑

n

fn(x)f∗
n(x′)

2En
G>

n (t − t′) (8.228)

where

G>
n (t − t′) = e−iEn(t−t′) [1 + F (En)] + eiEn(t−t′)F (En). (8.229)

From (8.222) we obtain immediately that

G<(x, x′) = i
∑

n

fn(x)f∗
n(x′)

2En
G<

n (t − t′) (8.230)

where

G<
n (t − t′) = eiEn(t−t′) [1 + F (En)] + e−iEn(t−t′)F (En). (8.231)
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At this stage we can note a remarkable feature that starts with the
simple identity

1 + F (E) = eβEF (E) (8.232)

obeyed by the Bose–Einstein distribution function (8.225). If we now
allow the time to be viewed as a complex variable, then from (8.229) we
have

G>
n (t − t′ − iβ) = e−iEn(t−t′)e−βEn [1 + F (En)] + eiEn(t−t′)eβEnF (En)

= e−iEn(t−t′)F (En) + eiEn(t−t′) [1 + F (En)]
= G<

n (t − t′). (8.233)

We have used (8.232) in the middle line, and (8.231) to obtain the result
in terms of G<

n (t − t′).
Because of the behaviour in (8.233) involving a shift along the imag-

inary axis, this suggests performing a Wick rotation to imaginary time.
Define

τ = it, τ ′ = it′. (8.234)

with 0 ≤ τ, τ ′ ≤ β, so that −β ≤ τ −τ ′ ≤ β. The Feynman Green function
(8.218) obeys (

�x + M2 − iε
)
G(x, x′) = δ(x, x′). (8.235)

Using (8.234) we have

�x =
∂

∂t2
− ∇2 = − ∂

∂τ2 − ∇2 = −�̃x, (8.236)

where the tilde denotes that a positive definite Euclidean metric, result-
ing from the Wick rotation of the time coordinate, has been used. We
also have δ(t− t′) that occurs on the right-hand side of (8.235), becoming

δ(t − t′) = δ[−i(τ − τ ′)] = iδ(τ − τ ′) (8.237)

if we make use of the property δ(ax) = (1/a)δ(x), assumed to be true for
a complex. We will therefore define

G(t,x; t′,x′) = iG̃(τ,x; τ ′,x′) (8.238)

with (
−˜x + M2) G̃(x, x′) = δ̃(x, x′). (8.239)

When occurring inside an expression with a tilde, like G̃ or δ̃, we regard
xμ = (τ,x). Note that the iε is not necessary after a Wick rotation, as
discussed in Section 8.4.
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We can write

G̃(x, x′) =
〈
Tτ

(
φ̃(τ,x)φ̃(τ ′,x′)

)〉
(8.240)

= θ(τ − τ ′)G̃>(x, x′) + θ(τ ′ − τ)G̃<(x, x′) (8.241)

with Tτ denoting time-ordering with respect to imaginary time τ .
G̃>(x, x′) and G̃<(x, x′) are related to G>(x, x′) and G<(x, x′) exactly
as in (8.238). If we define

G̃>(x, x′) =
∑

n

fn(x)f∗
n(x′)

2En
G̃>

n (τ − τ ′), (8.242)

G̃<(x, x′) =
∑

n

fn(x)f∗
n(x′)

2En
G̃<

n (τ − τ ′), (8.243)

then

G̃>
n (τ − τ ′) = −iG>

n [−i(t − t′)], (8.244)
G̃<

n (τ − τ ′) = −iG<
n [−i(t − t′)]. (8.245)

Using (8.233) it is easy to show that

G̃>
n (τ − τ ′ + β) = G̃<

n (τ − τ ′). (8.246)

By taking τ = 0, (8.241) shows that

G̃(τ = 0,x; τ ′,x′) = G̃<(τ = 0,x; τ ′,x′)
= G̃>(τ = β,x; τ ′,x′)
= G̃(τ = β,x; τ ′,x′). (8.247)

(The first equality follows because if τ = 0, since 0 ≤ τ ′ ≤ β, we have
τ ′ ≥ τ . The second equality follows using (8.246). The final result follows
because with τ = β we have τ ≥ τ ′.) This establishes the important
result that the imaginary time Green function is periodic in imaginary
time with period β. (A similar conclusion holds for τ ′.) We can there-
fore regard the Green function G̃(x, x′) as the solution to (8.239) that
is subject to periodic boundary conditions in imaginary times τ, τ ′ with
period β.

A consequence of the periodicity in imaginary time is that we can
expand the Green function G̃(x, x′) in a Fourier series

G̃(x, x′) =
1
β

∞∑
j=−∞

eiωj(τ−τ′)G̃j(x,x′) (8.248)
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where

ωj =
2πj

β
(8.249)

are called the ‘Matsubara frequencies’. From (8.239) the Fourier ‘coeffi-
cients’ G̃j(x,x′) obey(

−∇2 + M2 + ω2
j

)
G̃j(x,x′) = δ(x,x′). (8.250)

The solution to this is

G̃j(x,x′) =
∑

n

fn(x)f∗
n(x′)

ω2
j + σn + M2 (8.251)

where σn are the eigenvalues of −∇2 as defined in (3.171) and fn(x) are
the associated eigenfunctions.

We can write the imaginary time Green function in a form that looks
more like the real-time result by performing the sum over j in (8.248).
This can be done by using

∞∑
j=−∞

eija

j2 + b2 =
π

b
e−ab +

π

b
(e2πb − 1)−1(eab + e−ab), (8.252)

and can be derived by making use of the method described in Sec-
tion A1.3. (Here a ≥ 0, b > 0 are assumed.) It is easy to show that

G̃(x, x′) =
∑

n

fn(x)f∗
n(x′)

(2En)

{
e−En(τ−τ′)[1 + F (En)] + eEn(τ−τ′)F (En)

}
.

(8.253)
Here En =

√
σn + M2 as in (3.185). For 0 ≤ τ − τ ′ ≤ β this agrees with

G̃>(x, x′) obtained using (8.229) and (8.244). For −β ≤ τ − τ ′ ≤ 0 this
agrees with G̃<(x, x′) obtained using (8.231) and (8.244).

We have discussed what we need to concerning the Green functions.
Our consideration now turns to the effective action at finite tempera-
ture. Bearing in mind the generalization (8.217), we take the mean, or
background, field ϕi to now involve a thermal average,

ϕi = 〈φi〉 =
δW [J ]

δJi
. (8.254)

(This is identical to (8.27) with the angle brackets now interpreted as
a thermal average as in (8.217).) The only difference with what we did
before is that in place of the zero temperature Green function we use the
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thermal, finite temperature one. All of our formal perturbative results for
the effective action follow as before, but with

Gjk → iG̃jk (8.255)

where G̃jk is the imaginary time Green function just discussed (see
(8.238)).

In order to see that this agrees with the simple one-loop approach
adopted in Chapter 5, we will consider the one-loop effective potential at
finite temperature. We had, at T = 0,

∂

∂M2 V (1) = − i

2
�n−4G(x, x). (8.256)

Making the replacement (8.255) leads to

∂

∂M2 V (1) =
1
2
�n−4G̃(x, x). (8.257)

For Minkowski space-time, (8.248) and (8.251) give the imaginary time
Green function as

G̃(x, x′) =
1
β

∞∑
j=−∞

eiωj(τ−τ′)
∫

dn−1k

(2π)n−1

eik·(x−x′)

ω2
j + k2 + M2 . (8.258)

We therefore find,

G̃(x, x) =
∫

dn−1k

(2π)n−1

1
2Ek

[1 + 2F (En)], (8.259)

where Ek =
√

k2 + M2. Noting that

∂

∂M2 Ek =
1

2Ek
, (8.260)

and
βF (Ek)

2Ek
=

∂

∂M2 ln(1 − e−βEk), (8.261)

we find

V (1) = �n−4
∫

dn−1k

(2π)n−1

1
2
Ek +

1
β

∫
d3k

(2π)3
ln(1 − e−βEk). (8.262)

The second term is finite as n → 4, so we have taken the limit there. The
first term is the sum over zero-point energies that arises at T = 0. This
result agrees with that for the thermodynamic potential in (5.58).
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8.7.2 Charged scalar field

In the case of the charged scalar field we can still make the replacement
in (8.217), but this time ρ = Z−1e−β(H−μQ) with Z the grand canonical
partition function. The Feynman Green function will be defined by

G(x, x′) = i
〈
T
(
Φ(t,x)Φ†(t′,x′)

)〉
(8.263)

with

G>(x, x′) = i
〈
Φ(t,x)Φ†(t′,x′)

〉
(8.264)

and

G<(x, x′) = i
〈
Φ†(t′,x′)Φ(t,x)

〉
. (8.265)

We now follow the same procedure as that which led to (8.230) and
(8.231) in the real field case. Use the field expansion (3.206) and its Her-
mitian conjugate, then evaluate the thermal averages of the creation and
annihilation operators with (5.83) and (5.84). The result can be simplified
by making use of the identity (8.227) to find

G>(x, x′) = i
∑

n

fn(x)f∗
n(x′)

2En
G>

n (t − t′), (8.266)

where

G>
n (t − t′) = e−iEn(t−t′)[1 + F−(En)] + eiEn(t−t′)F+(En) (8.267)

and

G<(x, x′) = i
∑

n

fn(x)f∗
n(x′)

2En
G<

n (t − t′), (8.268)

with

G<
n (t − t′) = e−iEn(t−t′)F−(En) + eiEn(t−t′)[1 + F+(En)]. (8.269)

Here

F±(E) = [eβ(E±eμ) − 1]−1 (8.270)

gives the distribution function for charged particles and antiparticles. The
analogue of (8.232) is

1 + F±(E) = eβ(E±eμ)F±(E). (8.271)

If we again allow time to become complex, we find

G>
n (t − t′ − iβ) = e−βeμG<

n (t − t′). (8.272)
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For μ = 0 this agrees with what we found in (8.233).
As in the real scalar field case, it proves advantageous to perform a

Wick rotation to imaginary time, and to define the imaginary time Green
function by (8.238). G̃>(τ − τ) and G̃<(τ − τ) are given by (8.267) and
(8.269) respectively by replacing t = −iτ and t′ = −iτ ′ in these equa-
tions. In terms of the imaginary time Green functions (8.272) becomes

G̃>
n (τ − τ ′ + β) = e−βeμG̃<

n (τ − τ ′). (8.273)

This time, unlike the real scalar field case, the imaginary time Green
function is not periodic in imaginary time with period β. However it is
easy to relate it to a function that is periodic and therefore to make use
of a Fourier expansion again.

Suppose that

f(τ + β) = e−kβf(τ), (8.274)

for some constant k. Simply define

f̄(τ) = ekτf(τ), (8.275)

and it is obvious that

f̄(τ + β) = f̄(τ). (8.276)

Because f̄(τ) is a periodic function, we can expand it in a normal Fourier
series,

f̄(τ) =
1
β

∞∑
j=−∞

cj eiωjτ (8.277)

for expansion coefficients cj with ωj given by (8.249). From (8.275) we
can see that the expansion for f(τ) is just

f(τ) =
1
β

∞∑
j=−∞

cj e(iωj−k)τ . (8.278)

We can view the imaginary time Green function as the solution to
(8.239) subject to the boundary condition that results from (8.273). Write

G̃(x, x′) =
∑

n

fn(x)f∗
n(x′)

2En
G̃n(τ − τ ′). (8.279)

It is easy to show that eeμ(τ−τ′)G̃n(τ −τ ′) is periodic in τ −τ ′ with period
β. We therefore express

G̃n(τ − τ ′) =
1
β

∞∑
j=−∞

eiωj(τ−τ′)−eμ(τ−τ′)Gnj (8.280)



424 General definition of the effective action

for some coefficients Gnj. (This is similar to (8.278).) Requiring that
G̃(x, x′) solve (8.239) determines the coefficients Gnj to be

Gnj =
2En

(ωj + ieμ)2 + σn + M2 . (8.281)

We therefore have

G̃(x, x′) =
1
β

∞∑
j=−∞

∑
n

fn(x)f∗
n(x′)e(iωj−eμ)(τ−τ′)

[(ωj + ieμ)2 + σn + M2]
(8.282)

as the imaginary time Green function.
We will now show how (8.282) leads to the result for the thermody-

namic potential given for the free complex scalar field in (5.82). The grand
partition function is defined by

Z = tr
[
e−β(H−μQ)] (8.283)

and is related to the thermodynamic potential Ω by

Z = e−βΩ. (8.284)

By differentiation with respect to m2 we have

∂Ω
∂m2 =

〈
∂H

∂m2

〉
. (8.285)

But
∂H

∂m2 =
∫

dσx|Φ(t,x)|2, (8.286)

so we find
∂Ω
∂m2 =

∫
dσx

〈
|Φ(t,x)|2

〉
= −i

∫
dσxG(x, x)

=
∫

dσxG̃(x, x)

=
1
β

∞∑
j=−∞

∑
n

[(ωj + ieμ)2 + σn + M2]
−1

(8.287)

making use of (8.238), (8.263), and (8.282). (Recall that E2
n = σn + m2

as in (3.185).) To do the sum over j, we make use of
∞∑

j=−∞
[(j+ia)2+b2]−1 =

π

b

{
1 +

[
e2π(b−a) − 1

]−1
+
[
e2π(b+a) − 1

]−1
}

(8.288)
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that is easily established by the contour integral method described in
Section A1.3, assuming b > a ≥ 0. This results in

∂Ω
∂m2 =

1
2En

[
1 + F−(En) + F+(En)

]
. (8.289)

After integration with respect to m2 we recover (5.82).
We close this section with some comments. It is possible to estab-

lish the much more general results that the full Green function for an
interacting theory obeys the periodic boundary conditions in imaginary
time that we only established for the free Green functions. The details
can be found in the standard references Kadanoff and Baym (1962),
Abrikosov et al. (1975), and Fetter and Walecka (2003). Because of the
way μ entered in Section 8.7.2, the time development is often taken using
H̄ = H − μQ rather than simply H. This is done in Abrikosov et al.
(1975) and Fetter and Walecka (2003) for example; however, this is just a
convenience. Obviously this short section has merely introduced the area
of finite temperature field theory. The interested reader can find much
more detail in Kadanoff and Baym (1962), Abrikosov et al. (1975), Fetter
and Walecka (2003), Kapusta (1989), and Le Bellac (1996) for example.

8.8 Generalized CJT effective action

We have already discussed how when the perturbative expansion for the
effective action is interpreted in terms of Feynman diagrams it only con-
tains those diagrams that are one-particle irreducible; that is, only those
diagrams that remain connected (in one piece) when any internal line is
cut are contained. It is possible to generalize the effective action to obtain
a result that is two-particle irreducible; that is, only diagrams that remain
connected when any two lines are cut are contained in the perturbative
expansion. The general formalism for this was described using the path
integral method in Cornwall et al. (1974). We will refer to the result as
the generalized CJT effective action. This section will contain the basic
formalism for calculating the generalized CJT effective action obtained
using the Schwinger action principle. In the next section we will apply
the formalism to the interacting Bose gas.

In order to define the effective action, at the start of this chapter, we
introduced a coupling of the field φi to an external source Ji. (See (8.1)
for the free field case.) This led to the replacement of the action functional
S[φ] with S[φ, J ] where

S[φ, J ] = S[φ] + Jiφ
i. (8.290)
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The perturbative expansion of the effective action began with the division
of S[φ] into two parts S0 + S1 in (8.40) with S1 viewed as an interaction.
We had

e(i/�)W [J] = 〈out|T
{

exp
(

i

�
S1 +

i

�
Jiφ

i

)}
|in〉0 (8.291)

as in (8.41). The background, or mean, field ϕi was defined by (8.27) and
is used to eliminate the dependence of W [J ] on the external source using
(8.28). The perturbative expansion of Γ[ϕ] was the subject of Section 8.2.

In order to obtain the generalized effective action, in addition to the
linear field coupling Jiφ

i, we introduce a second independent source Kij

and adopt

SJK = S[φ] + Jiφ
i +

1
2
Kijφ

iφj. (8.292)
The source Kij = Kji is taken to be symmetric. We will define, in

analogy with (8.291), W [J, K] by

e(i/�)W [J,K] = 〈out|T
{

exp
(

i

�
S1 +

i

�
Jiφ

i +
i

2�
Kijφ

iφj

)}
|in〉0.

(8.293)

It is clear from this definition that W [J, K = 0] = W [J ] corresponds
to the generating functional that we studied earlier in this chapter as
obtained from (8.291). The aim now is to remove dependence on both
source terms Ji and Kij from W [J, K] and to obtain the generalized effec-
tive action. We will do this in two stages, dealing first with the dependence
on Ji.

The two sources Ji and Kij are independent of each other, so we are
free to vary them independently. Differentiation of both sides of (8.293)
with respect to Ji keeping Kij fixed gives

δW [J, K]
δJi

∣∣∣∣
K

=
〈out|T

{
φi exp

[
(i/�)S1 + (i/�)Jiφ

i+(i/2�)Kijφ
iφj
]}

|in〉0
e(i/�)W [J,K]

= ϕi (8.294)

with ϕi background field. As in (8.28) we define

ΓK[ϕ] = W [J, K] − Jiϕ
i. (8.295)

Then ΓK[ϕ] has no dependence on Ji, but still depends on the source Kij

since we have not done anything with this source yet. Differentiation of
both sides of (8.295) with respect to ϕi while keeping Kij fixed results in

δΓK[ϕ]
δϕi

= −Ji (8.296)
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exactly as in (8.44).
It should be obvious from (8.293) that ΓK[ϕ] is the normal effective

action that we have already discussed, with the difference that the theory
is now governed by the action functional

SK[φ] = S[φ] +
1
2
Kijφ

iφj (8.297)

in place of simply S[φ]. This means that all the results found for the
effective action earlier in this chapter may be applied to ΓK[ϕ] with the
replacement of S[φ] with SK[φ]. In particular, from Section 8.2 we find
the perturbative expansion of ΓK[ϕ] to two-loop order as

ΓK[ϕ] = SK[ϕ] +
i�

2
tr ln

(
�2SK,ij[ϕ]

)
− �

2

8
S,ijklG

ij
KGkl

K

−�
2

12
S,ijkS,lmnGil

KGjm
K Gkn

K + O(�3). (8.298)

Here we have defined Gij
K by

SK,ijG
jk
K = −δk

i (8.299)

as follows from (8.64). Note that by virtue of (8.297), cubic and higher-order
derivatives of SK agree with those of S; thus, we can drop the subscript K
on the derivatives of S appearing in the two-loop (and higher) order parts
of ΓK[ϕ]. Obviously, if we set Kij = 0, then ΓK[ϕ] reduces to the effective
action that we had earlier.

We now want to remove the dependence of ΓK[ϕ] on the source Kij. To
do this, note first of all that (8.296) defines Ji as a functional of ϕi and
Kij. If we differentiate both sides of (8.295) with respect to Kij keeping
ϕi fixed, we find

δΓK[ϕ]
δKij

∣∣∣∣
ϕ

=
δW [J, K]

δKij

∣∣∣∣
ϕ

− δJk

δKij

∣∣∣∣
ϕ

ϕk

=
δW [J, K]

δKij

∣∣∣∣
J

+
δW [J, K]

δJk

∣∣∣∣
K

δJk

δKij

∣∣∣∣
ϕ

− δJk

δKij

∣∣∣∣
ϕ

ϕk

=
δW [J, K]

δKij

∣∣∣∣
J

. (8.300)

(The last two terms in the middle line cancel if we use (8.294).) From
(8.293) we find

δW [J, K]
δKij

∣∣∣∣
J

=
〈out|T

{
φiφj exp

[
(i/�)S1 + (i/�)Jiφ

i + (i/2�)Kijφ
iφj
]}

|in〉0
2 e(i/�)W [J,K]

(8.301)
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Differentiation of the first line in (8.294) with respect to Jj, holding Kij

fixed, gives us

δ2W [J, K]
δJjδJi

∣∣∣∣
K

=
i

�

〈out|T
{
φiφj exp

[
(i/�)S1 + (i/�)Jiφ

i + (i/2�)Kijφ
iφj
]}

|in〉0
e(i/�)W [J,K]

− i

�

δW [J, K]
δJj

∣∣∣∣
K

〈out|T
{
φi exp

[
(i/�)S1 + (i/�)Jiφ

i + (i/2�)Kijφ
i
]}

|in〉0
e(i/�)W [J,K]

=
i

�

〈out|T
{
φiφj exp

[
(i/�)S1 + (i/�)Jiφ

i + (i/2�)Kijφ
iφj
]}

|in〉0
e(i/�)W [J,K]

− i

�
ϕiϕj . (8.302)

We will define
δ2W [J, K]

δJjδJi

∣∣∣∣
K

= Δij. (8.303)

From (8.301) and (8.302) we find

δW [J, K]
δKij

∣∣∣∣
J

=
1
2
(ϕiϕj − i�Δij). (8.304)

We can use this in (8.300) to obtain

δΓK[ϕ]
δKij

∣∣∣∣
ϕ

=
1
2
(ϕiϕj − i�Δij). (8.305)

At this stage we can perform a Legendre transformation of ΓK[ϕ] to
eliminate the dependence on Kij in favour of a dependence on Δij by
defining

Γ[ϕ,Δ] = ΓK[ϕ] − 1
2
Kij(ϕiϕj − i�Δij). (8.306)

Γ[ϕ,Δ] is the generalized CJT effective action and is regarded as a func-
tional of independent variables ϕi and Δij. If we differentiate both sides
of (8.306) with respect to ϕi holding Δij fixed we find

δΓ[ϕ,Δ]
δϕi

∣∣∣∣
Δ

=
δΓK[ϕ]

δϕi

∣∣∣∣
Δ

− 1
2

δKkl

δϕi

∣∣∣∣
Δ

(ϕkϕl − i�Δkl) − Kijϕ
j. (8.307)

Note that because we are viewing ϕi and Δij as the independent variables
we must regard the source Kij as a functional of them; hence, the middle
term above. For the first term on the right-hand side of (8.307) we use

δΓK[ϕ]
δϕi

∣∣∣∣
Δ

=
δΓK[ϕ]

δϕi

∣∣∣∣
K

+
δΓK[ϕ]
δKkl

∣∣∣∣
ϕ

δKkl

δϕi

∣∣∣∣
Δ

. (8.308)
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For the first term on the right-hand side of (8.308) we may use (8.296).
For the second term on the right-hand side of (8.308) we use (8.305) and
notice that it cancels the middle term of (8.307). This leaves us with

δΓ[ϕ,Δ]
δϕi

∣∣∣∣
Δ

= −Ji − Kijϕ
j. (8.309)

If we differentiate both sides of (8.306) with respect to Δij holding ϕi

fixed, we have

δΓ[ϕ,Δ]
δΔij

∣∣∣∣
ϕ

=
δΓK[ϕ]
δΔij

∣∣∣∣
ϕ

− 1
2

δKkl

δΔij

∣∣∣∣
ϕ

(ϕkϕl − i�Δkl) +
i�

2
Kij. (8.310)

For the first term on the right-hand side of (8.310), because ϕ is held
fixed, we have

δΓK[ϕ]
δΔij

∣∣∣∣
ϕ

=
δΓK[ϕ]
δKkl

∣∣∣∣
ϕ

δKkl

δΔij

∣∣∣∣
ϕ

.

Making use of (8.305), it is seen that the first two terms in (8.310) cancel
leaving us with

δΓ[ϕ,Δ]
δΔij

∣∣∣∣
ϕ

=
i�

2
Kij. (8.311)

The physical theory is governed by setting both of the external sources
Ji and Kij to zero. From (8.309) and (8.311) we obtain

δΓ[ϕ,Δ]
δΔij

∣∣∣∣
ϕ

= 0, (8.312)

δΓ[ϕ,Δ]
δϕi

∣∣∣∣
Δ

= 0. (8.313)

We can regard the first equation as defining Δij in terms of ϕi. When
this result is used in (8.313) we end up with the field equation for the
background field ϕi.

The perturbative evaluation of Γ[ϕ, Δ] can be obtained from our knowl-
edge of the result for ΓK[ϕ]. Substitution for ΓK[ϕ] and SK[ϕ] into (8.306)
results in

Γ[ϕ,Δ] = S[ϕ] +
i�

2
KijΔij +

i�

2
tr ln

(
�2SK,ij[ϕ]

)
−�

2
(

1
8
S,ijklG

ij
KGkl

K +
1
12

S,ijkS,lmnGil
KGjm

K Gkn
K

)
+ · · · .

(8.314)
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We need to eliminate all dependence on Kij from this expression. The aim
is to use (8.305) with (8.306) for ΓK[ϕ] and to solve for Kij. Differentiation
of (8.306) with respect to Kij holding ϕi fixed gives us

δΓK[ϕ]
δKij

∣∣∣∣
ϕ

=
1
2
ϕiϕj +

i�

2
δ

δKij
tr ln

(
�2SK,ij[ϕ]

)
− �

2

4
S,klmn

δGkl
K

δKij
Gmn

K

−�
2

4
S,klmS,npq

δGkn
K

δKij
Glp

KGmq
K + · · · . (8.315)

Because −Gij
K is the inverse of SK,ij according to (8.299), we have

δ

δKij
tr ln

(
�2SK,ij

)
= −Gkl

K

δSK,kl

δKij
. (8.316)

To evaluate δSK,kl/δKij we use (8.297) to find

δSK,kl

δKij
=

δKkl

δKij
=

1
2

(
δi
kδ

j
l + δi

lδ
j
k

)
. (8.317)

Because Gij
K = Gji

K is symmetric, upon using (8.317) in (8.316) we find

δ

δKij
tr ln

(
�2SK,ij

)
= −Gij

K. (8.318)

To eliminate the Kij dependence in the remaining terms of (8.315) we
need δGkl

K/δKij. The necessary expression can be found by differentiating
both sides of (8.299) with respect to Kij:

0 =
δ

δKij

(
SK,klG

lm
K

)
=

1
2

(
δi
kδ

j
l + δi

lδ
j
k

)
Glm

K + SK,kl
δGlm

K

δKij
. (8.319)

Again noting that −Gij
K is the inverse of SK,ij, we obtain

δGnm
K

δKij
=

1
2
Gnk

K

(
δi
kδ

j
l + δi

lδ
j
k

)
Glm

K

=
1
2

(
Gni

K Gjm
K + Gnj

K Gim
K

)
(8.320)

if we solve for δGnm
K /δKij using (8.319). The results in (8.318) and (8.320)

can be used in (8.315) to find

δΓK[ϕ]
δKij

∣∣∣∣
ϕ

=
1
2
ϕiϕj − i�

2
Gij

K − �
2

4
S,klmnGik

KGjl
KGmn

K

−�
2

4
S,klmS,npqG

ik
KGjn

K Glp
KGmq

K + · · · . (8.321)
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Comparison with (8.305) shows that

Δij = Gij
K − i�

2
S,klmnGik

KGjl
KGmn

K

− i�

2
S,klmSnpqG

ik
KGjn

K Glp
KGmq

K + O(�2). (8.322)

We can invert this quite simply to order � to find

Gij
K = Δij +

i�

2
S,klmnΔikΔjlΔmn +

i�

2
S,klmSnpqΔikΔjnΔlpΔmq + O(�2).

(8.323)

This allows us to eliminate all of the dependence on Kij that occurs
through Gij

K in (8.314). There is still the explicit dependence on Kij that
must be dealt with. Begin with (8.299) using (8.297) for SK:

(S,ij + Kij) Gjk
K = −δk

i . (8.324)

This allows us to solve for

Kij = −(G−1
K )ij − S,ij. (8.325)

From (8.323) we can write, in matrix form,

GK = Δ + � G(1) + · · · (8.326)

where[
G(1)]mn =

i

2
ΔmpΔnq

(
S,pqklΔkl + S,pklS,qrsΔkrΔls

)
. (8.327)

Inverting the expansion in (8.326) to order � results in the following steps:

G−1
K =

[
Δ + � G(1) + · · ·

]−1

=
[
Δ
(
I + �Δ−1G(1) + · · ·

)]−1

=
[
I + �Δ−1G(1) + · · ·

]−1Δ−1

= Δ−1 − �Δ−1G(1)Δ−1 + · · · . (8.328)

Taking the matrix element of (8.328) and using (8.327) for G(1) gives us

Kij = −(Δ−1)ij −S,ij +
i�

2
S,ijklΔkl +

i�

2
S,iklS,jmnΔkmΔln + · · · (8.329)
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when used in (8.325). We then find, upon contraction of Kij with Δij,

KijΔij = −δi
i − S,ijΔij +

i�

2
S,ijklΔijΔkl +

i�

2
S,iklS,jmnΔijΔkmΔln + · · · .

(8.330)

The final term we need is tr ln(�2SK,ij). This is easy to evaluate using28

tr ln(�2SK,ij) = tr ln
[
�2(G−1

K )ij

]
= −tr ln(�−2Gij

K). (8.331)

We can use (8.323) for Gij
K noting that

Gij
K = Δik

(
δj
k +

i�

2
S,klmnΔjlΔmn +

i�

2
S,klmS,npqΔjnΔlpΔnq

)
+ · · ·

and using

tr ln(I + �M) � � tr(M) + · · · . (8.332)

This results in

tr ln(�2SK,ij) = −tr ln(�−2Δij) − i�

2
S,ijklΔijΔkl

− i�

2
S,ijkS,lmnΔilΔjmΔkn + · · · . (8.333)

Finally, we return to (8.314) and use (8.330) for the second term on the
right-handside, (8.333) for the third termonthe right-handside, and(8.323)
for the last termon the right-hand side.Becauseweare onlyworking toorder
�

2, we find29

Γ[ϕ,Δ] = S[ϕ] − i�

2
tr(I) − i�

2
S,ijΔij − i�

2
tr ln(�−2Δij)

−�
2
(

1
8
S,ijklΔijΔkl +

1
12

S,ijkS,lmnΔilΔjmΔkn

)
+ · · · .

(8.334)

The two-loop part of Γ[ϕ, Δ] is seen to consist of the same two terms
as those that occurred in Γ[ϕ], but with the replacement of Gij there
with Δij here. The Feynman diagrams that correspond to these terms are
both two-particle irreducible. A proof that only two-particle irreducible
diagrams are contained in higher-order terms can be found in Cornwall
et al. (1974). We will not proceed beyond two-loop order here.

28 We may be cavalier about the sign of the argument of the logarithm since it should
really involve an absolute value to keep the result real.

29 We have written δi
i that occurs in (8.330) as tr(I) here.
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8.9 CJT approach to Bose–Einstein condensation

The aim of this section is to study the application of the generalized CJT
effective action to the interacting non-relativistic Bose gas. Although we
only considered the zero temperature quantum field theory in Section 8.8,
we can obtain the results at finite temperature by using the appropriate
finite temperature Green functions similarly to what was done in Sec-
tion 8.7. We will initially work with the real time formalism and go over
to imaginary time later.

The interacting non-relativistic Bose gas is described by the
Hamiltonian

H =
∫

Σ
dσx

(
1

2m
|∇Ψ|2 +

λ

6
|Ψ|4

)
. (8.335)

Here Σ is the spatial region that we will take to be R
3 at the end. As

usual, it is convenient to initially consider a finite box. At finite density,
we use a chemical potential with the particle number being

N =
∫

Σ
dσx|Ψ|2. (8.336)

As described at the end of Section 8.7, it is convenient to define H̄ by

H̄ = H − μN, (8.337)

and to use H̄ as the Hamiltonian (instead of simply H). When we consider
the effects of finite temperature this will allow us to deal with periodic
boundary conditions in imaginary time. The action corresponding to the
Hamiltonian H̄ here is

S[Ψ,Ψ†] =
∫

dt

∫
Σ

dσx

[
i

2
(Ψ†Ψ̇ − Ψ̇†Ψ) − 1

2m
|∇Ψ|2 + μ|Ψ|2 − λ

6
|Ψ|4

]
.

(8.338)
The formalism of Section 8.8 has been based around the use of real, as

opposed to complex, fields. To avoid going through the analysis again we
will write

Ψ =
1√
2
(φ1 + iφ2), (8.339)

where φ1 and φ2 are both real. The action (8.338) becomes

S[φ1, φ2] = −
∫

dt

∫
Σ

dσx

[
1
2
(φ1φ̇2 − φ2φ̇1) +

1
4m

(|∇φ1|2 + |∇φ2|2)

−1
2
μ(φ2

1 + φ2
2) +

λ

4!
(φ2

1 + φ2
2)

2
]

(8.340)



434 General definition of the effective action

when written in terms of the real fields.
The generalized CJT effective action requires a knowledge of S,i1,...,in .

We may vary (8.340) with respect to φ1 to find

S,1 = −φ̇2 +
1

2m
∇2φ1 + μφ1 − λ

6
(φ2

1 + φ2
2)φ1. (8.341)

Similarly,

S,2 = φ̇1 +
1

2m
∇2φ2 + μφ2 − λ

6
(φ2

1 + φ2
2)φ2. (8.342)

Calculating the functional derivatives of these last two expressions with
respect to φ1(x′) and φ2(x′) gives us

S,11′ =
(

1
2m

∇2 + μ − λ

2
φ2

1 − λ

6
φ2

2

)
δ(x, x′), (8.343)

S,12′ =
(

− ∂

∂t
− λ

3
φ1φ2

)
δ(x, x′), (8.344)

S,21′ =
(

∂

∂t
− λ

3
φ1φ2

)
δ(x, x′), (8.345)

S,22′ =
(

1
2m

∇2 + μ − λ

2
φ2

2 − λ

6
φ2

1

)
δ(x, x′). (8.346)

Here δ(x, x′) = δ(t− t′)δ(x,x′) and S,11′ = δ2S/δφ1(x′)δφ1(x), and so on
for the other derivatives that are indicated. Performing further functional
derivatives of (8.343)–(8.346) with respect to φ1(x′′) and φ2(x′′) results in

S,11′1′′ = −λφ1 δ(x, x′)δ(x, x′′), (8.347)

S,11′2′′ = −λ

3
φ2 δ(x, x′)δ(x, x′′), (8.348)

S,12′2′′ = −λ

3
φ1 δ(x, x′)δ(x, x′′), (8.349)

S,22′2′′ = −λφ2 δ(x, x′)δ(x, x′′). (8.350)

We have not written out all the terms that are equivalent to those given
here by a permutation of labels (such as S,21′2′′ = S,1′22′′ , etc.). Finally,
the fourth derivatives are found from (8.347)–(8.350) after further func-
tional differentiation to be

S,11′1′′1′′′ = −λδ(x, x′)δ(x, x′′)δ(x, x′′′), (8.351)

S,11′2′′2′′′ = −λ

3
δ(x, x′)δ(x, x′′′)δ(x, x′′), (8.352)

S,22′2′′2′′′ = −λδ(x, x′)δ(x, x′′)δ(x, x′′′). (8.353)
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The only other non-zero fourth derivatives consist of those found by
permuting labels on the middle term.

Because the effective action should only depend on |Ψ|2 = φ2
1 + φ2

2, we
can simplify the calculation by taking the background field to be

ϕ1 = ϕ, ϕ2 = 0. (8.354)

The background field ϕ representing the ground state will also be chosen
to be constant. This gives us the only non-zero derivatives

S,11′ [ϕ] =
(

1
2m

∇2 + μ − λ

2
ϕ2
)

δ(x, x′), (8.355)

S,12′ [ϕ] = − ∂

∂t
δ(x, x′), (8.356)

S,21′ [ϕ] =
∂

∂t
δ(x, x′), (8.357)

S,22′ [ϕ] =
(

1
2m

∇2 + μ − λ

6
ϕ2
)

δ(x, x′), (8.358)

S,11′1′′ [ϕ] = −λϕ δ(x, x′)δ(x, x′′), (8.359)

S,12′2′′ [ϕ] = S21′2′′ [ϕ] = S22′1′′ [ϕ] = −λ

3
ϕ δ(x, x′)δ(x, x′′), (8.360)

in addition to (8.351)–(8.353) that are unaffected by the background field.
From (8.340),

S[ϕ] =
∫

dt

∫
Σ

dσx

(
1
2
μϕ2 − λ

24
ϕ4
)

. (8.361)

We also require S,ij[ϕ]Δij. In order to evaluate this, we will first calcu-
late S,ij[ϕ]Δjk and then contract on k = i. Because of this contraction,
we only need to know the terms with i = 1, k = 1 and i = 2, k = 2.
Recall that the repeated condensed index j involves an integration over
the corresponding spacetime coordinate. We have

S11′Δ1′1′′
=
∫

dvx′

(
1

2m
∇2 + μ − λ

2
ϕ2
)

δ(x, x′)Δ11(x′, x′′)

=
(

1
2m

∇2 + μ − λ

2
ϕ2
)

Δ11(x, x′′) (8.362)

when the indices are uncondensed on the right-hand side. (Here dvx′ =
dt′dσx′ is the spacetime volume element.) In a similar way,

S,12′Δ2′1′′
= − ∂

∂t
Δ21(x, x′′), (8.363)
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S,21′Δ1′2′′
=

∂

∂t
Δ12(x, x′′), (8.364)

S,22′Δ2′2′′
=
(

1
2m

∇2 + μ − λ

6
ϕ2
)

Δ22(x, x′′). (8.365)

Before going further we will evaluate the other terms of Γ[ϕ, Δ].
We have

S,11′1′′1′′′Δ1′′1′′′
=
∫

dvx′′dvx′′′(−λ)δ(x, x′)δ(x, x′′)δ(x, x′′′)Δ11(x′′, x′′′)

= −λδ(x, x′)Δ11(x, x). (8.366)

Remaining terms can be evaluated in a similar manner leading to

S,ijklΔijΔkl = −λ

∫
dvx

{[
Δ11(x, x)

]2 +
[
Δ22(x, x)

]2
+

2
3
Δ11(x, x)Δ22(x, x) +

1
3
[
Δ12(x, x) + Δ21(x, x)

]2}
(8.367)

after a short calculation.
The term that involves S,ijkS,lmnΔilΔjmΔkn can be seen to be multi-

plied by λ2ϕ2 from (8.359, 8.360). This means that if we have a normal
phase, characterized by ϕ = 0, this term will make no contribution to
Γ. Furthermore, even if ϕ �= 0, the term is down by a factor of λ com-
pared with the contribution of the first two-loop term written explicitly
in (8.367). If we only work to leading order in λ, then we can ignore the
second part of the two-loop contribution in (8.334) and approximate the
generalized effective action by

Γ[ϕ,Δ] � S[ϕ] − i�

2
S,ijΔij − i�

2
tr ln(�−2Δij) − �

2

8
S,ijklΔijΔkl. (8.368)

At this stage we will proceed to the imaginary time formalism. We
take t = −iτ where 0 ≤ τ ≤ β. The fields, and Green functions, will be
periodic in τ with period β. We interpret

∫
dt = −i

∫ β

0 dτ = −iβ. From
(8.361) we find

S = −iβV

(
1
2
μϕ2 − λ

24
ϕ4
)

. (8.369)

In addition, we write

Δik(x, x′) = iΔ̃ik(x, x′)

= i
∞∑

j=−∞

1
β

∑
n

fn(x)f∗
n(x′)eiωj(τ−τ′)Δik

jn, (8.370)
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for some expansion coefficients Δik
jn. Here ωj = 2πj/β. Note that

δ̃(x, x′) =
∞∑

j=−∞

1
β

∑
n

fn(x)f∗
n(x′)eiωj(τ−τ′) (8.371)

where fn(x) is the eigenfunction of −∇2 with eigenvalue σn. The ther-
modynamic potential, Ω, is defined in terms of the effective action by

Γ =
∫

dt(−Ω) = iβΩ. (8.372)

Because Δij(x, x) has no dependence on τ , we have

S,ijklΔijΔkl = −iβλ

∫
Σ

dσx

{[
Δ̃11(x, x)

]2 +
[
Δ̃22(x, x)

]2
+

2
3
Δ̃11(x, x)Δ̃22(x, x) +

1
3

[
Δ̃12(x, x) + Δ̃21(x, x)

]2}
(8.373)

from (8.367). We can use the expansion (8.370) to evaluate expressions
like (8.362)–(8.365). For example, from (8.362) we find

S,11′Δ1′1′′
=

i

β

∑
j,n

fn(x)f∗
n(x′′)

(
− σn

2m
+ μ − λ

2
ϕ2
)

eiωj(τ−τ′′)Δ11
jn.

(8.374)
To obtain S,ijΔij using the results found from (8.362)–(8.365) we must set
x′′ = x and t′′ = t with integrations over x and over t performed. Because
the functions fn(x) are orthonormal, and

∫
dt = −iβ since t = −iτ where

0 ≤ τ ≤ β, we find

S,11′Δ1′1 =
∑
j,n

(
− σn

2m
+ μ − λ

2
ϕ2
)

Δ11
jn. (8.375)

In a similar way,

S,12′Δ2′1 =
∑
j,n

ωj Δ21
jn, (8.376)

S,21′Δ1′2 =
∑
j,n

(−ωj) Δ12
jn, (8.377)

S,22′Δ2′2 =
∑
j,n

(
− σn

2m
+ μ − λ

6
ϕ2
)

Δ22
jn. (8.378)
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We then find

S,ijΔij =
∑
j,n

[(
− σn

2m
+ μ − λ

2
ϕ2
)

Δ11
jn + ωj Δ21

jn

−ωjΔ12
jn +

(
− σn

2m
+ μ − λ

6
ϕ2
)

Δ22
jn

]
. (8.379)

We can now work out the field equation (8.313) for the background
field using our approximation (8.368). To the order we are working, the
only background field dependence occurs in S[ϕ] in (8.369) and S,ijΔij

in (8.379). It is readily seen that

0 = ϕ

⎡⎣λ

6
ϕ2 − μ +

λ�

2βV

∑
j,n

(
Δ11

jn +
1
3
Δ22

jn

)⎤⎦ . (8.380)

We can solve this equation in two ways. The first is if ϕ = 0. This does
not correspond to symmetry-breaking and there will be no Bose–Einstein
condensation. The second possibility occurs if

μ =
λ

6
ϕ2 +

λ�

2βV

∑
j,n

(
Δ11

jn +
1
3
Δ22

jn

)
. (8.381)

This can result in ϕ �= 0 and corresponds to symmetry-breaking and
Bose–Einstein condensation. Notice that if we ignore the loop correction,
we obtain simply μ = (λ/6)ϕ2 in agreement with what we found earlier
in (6.221) using the simpler approach.

In order to proceed further, we need to know something about Δ11
jn.

Because Δij = Gij + · · · , we will look first at Gij then adopt a simple
form for Δij based on our result. We have

S,ijG
jk = −δk

i . (8.382)

The Green functions can be expanded the same way as Δij in (8.370) in
terms of expansion coefficients Gik

jn. When uncondensed, δk
i → δk

i δ(x, x′)
using (8.237) to relate δ(t − t′) = iδ(τ − τ ′). Because,

δ̃(x, x′) =
∑
j,n

1
β

eiωj(τ−τ′)fn(x)f∗
n(x′),
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it can be shown that the expansion coefficients for the Green function
satisfying (8.382) are given by the solution to⎛⎜⎝− σn

2m
+ μ − λ

2
ϕ2 ωj

−ωj − σn

2m
+ μ − λ

6
ϕ2

⎞⎟⎠(G11
jn G12

jn

G21
jn G22

jn

)
= −

(
1 0
0 1

)
.

(8.383)
The matrix occurring on the left-hand side is easily inverted to give

(
G11

jn G12
jn

G21
jn G22

jn

)
=

1
ω2

j + E2
n

⎛⎜⎝ σn

2m
− μ +

λ

2
ϕ2 ωj

−ωj
σn

2m
− μ +

λ

6
ϕ2

⎞⎟⎠ (8.384)

where

En =
(

σn

2m
− μ +

λ

2
ϕ2
)1/2(

σn

2m
− μ +

λ

6
ϕ2
)1/2

(8.385)

may be recognized as the excitation energy from the simpler approach
(see (6.208)).

At this stage we can adopt an ansatz for Δij. Because Δij = Gij + · · · ,
we will define

(
Δ11

jn Δ12
jn

Δ21
jn Δ22

jn

)
=

1(
ω2

j + Ē2
n

)
⎛⎜⎝ σn

2m
− μ̄ +

λ

2
ϕ2 ωj

−ωj
σn

2m
− μ̄ +

λ

6
ϕ2

⎞⎟⎠
(8.386)

where Ēn is given as in (8.385) but with μ̄ in place of μ. μ̄ is to be
determined by the equation (8.312). For later use, we note that

detΔik
jn = (ω2

j + Ē2
n)−1. (8.387)

We hold ϕ fixed when varying Γ with respect to Δij in (8.312). From
(8.368) we compute

δΓ|ϕ = − i�

2
S,ijδΔij − i�

2
(Δ−1)ijδΔij − �

2

4
S,ijkl δΔijΔkl + · · · .

This allows us to see that (8.312) results in

(Δ−1)ij = −S,ij +
i�

2
S,ijklΔkl (8.388)
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within our approximation scheme. We will evaluate the second term on
the right-hand side of (8.388) first using (8.351)–(8.353). It is straightfor-
ward to show that

S,11′klΔkl = S,11′1′′1′′′Δ1′′1′′′
+ S,11′2′′2′′′Δ2′′2′′′

= −λδ(x, x′)
[
Δ11(x, x) +

1
3
Δ22(x, x)

]
, (8.389)

S,12′klΔkl = S,12′1′′2′′′Δ1′′2′′′
+ S,12′2′′1′′′Δ2′′1′′′

= −λ

3
δ(x, x′)

[
Δ12(x, x) + Δ21(x, x)

]
= 0, (8.390)

S,21′klΔkl = 0, (8.391)

S,22′klΔkl = S,22′1′′1′′′Δ1′′1′′′
+ S,22′2′′2′′′Δ2′′2′′′

= −λδ(x, x′)
[
1
3
Δ11(x, x) + Δ22(x, x)

]
, (8.392)

where we have noted that Δ12
jn = −Δ21

jn from (8.386) resulting in the zeros
in (8.390) and (8.391). With (8.355)–(8.358) we find that (8.388) requires

(Δ−1)11(x, x′) =
{

−
(

1
2m

∇2 + μ − λ

2
ϕ2
)

− i�λ

2

[
Δ11(x, x) +

1
3
Δ22(x, x)

]}
δ(x, x′), (8.393)

(Δ−1)12(x, x′) =
∂

∂t
δ(x, x′), (8.394)

(Δ−1)21(x, x′) = − ∂

∂t
δ(x, x′), (8.395)

(Δ−1)22(x, x′) =
{

−
(

1
2m

∇2 + μ − λ

6
ϕ2
)

− i�λ

2

[
1
3
Δ11(x, x) + Δ22(x, x)

]}
δ(x, x′). (8.396)

Because our ansatz for Δij is simply Gij with μ replaced by μ̄, it fol-
lows that (Δ−1)ij is simply −S,ij with this same replacement.30 The
off-diagonal equations (8.394, 8.395) are identically satisfied. The first
equation (8.393) gives us

μ̄ = μ +
i�λ

2

[
Δ11(x, x) +

1
3
Δ22(x, x)

]
, (8.397)

30 This can be verified by inverting (8.386) if required.
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while the last equation (8.396) results in

μ̄ = μ +
i�λ

2

[
1
3
Δ11(x, x) + Δ22(x, x)

]
. (8.398)

As it stands, these two results for μ̄ are not consistent. However we are
only interested in the leading order term in λ. Making use of (8.370) we
find

Δ11(x, x) +
1
3
Δ22(x, x) =

i

β

∑
j,n

|fn(x)|2
(

Δ11
jn +

1
3
Δ22

jn

)
, (8.399)

and

1
3
Δ11(x, x) + Δ22(x, x) =

i

β

∑
j,n

|fn(x)|2
(

1
3
Δ11

jn + Δ22
jn

)
. (8.400)

Using the ansatz (8.386) shows that

Δ11
jn +

1
3
Δ22

jn =
1

(ω2
j + Ē2

n)

[
4
3

( σn

2m
− μ̄
)

+
λ

3
ϕ2
]

, (8.401)

1
3
Δ11

jn + Δ22
jn =

1
(ω2

j + Ē2
n)

[
4
3

( σn

2m
− μ̄
)

+
5λ

9
ϕ2
]

. (8.402)

The difference between (8.397) and (8.398) is seen using (8.399)–(8.402)
to be of order λ2ϕ2. This is the same order as the two-loop term we
dropped in our approximation (8.368). For consistency of our approxi-
mation we must also drop it here and therefore (8.397) is now consistent
with (8.398) within our approximation. By passing to the large volume
limit, fn(x) = V −1/2eik·x may be assumed, leading to |fn(x)|2 = 1/V in
(8.399) and (8.400). Adopting (8.397) we find

μ̄ � μ − �λ

2βV

∑
j,n

(
Δ11

jn +
1
3
Δ22

jn

)
. (8.403)

Combining this with (8.381) shows that

μ̄ � λ

6
ϕ2. (8.404)

This is exactly the same result as we found in the classical theory but
with the replacement of μ there with μ̄ here. The transition temperature
between the normal phase, characterized by ϕ = 0, and the condensed
phase, characterized by ϕ �= 0, is determined by the condition μ̄ = 0
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(within our approximations). μ̄ plays the role of an effective chemical
potential.

At this stage we can use our results to evaluate the particle num-
ber and energy density, or other thermodynamic quantities. The particle
number is

N = −
(

∂Ω
∂μ

)∣∣∣∣
T,V,ϕ,Δ

, (8.405)

and the internal energy is

U = −
[
∂(βΩ)

∂β

]∣∣∣∣
βμ,V,ϕ,Δ

, (8.406)

where Γ = iβΩ (see Section 5.1).
Because there is no μ-dependence in S,i1···in for n ≥ 3, there is no

explicit μ-dependence in the higher-loop terms. From (8.368) and (8.369)
we find

N � 1
2
V ϕ2 +

�

2β

∑
j,n

(Δ11
jn + Δ22

jn), (8.407)

U � λ

24
V ϕ4 − �

2

[
∂

∂β
(S,ijΔij)

]∣∣∣∣
βμ,V,ϕ,Δ

. (8.408)

With βμ fixed, we regard μ as a function of β. We have

d(βμ) = 0 = dβ μ + β dμ,

from which (
∂μ

∂β

)∣∣∣∣
βμ

= −μ

β
.

The β-dependence in (8.379) occurs through μ as well as through ωj =
2πj/β. (Remember that Δik

jn and ϕ are fixed.) It is obvious that

∂ωj

∂β
= − ωj

β
,

so we find

U � λ

24
V ϕ4 +

�μ

2β

∑
j,n

(Δ11
jn + Δ22

jn) − �

2β

∑
j,n

ωj(Δ12
jn − Δ21

jn).

By eliminating the middle term using (8.407) we obtain the energy density

ρ =
U

V
� λ

24
ϕ4 − 1

2
μϕ2 +

μN

V
− �

2βV

∑
j,n

ωj(Δ12
jn − Δ21

jn). (8.409)
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We can now use our ansatz for Δik
jn in (8.386) to evaluate the relevant

expressions (8.407) and (8.409). First of all we have

∑
j,n

(Δ11
jn + Δ22

jn) =
∑
j,n

1(
ω2

j + Ē2
n

) [2( σn

2m
− μ̄
)

+
2
3
λϕ2

]
,

=
∑
j,n

2(
ω2

j + Ē2
n

) [ σn

2m
+

λ

6
ϕ2
]

, (8.410)

if we eliminate μ̄ using (8.404). Using (8.385) with μ replaced by μ̄ to
give Ēn, and the eliminating μ̄ with (8.404), we find

Ē2
n =

(
σn

2m
− μ̄ +

λ

2
ϕ2
)(

σn

2m
− μ̄ +

λ

6
ϕ2
)

=
σn

2m

(
σn

2m
+

λ

3
ϕ2
)

. (8.411)

The particle number density n = N/V follows from (8.407) as

n � 1
2
ϕ2 + �I

(
1
6

)
, (8.412)

where we define

I(κ) =
1

βV

∑
j,n

(
ω2

j + Ē2
n

)−1
( σn

2m
+ κλϕ2

)
(8.413)

for constant κ. In the large volume limit, σn→k2 and
∑

n→ V
∫

dDk/(2π)D

with D the spatial dimension. We can conveniently use D as a regulating
parameter by adopting dimensional regularization with D → 3 taken at
the end.

To evaluate I(κ) we first perform the sum over j. The result has been
quoted previously in (8.252), and using the result given there we find

I(κ) = I1(κ) + I2(κ) (8.414)

where

I1(κ) =
1
2

∫
dDk

(2π)D
Ē−1

n

(
k2

2m
+ κλϕ2

)
, (8.415)

I2(κ) =
∫

dDk

(2π)D

[
k2/(2m) + κλϕ2

]
Ēn

(
eβĒn − 1

) . (8.416)
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(Ēn is given by (8.411) with σn → k2.) Clearly, I2(κ) contains the finite
temperature contribution. I1(κ) may be evaluated exactly just as we eval-
uated the energy ζ-function in Section 6.7.2. The result for I1(κ) is, after
analytic continuation to D = 3,

I1(κ) =
1

6π2

(
1 − 9

2
κ

)(
2λ

3
mϕ2

)3/2

. (8.417)

For I2(κ), the analysis is similar to the evaluation of ρ
(1)
T �=0 in

Section 6.7.2. After rescaling k → (2m/β)1/2k, it is found that

I2(κ) =
2 (2mT )D/2

(4π)D/2Γ(D/2)

∫ ∞

0
dk

kD−2(k2 + κβλϕ2)
[k2 + (1/3)βλϕ2]{

ek[k2+(1/3)βλϕ2]1/2 − 1
}−1

. (8.418)

The remaining integral depends on the dimensionless ratio βλϕ2. For low
temperatures, βλϕ2 >> 1. Following the same analysis as in Section 6.7.2,
it can be shown that (with D → 3 taken)

I2(κ) � κ

4
(2m)3/2

(
λ

3
ϕ2
)−1/2

T 2

+
π2

30
(2m)3/2

(
1 − 15

2
κ

)
T 4
(

λ

3
ϕ2
)−5/2

+ · · · . (8.419)

For βλϕ2 � 1 we can expand the integrand of (8.418) in powers of
βλϕ2 to find (with D → 3 taken)

I2(κ) �
(

m

2πβ

)3/2 [
ζR

(
3
2

)
+
(

2κ − 1
2

)
ζR

(
1
2

)
βλϕ2 + · · ·

]
.

(8.420)
Because the first-order correction to the classical result n � (1/2)ϕ2 in

(8.412) is of order �, we may substitute ϕ2 � 2n in the results for I(1/6)
(because it is already multiplied by �). At low temperature, using (8.419)
we find

ϕ2 � 2n − 2�

3π2

(
λ

3
mn

)3/2

− �T 2

12
(2m)3/2

(
2λ

3
n

)−1/2

+ · · · . (8.421)

This gives us the behaviour of ϕ as a function of T for fixed n.
To evaluate the energy density, we use (8.386) along with (8.411) for

Ēn to find ∑
j,n

ωj

(
Δ12

jn − Δ21
jn

)
= 2

∑
j,n

ω2
j

(
ω2

j + Ē2
n

)−1
. (8.422)
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This must be regarded as a formal expression in need of regularization,
since the sum over j is divergent. To deal with the regularization we will
consider

ζ̃(s) =
∑
j,n

ω2
j

(
ω2

j + Ē2
n

)−s
(8.423)

with the right-hand side of (8.422) defined as 2ζ̃(1) by analytic continu-
ation. Making use of the summation formula given in Section A1.3 (see
(A1.58) there), it can be seen that

ζ̃(s) =
βΓ(s − 3/2)
4π1/2Γ(s)

Ē(2s − 2)

+2
(

2π

β

)2−2s∑
n

∫ ∞+iε

−∞+iε

dz
(
e−2πiz − 1

)−1
z2
(

z2 +
β2Ē2

n

4π2

)−s

,

with Ē(2s − 2) the energy ζ-function defined in (6.229) and found in
(6.232). By taking s = 1 in this expression it follows that

ζ̃(1) = −1
2
βĒ(0) − β

∑
n

Ēn(eβĒn − 1)−1.

Using (8.409) the energy density becomes

ρ � λ

24
ϕ4 − 1

2
μϕ2 + μn +

�

2V
Ē(0) +

�

V

∑
n

Ēn(eβĒn − 1)−1.

The last term is the same as ρ
(1)
T �=0 found in (6.235) and the second last

term was evaluated in (6.233). If we work to order �, then from (8.403)
and (8.404) we have μ � λϕ2/6 + · · · � λn/3 + · · · . Thus μ(n − ϕ2/2) �
(λ/3)n�I(1/6) from (8.412). Finally, we find

λ

24
ϕ4 − 1

2
μϕ2 + μn � λ

24

[
2n − 2�I

(
1
6

)]2
+

λ

3
n�I

(
1
6

)
� λ

6
n2 + · · ·

to order �. This gives (using (6.233))

ρ � λ

6
n2 +

�

30π2 (2m)3/2
(

2λ

3
n

)5/2

+ ρ
(1)
T �=0.

The result is in complete agreement with the simpler approach of Sec-
tion 6.7.2.
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In this section we have seen how the generalized CJT effective action
can be used to study the interacting Bose gas and to recover the results
found using the simpler approach of Section 6.7.31 The main advantage of
using the effective action approach is that it is a completely general treat-
ment that can be generalized to arbitrary orders in perturbation theory
(at least in principle).

Notes

This chapter was strongly influenced by the work of DeWitt (1965) and
the discussion in Jackiw (1974). A generalization of the renormalization
of λφ4 theory to curved spacetime can be found in Parker and Toms
(2008). The review of Abers and Lee (1973) and the papers of ‘t Hooft
(1971) and Collins (1974) were also very influential.

31 It is possible to perform an analysis of the pressure as in Section 6.7.3 as well;
however, we will omit this somewhat lengthy calculation here.



Appendix 1
Mathematical appendices

A1.1 Gamma function

Here we summarize some of the properties of the Γ-function which are
needed. If R(z) > 0 we define Γ(z) by1

Γ(z) =
∫ ∞

0
dt tz−1e−t. (A1.1)

An integration by parts in (A1.1) shows that Γ(z) satisfies the recursion
relation

Γ(z + 1) = zΓ(z). (A1.2)

By putting z = 1 in (A1.1) it is seen that

Γ(1) = 1. (A1.3)

The results in (A1.2) and (A1.3) are sufficient to establish that
Γ(1 + z) = z! if z is a non-negative integer.

As we try to let z become close to 0 the integral representation (A1.1)
diverges; however we can define the analytic continuation of Γ(z) from the
region of the complex plane where R(z) > 0 to R(z) < 0 using the recur-
sion relation (A1.2). By taking z close to 0 in (A1.2) and using (A1.3) it
can be seen that

Γ(z) =
1
z

+ · · ·. (A1.4)

Thus Γ(z) has a simple pole with residue 1 at z = 0. It is now easy to
see by repeated application of (A1.2) that Γ(z) is analytic everywhere

1 R(z) denotes the real part of z.
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except at z = −n for n = 0, 1, 2, . . .where a simple pole occurs. Define
the Laurent expansion of Γ(z) about z = −n by

Γ(z) =
a−1(n)
z + n

+ a0(n) + · · ·. (A1.5)

The recursion relation (A1.2) may be used to show that the coefficients
defined in (A1.5) satisfy

a−1(n) = − 1
n

a−1(n − 1), (A1.6)

a0(n) = − 1
n

a0(n − 1) − 1
n2 a−1(n − 1). (A1.7)

Given that a0(1) = 1 from (A1.4), it follows that (A1.6) results in

a−1(n) =
(−1)n

n!
. (A1.8)

The relation (A1.7) is most easily solved if we define

a0(n) =
(−1)n

n!
b0(n). (A1.9)

Substitution of this definition into (A1.7) shows that

b0(n) = b0(n − 1) +
1
n

. (A1.10)

This is easily solved with the result

b0(n) = b0(0) +
n∑

k=1

1
k
. (A1.11)

We therefore have

a0(n) =
(−1)n

n!

{
a0(0) +

n∑
k=1

1
k

}
. (A1.12)

To complete this result we need to know a0(0). Using (A1.2) and (A1.5)
with n = 0 we have

Γ(1 + z) = 1 + za0(0) + . . . , (A1.13)

for z in a neighbourhood of z = 0. It then follows that

a0(0) = Γ′(1) (A1.14)

=
∫ ∞

0
dt e−t ln t (A1.15)



A1.1 Gamma function 449

if we use (A1.1) to evaluate Γ′(1). The integral in (A1.15) is a math-
ematical constant which can be identified as the negative of the Euler
constant γ. We therefore have

a0(0) = −γ, (A1.16)

and the evaluation of a0(n) is complete.2

The Γ-function may be evaluated in a simple way at other special values
of z. Putting z = 1/2 in (A1.1) leads to3

Γ
(

1
2

)
=
∫ ∞

0
dt t−1/2e−t

= 2
∫ ∞

0
e−tdt1/2

=
√

π. (A1.17)

The recursion relation (A1.2) then shows that

Γ
(

n +
1
2

)
=
(

n − 1
2

)(
n − 3

2

)
· · ·
(

3
2

)(
1
2

)
Γ
(

1
2

)
=

1 · 3 · 5 · . . . · (2n − 1)
2n

√
π (A1.18)

for n = 1, 2, . . . .
Other useful results require more work using either the Hankel con-

tour integral representation for Γ(z) or the expression as the Weierstrass
infinite product.4 One useful result is the reflection formula

Γ(z)Γ(1 − z) =
π

sinπz
. (A1.19)

By putting z = (1/2) + n in (A1.19) and using (A1.18) it follows that

Γ
(

1
2

− n

)
=

(−2)n
√

π

1 · 3 · 5 · . . . · (2n − 1)
, (A1.20)

for n = 1, 2, . . . . Another useful result is the duplication formula

Γ(2z) = (4π)−1/222zΓ(z)Γ
(

z +
1
2

)
. (A1.21)

2 Numerically, it is found that γ � 0.5772156649.
3 We have used the result

∫ ∞

0
du e−u2

= (1/2)
√

π here.
4 See Whittaker and Watson (1928) for example.



450 Mathematical appendices

It is useful to define the logarithmic derivative of the Γ-function by

ψ(z) =
d

dz
ln Γ(z) =

Γ′(z)
Γ(z)

. (A1.22)

From (A1.14) and (A1.16) we see that

ψ(1) = −γ. (A1.23)

For any positive integer n if we use the recursion relation (A1.2) it can
be seen that

ψ(z + n) =
d

dz
ln Γ(z + n)

=
d

dz
ln [(z + n − 1)(z + n − 2) · · · zΓ(z)]

= ψ(z) +
d

dz

n−1∑
k=0

ln(z + k)

= ψ(z) +
n∑

k=1

1
z + k − 1

. (A1.24)

Thus

ψ(1 + n) = −γ +
n∑

k=1

1
k
. (A1.25)

Finally we quote

ψ

(
1
2

)
= −γ − ln 4. (A1.26)

A1.2 Riemann and Hurwitz zeta functions

We will summarize some of the properties of the Riemann and Hurwitz
ζ-functions here. The basic reference is Whittaker and Watson (1928).

For R(z) > 1 and R(a) > 0 the Hurwitz ζ-function is defined by

ζ(z, a) =
∞∑

n=0

(n + a)−z. (A1.27)

The Riemann ζ-function is the special case

ζ(z) = ζ(z, 1). (A1.28)
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An integral representation for ζ(z, a) may be obtained by making use of
the definition (A1.1) for the Γ-function. We may write (A1.27) as

ζ(z, a) =
∞∑

n=0

1
Γ(z)

∫ ∞

0
dt tz−1e−(n+a)t

=
1

Γ(z)

∫ ∞

0
dt tz−1e−at(1 − e−t)−1. (A1.29)

The integrand in (A1.29) is well behaved for large values of t, so that any
poles come only from the t = 0 limit. If we expand (1 − e−t)−1 in powers
of t we find

(1 − e−t)−1 =
1
t

+
1
2

+
t

12
+ . . . . (A1.30)

We can write (A1.29) as

ζ(z, a) =
1

Γ(z)

∫ ∞

0
dt tz−1e−at

[
(1 − e−t)−1 − 1

t

]
+

1
Γ(z)

∫ ∞

0
dt tz−2e−at

=
a1−z

z − 1
+

1
Γ(z)

∫ ∞

0
dt tz−1e−at

[
(1 − e−t)−1 − 1

t

]
. (A1.31)

The integral in (A1.31) now converges for z = 1 and we see that ζ(z, a)
has a simple pole at z = 1 with residue 1. It is possible to relate the
remaining terms in (A1.31) to ψ(a) with the result

ζ(z, a) =
1

z − 1
− ψ(a) + · · · . (A1.32)

For special values of z it is possible to evaluate ζ(z, a) in terms of simple
functions. We have

ζ(−n, a) = −Bn+1(a)
n + 1

(A1.33)

where Bn+1(a) is a Bernoulli polynomial. Here n = 0, 1, 2, . . . . A list of
Bernoulli polynomials appears in Abramowitz and Stegun (1965). We list
the first few results for the convenience of the reader.

ζ(0, a) =
1
2

− a, (A1.34)

ζ(−1, a) = − 1
12

+
1
2
a − 1

2
a2, (A1.35)

ζ(−2, a) = −1
6
a +

1
2
a2 − 1

3
a3, (A1.36)

ζ(−3, a) =
1

120
− 1

4
a2 +

1
2
a3 − 1

4
a4. (A1.37)
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By taking a = 1 in (A1.33) we obtain

ζ(−2n) = 0 for n = 1, 2, . . . , (A1.38)

ζ(0) = −1
2
, (A1.39)

ζ(1 − 2n) = (−1)n B2n

2n
for n = 1, 2, . . . . (A1.40)

Here Bn are the Bernoulli numbers defined in terms of the Bernoulli
polynomials by

Bn = Bn(a = 1). (A1.41)

The first few non-zero Bernoulli numbers are given by5

B0 = 1, B1 = −1
2
, B2 =

1
6
, B4 = − 1

30
, B6 =

1
42

.

All of B2n+1 = 0 for n = 1, 2, 3, . . . , which is easily verified from the
definition of the generating function for Bernoulli polynomials:

eat(et − 1)−1 =
∞∑

n=0

tn−1

n!
Bn(a). (A1.42)

It can be shown (Whittaker and Watson, 1928) that the Riemann
ζ-function satisfies the reflection formula

ζ(1 − z) = 2(2π)−zΓ(z) cos
(π

2
z
)

ζ(z). (A1.43)

From this it is possible to deduce (A1.39) as well as

ζ ′(0) = −1
2

ln (2π) . (A1.44)

The derivative of ζ(z) at negative integral values of z can be obtained in
a similar manner.

If we set a = m where m is an integer, it is clear from (A1.27) that

ζ(z, m) = ζ(z) −
m−1∑
n=1

n−z. (A1.45)

5 Again an extensive list of the Bernoulli numbers, which are related to the coefficients
of the Bernoulli polynomials, is found in Abramowitz and Stegun (1965).
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Another case where ζ(z, a) can be evaluated in terms of the Riemann
ζ-function occurs if a = 1/2. In this case we have

ζ

(
z,

1
2

)
= 2z

∞∑
n=0

(2n + 1)−z

= 2z

[ ∞∑
n=1

n−z −
∞∑

n=1

(2n)−z

]
= (2z − 1)ζ(z). (A1.46)

We also require the asymptotic expansion of ζ(z, a) for both large and
small values of a. For small a we may simply use the binomial expansion
in (A1.27) to obtain

ζ(z, a) = a−z +
∞∑

n=1

n−z
(
1 +

a

n

)−z

� a−z +
∞∑

n=1

n−z

[
1 − z

a

n
+

z(z + 1)
2

a2

n2

−z(z + 1)(z + 2)
3!

a3

n3

+
z(z + 1)(z + 2)(z + 3)

4!
a4

n4 + · · ·
]

The sums over n may be done in terms of the simpler Riemann ζ-function
and we find

ζ(z, a) � a−z + ζ(z) − azζ(1 + z) +
a2

2
z(z + 1)ζ(2 + z)

−a3

6
z(z + 1)(z + 2)ζ(3 + z) + . . . . (A1.47)

It can be verified that (A1.47) reproduces (A1.33) if we take z = −n since
the infinite expansion in (A1.47) terminates in this case.

For large values of a we can use (A1.29). Because of the presence of
e−at in the integrand, the dominant contribution to the integral should
come from near t = 0. Using (A1.41) and (A1.42) we have

(1 − e−t)−1 =
∞∑

n=0

(−1)n Bn

n!
tn−1, (A1.48)

and we find

ζ(z, a) �
∞∑

n=0

(−1)n Bn

n!
Γ(z + n − 1)

Γ(z)
a1−n−z
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� a1−z

z − 1
+

1
2
a−z +

z

12
a−1−z

+
1

720
z(z + 1)(z + 2)a−3−z + · · · . (A1.49)

Once again if we take z to be a negative integer the infinite expansion in
(A1.49) terminates and we reproduce the result in (A1.33) which is exact.

We also have occasion to expand ζ(z, a) about certain values of a. This
can be done easily if it is noted that

∂

∂a
ζ(z, a) = −zζ(z + 1, a). (A1.50)

This result follows from differentiating (A1.27) for R(z) > 1 and extend-
ing the result to R(z) < 1 by analytic continuation.

One final result we need is the contour integral representation of the
Hurwitz ζ-function. This is described in Whittaker and Watson (1928).
Here we will choose a different branch cut to make contact with the result
needed in Section 6.10.

If we consider the integrand as a function of a complex variable t, then
the integrand of (A1.29) is analytic except at t = 0 which is a branch
point. We will take the branch cut along the negative real axis as shown in
Fig. A1.1. Above the branch cut we have t = eiπτ where τ ∈ [∞, 0], and
below the branch cut we have t = e−iπτ where τ ∈ [0,∞]. (The phases
are determined by restricting |arg t| ≤ π, and considering the direction of
rotation with respect to the positive real axis.) By shrinking the portion
of the contour around the origin to zero, we have6

Im(t)

Re(t)

σ

Fig. A1.1 This shows the contour σ used in the evaluation of the Hurwitz
ζ-function. The branch cut is taken along the negative real axis as shown by the
jagged line.

6 The first term is the contribution of that portion of σ above the negative real axis,
and the second term comes from the portion of σ below the negative real axis.
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σ

tz−1e−at

(1 − e−t)
dt =

∫ 0

∞

eiπzτz−1eaτ

(1 − eτ)
dτ +

∫ ∞

0

e−iπzτz−1eaτ

(1 − eτ)
dτ. (A1.51)

It follows very simply from this result that7

ζ(z, a) =
1

2i sinπz Γ(z)

∫
σ

tz−1e(a−1)t

(1 − e−t)
dt.

By making use of the Γ-function identity (A1.19) we can see that

ζ(z, a) =
Γ(1 − z)

2πi

∫
σ

tz−1eat

(et − 1)
dt. (A1.52)

This is completely equivalent to the expression given by Whittaker and
Watson (1928), with the difference explained by our different handling
of the branch cut. This contour integral representation for the Hurwitz
ζ-function can be used to derive (A1.33).

A1.3 Summation of series

It is often convenient to convert an infinite sum into a contour integral
which then allows the result to be extended to the entire complex plane
by analytic continuation of some parameters entering the sum. There are
many ways to do this (Whittaker and Watson, 1928; Lindelöf, 1905), and
we will describe one simple way here.

Let f(z) be a function which is analytic inside and on the contour C
as shown in Fig. A1.2. Here ε > 0 is an arbitrary small real number and
N is a positive integer. In particular we will assume that f(z) has no
singularities on the real axis. We will also require that f(x + iy) → 0 as
|x| → ∞ for −ε ≤ y ≤ ε.

Consider the contour integral
∫

C
(cot πz/2i)f(z) dz. The integrand has

simple poles at z = 0,±1, . . . ,±N arising from cotπz. By the residue
theorem we have

n=N∑
n=−N

f(n) =
∫

C

cot πz

2i
f(z) dz. (A1.53)

Let C+ (C−) denote that part of the contour above (below) the real axis.
On C+ use

cot πz = −i − 2i(e−2πiz − 1)−1. (A1.54)

7 Each of the two terms in (A1.51) is related to the Hurwitz ζ-function in (A1.29) by
a simple factor.
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N + 1N–N–N –1

i ε

– i ε

Fig. A1.2 The integration contour in the complex z-plane for the derivation of
the summation formula.

On C− use

cot πz = i + 2i(e2πiz − 1)−1. (A1.55)

Because f(z) is analytic inside and on C we have∫
C+

f(z) dz = −
∫

C−

f(z) dz. (A1.56)

By splitting the integral over C in (A1.53) into a sum over C+ and C−,
and using (A1.54)–(A1.56) it is easy to see that

n=N∑
n=−N

f(n) =
∫

C−

f(z) dz +
∫

C−

(e2πiz − 1)−1f(z) dz

−
∫

C+

(e−2πiz − 1)−1f(z) dz. (A1.57)

Because of our assumption that f(x+iy) → 0 as |x| → ∞ for −ε ≤ y ≤ ε,
as we take the limit N → ∞, the contributions from the vertical parts of
the contours C+ and C− in (A1.57) will vanish leaving us with8

n=∞∑
n=−∞

f(n) =
∫ ∞

−∞
f(x) dx +

∫ ∞+iε

−∞+iε

(e−2πiz − 1)−1f(z) dz

+
∫ ∞−iε

−∞−iε

(e2πiz − 1)−1f(z) dz. (A1.58)

8 In the first term the integration contour can be deformed to lie along the real axis
since f(z) is analytic.
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This is our basic summation formula.
One case of interest to us in Section 4.4 was

f(z) = [(z + a)2 + b2]−λ, (A1.59)

with R(λ) > 1/2 and a, b real. Let

F (λ; a, b) =
∞∑

n=−∞
[(n + a)2 + b2]−λ, (A1.60)

where the sum converges if R(λ) > 1/2. The function f(z) in (A1.59)
has branch points at z = −a ± ib. Take branch cuts parallel to the imag-
inary axis to satisfy our assumption that f(z) has no singularities on the
real axis. The summation formula (A1.58) can be applied to find (for
R(λ) > 1/2)

F (λ; a, b) =
√

π
Γ(λ − 1/2)

Γ(λ)
b1−2λ +

∫ ∞+iε

−∞+iε

(e−2πiz − 1)−1f(z) dz

+
∫ ∞−iε

−∞−iε

(e2πiz − 1)−1f(z) dz. (A1.61)

The first term in (A1.58) with f(x) given by (A1.59) may be done in
terms of the Γ-function as shown if we use results from Section A1.1. It
now remains to manipulate the second and third terms of (A1.61) into a
more manageable form. If we call the integration contours in (A1.61) C+
and C− as we did earlier, then the picture in the complex plane is shown
in Fig. A1.3.

Because f(z) is analytic everywhere except along the two branch cuts
we can deform the contours C+ and C− as shown in Fig. A1.4. For C+ we
can take

(z + a)2 + b2 = b2 − y2,

if we let z = −a+ iy where y varies between b and ∞. b2 −y2 is negative,
and its argument changes by 2π as we circle the branch point. If we define
its argument to be −π on the left-hand side of the branch cut, then its
argument on the right-hand side will be π. We then have

(z + a)2 + b2 = e−iπ(y2 − b2),

on the left-hand side of the branch cut, and

(z + a)2 + b2 = eiπ(y2 − b2),



458 Mathematical appendices

–a

ib
�+

�–
–ib

Fig. A1.3 The integration contour for (A1.61) with branch cuts parallel to the
imaginary axis.

–a

ib

–ib

�+

�–

Fig. A1.4 The contour shown in Fig. A1.3 can be deformed around the two
branch cuts as shown here.

on the right-hand side. Thus, we can write

∫
C+

f(z)dz

(e−2πiz − 1)
= −i

∫ ∞

b

dy eiπλ(y2 − b2)−λ[e2π(y+ia) − 1]−1

+i

∫ ∞

b

dy e−iπλ(y2 − b2)−λ[e2π(y+ia) − 1]−1

= 2 sinπλ

∫ ∞

b

dx (x2 − b2)−λ[e2π(x+ia) − 1]−1. (A1.62)
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A similar analysis for C− (or more simply note that we can just replace
a with −a in the result for C+) results in∫

C−

f(z)dz

(e2πiz − 1)
= 2 sinπλ

∫ ∞

b

dx (x2 − b2)−λ [e2π(x−ia) − 1]−1. (A1.63)

The net result is that (A1.61) becomes

F (λ; a, b) =
√

π
Γ(λ − 1/2)

Γ(λ)
b1−2λ + fλ(a, b), (A1.64)

where we have defined

fλ(a, b) = 4 sinπλ

∫ ∞

b

dx (x2 − b2)−λ R[e2π(x+ia) − 1]−1. (A1.65)

This result was first given by Ford (1980).

A1.4 The polylogarithm

The polylogarithm function is defined by

Lip(z) =
∞∑

n=1

zn

np
(A1.66)

for all p if |z| < 1. If we let z → 1 then the sum in (A1.66) only converges
if R(p) > 1 in which case

Lip(1) = ζ(p) [R(p) > 1]. (A1.67)

For special values of p, Lip(z) can be evaluated in closed form. In partic-
ular, if p = 0 (A1.66) is just the geometrical series which can be summed
to give

Li0(z) =
z

1 − z
. (A1.68)

For p = 1 (A1.66) is related to the Taylor series expansion of ln(1 − z)
by

Li1(z) = − ln(1 − z). (A1.69)

By differentiating (A1.66) with respect to z it is easy to see that

∂

∂z
Lip(z) = z−1Lip−1(z). (A1.70)
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This allows Lip(z) to be obtained recursively for p = −1,−2, . . . from a
knowledge of Li0(z) in (A1.69).

It is also possible to obtain a simple integral representation for Lip(z)
when R(p) > 1 by making use of that for the Γ-function in (A1.1). From
(A1.66) we have

Lip(z) =
∞∑

n=1

zn 1
Γ(p)

∫ ∞

0
dt tp−1e−nt.

If we write zn = en ln z and interchange the order of summation and
integration, the sum over n can be performed with the result

Lip(z) =
1

Γ(p)

∫ ∞

0
dt tp−1(et−ln z − 1)−1. (A1.71)

We often require an asymptotic expansion of Lip(z) for z close to
1. To obtain this we will set z = e−θ and look at what happens as
θ → 0. The method for obtaining the desired expansion makes use of the
Mellin–Barnes integral representation in (5.62).9 From (A1.66) we have

Lip(e−θ) =
∞∑

n=1

n−pe−nθ

=
∞∑

n=1

n−p 1
2πi

∫ c+i∞

c−i∞
dα Γ(α)(nθ)−α

=
1

2πi

∫ c+i∞

c−i∞
dα Γ(α)θ−αζ(p + α). (A1.72)

(In the middle line we have used (5.62), and in the last line we have
interchanged the order of summation and integration and made use of
the definition of the Riemann ζ-function.) We will take c greater than the
largest of 0 and R(1−p) so that the integration contour in (A1.72) lies to
the right of all of the poles in the integrand. It is now a straightforward
matter of closing the contour in the left-hand side of the complex plane
and using the residue theorem. ζ(p + α) has a simple pole at α = 1 − p
with residue 1 (see Section A1.2). Γ(α) has simple poles at α = −n where
n = 0,−1,−2, . . .with residue (−1)n/n! (see Section A1.1). Providing
that p �= 1, 2, 3, . . . the poles of the Γ-function are distinct from the pole
of the ζ-function and we find

9 This was first given by Robinson (1951).
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Lip(e−θ) � Γ(1 − p)θp−1 +
∞∑

n=0

(−1)n

n!
θnζ(p − n) (p �= 1, 2, 3, . . .).

(A1.73)
For p = m + 1 where m = 0, 1, 2, . . . the integrand has a double pole at
α = −m. A short calculation using the results of Section A1.1 and A1.2
gives

Lip(e−θ) � (−1)m

m!
θm

(
m∑

k=1

1
k

− ln θ

)

+
∞∑

n=0
n�=m

(−1)n

n!
θnζ(m + 1 − n) (m = 0, 1, 2, . . .). (A1.74)

(For m = 0 we define
∑m

k=1
(1/k) = 0. It is easy to show that (A1.74)

agrees with the direct expansion of (A1.69).)



Appendix 2
Review of special relativity

This appendix contains a very brief review of the basic concepts of
special relativity needed to understand relativistic quantum field theory.
The reader should already have studied this subject in some depth, and
this appendix is intended merely as a refresher, not a first introduction.
If you have never studied special relativity before, the book of French
(1968) provides a nice introduction. Chapter 2 of Weinberg (1972) is also
recommended.

Einstein’s theory of special relativity is based on two basic postulates:

1. The laws of physics are the same for all inertial observers.
2. The speed of light in a vacuum is a universal constant, c, irrespective

of the motion of the source or observer.

Here inertial observers are those that are in motion with respect to each
other at a constant velocity. The theory of special relativity holds in an
idealized world where there are no gravitational interactions, and in the
real world to a good approximation provided that the gravitational inter-
actions can be neglected in comparison with other (e.g. electromagnetic)
interactions.

The Lorentz transformations relate the time and spatial coordinates
used by two different inertial observers. Suppose that observer O uses time
coordinate t and rectangular Cartesian coordinates x, y, z to describe the
location of some point particle. A different inertial observer O′ will use
a different time coordinate t′, and different spatial coordinates x′, y′, z′

to describe the same point particle. The only allowed motion for iner-
tial observers is relative motion at constant velocity. We may choose the

462



Review of special relativity 463

direction of the relative motion to be x and call the constant speed v.
The equations relating the coordinates used by the two observers are1

t′ = γ
(
t − v

c2 x
)

,

x′ = γ (x − vt) ,

y′ = y,

z′ = z, (A2.1)

where γ =
[
1 − (v2/c2)

]−1/2
. These are the Lorentz transformations

which lie at the heart of special relativity. In the non-relativistic limit,
which is characterized by v << c, the first transformations reduce to

t′ � t,

x′ � x − vt, (A2.2)

which are the Galilean transformations of Newtonian physics.2

The physical consequences of the distinction between (A2.1) and (A2.2)
are substantial. From (A2.2) it is easy to see that different inertial
observers in Newtonian physics agree on time intervals (i.e. Δt′ =Δt)
and on length measurements made at a given time (i.e. Δx′ = Δx).
The first of (A2.1) shows that a clock which is fixed relative to O
(Δx = 0) and which measures a time interval Δt as recorded by O
measures a different time interval Δt′ = γΔt according to O′. This is
the phenomenon of time dilation: a clock appears to run more slowly
when it is moving than when it is at rest. If O measures the length
of an object at a given instant (Δt=0) to be Δx (in the x-direction),
then if O′ measures the length of the same object at a given instant
(Δt′ =0) the result is3 Δx′ = Δx/γ. Both observers agree that Δy′ =
Δy and Δz′ = Δz. This is the phenomenon of length contraction: an
object appears shorter in its direction of motion relative to its length
at rest, whereas lengths orthogonal to the direction of motion are
unaffected.

The discussion given in the previous paragraph shows how neither time
intervals nor spatial intervals have absolute meaning in special relativ-
ity. This is a drastic change from Newtonian physics. However there is
an object that does have an invariant meaning in special relativity. We

1 We will not take conventional relativistic units with c = 1 in this appendix.
2 In Newtonian physics � becomes =.
3 To see this it is necessary to use both of the first two equations because O′ makes

the length measurement with Δt′ = 0. Details are left to the reader.
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define4 the line element by

ds2 = c2(dt)2 − (dx)2 − (dy)2 − (dz)2. (A2.3)

Using the Lorentz transformations (A2.1) it is an exercise in simple alge-
bra to show that if O′ forms ds′2 by using t′, x′, y′, z′ in place of t, x, y, z
in (A2.3), then ds′2 =ds2. All observers agree on the value of the line
element. The line element is said to be Lorentz-invariant.

To proceed further with special relativity it is helpful to introduce a
type of index notation. First of all we define x0=
!ct and let x1=x, x2=y, x3=z. This has the advantage that x0, . . . , x3 all
have equal dimensions of length. If (A2.1) are rewritten in terms of x0=ct
and x′0 = ct′, we find that the first two equations become

x′0 = γ
(
x0 − v

c
x1
)

x′1 = γ
(
x1 − v

c
x0
)

. (A2.4)

There is an obvious symmetry between the way x0 and x1 enter that is
obscured in the original form of the Lorentz transformations in (A2.1).
We now use the convention that Greek letters (like μ, ν, α, β, . . .) take
values 0, 1, 2, 3. This is a direct extension of using an index i = 1, 2, 3 to
label the three coordinates in Euclidean space. We can therefore refer to
the four spacetime coordinates x0, x1, x2, x3 by the collective name xμ,
since our convention is that μ = 0, 1, 2, 3.

The next piece of notation is the one that causes the most difficulty for
students meeting it for the first time: the Einstein summation convention.
We will introduce this by returning to the line element (A2.3) and first
of all noting that because we have defined x0 = ct we can write

ds2 = (dx0)2 − (dx1)2 − (dx2)2 − (dx3)2

=
3∑

μ=0

3∑
ν=0

ημνdxμdxν (A2.5)

where ημν is defined by

ημν =

⎧⎨⎩
+1, μ = ν = 0;
−1, μ = ν = 1, 2, 3;

0, μ �= ν.
(A2.6)

4 We could equally well adopt ds2 = −c2(dt)2 +(dx)2 +(dy)2 +(dz)2 in place of (A2.3).
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This object ημν is called the ‘Minkowski metric tensor’.5 ημν may be
thought of as the 4 × 4 matrix

ημν =

⎛⎜⎜⎝
1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

⎞⎟⎟⎠ . (A2.7)

Because professional relativists like to write as little as possible, the
Einstein summation convention states that (A2.5) can be expressed sim-
ply as

ds2 = ημνdxμdxν (A2.8)

without any summation signs being written. We obviously need some way
of knowing when a given expression contains a summation sign or not.
The understanding is that whenever the same index occurs twice in an
expression this means that this repeated index is summed over 0, 1, 2, 3.
In the case of (A2.8) the index μ occurs once in ημν and once in dxμ

so it must be summed. Furthermore the index ν occurs once in ημν and
once in dxν so it must also be summed. Hence (A2.8) contains a double
summation and is identical to the long expression in (A2.5).

This might not appear too difficult to get used to, but the difficulty
is in realizing that any repeated index can have any name we like. For
example, we have

ημνdxμdxν = ηαβdxαdxβ = ημλdxμdxλ = . . . .

The reason for this is that repeated indices are simply ‘dummy labels’ in
a summation, so for example it is clear that

3∑
μ=0

3∑
ν=0

ημνdxμdxν =
3∑

α=0

3∑
β=0

ηαβdxαdxβ.

(Both expressions stand for the top line in (A2.5).) It is the confusion of
dummy indices that leads to mistakes, and the solution only comes with
experience.

Having introduced xμ, we can write the Lorentz transformations in the
simple form

x′μ = Lμ
νxν (A2.9)

where L0
0 = γ, L0

1 = −γv/c, L1
0 = −γv/c, L1

1 = γ, L2
2 = L3

3 = 1
and all other components vanish. (Remember our summation convention

5 More about tensors later.



466 Review of special relativity

which means that ν is summed over 0, 1, 2, 3 on the right-hand side.) More
formally, we can define a Lorentz transformation as any transformation
of the form (A2.9) for which the line element (A2.8) is invariant. This
restricts Lμ

ν to satisfy

ηαβ = ημνLμ
αLν

β. (A2.10)

The general definition of a Lorentz transformation is a set of 16 numbers
Lμ

ν which satisfies (A2.10).
A contravariant 4-vector Aμ is a set of four numbers that satisfies the

same transformation (A2.9) as xμ:

A′μ = Lμ
νAν. (A2.11)

The invariant product of two 4-vectors is defined by ημνAμAν and is seen
to obey ημνAμAν = ημνA′μA′ν by virtue of (A2.10).

Associated with the Lorentz transformation is the inverse transforma-
tion. In the original form (A2.1) we have

t = γ
(
t′ +

v

c2 x′
)

x = γ (x′ + vt′)
y = y′

z = z′. (A2.12)

This follows from (A2.1) upon interchanging the roles of the primed and
unprimed coordinates and reversing the sign of v. On physical grounds
this inverse transformation follows because if O sees O′ move in the
positive x-direction at speed v, then O′ sees O move in the negative
x-direction at the same speed. In terms of the index notation, we dis-
tinguish a 4-vector which transforms under the Lorentz transformation
from one which transforms under the inverse transformation by writing
the index as a subscript, rather than a superscript. If

(
L−1

)μ
ν represents

the inverse of Lμ
ν, then(

L−1)μ
νLν

λ = δμ
λ = Lμ

ν

(
L−1)ν

λ, (A2.13)

where δμ
λ is the Kronecker delta defined by

δμ
λ =

{
1, μ = λ;
0, μ �= λ.

(A2.14)

We call Bμ a covariant 4-vector if

B′
μ = Bν

(
L−1)ν

μ. (A2.15)
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The invariant product between a covariant 4-vector Bμ and a contravari-
ant 4-vector Aμ is

BμAμ = B′
μA′μ.

Given any contravariant 4-vector Aμ we can define a covariant 4-vector
Aμ by

Aμ = ημνAν. (A2.16)

(It is easy to show that this definition satisfies (A2.15) if we use (A2.10)
and (A2.13).) This is called ‘lowering an index’. Conversely we can raise
an index to form a contravariant vector from a covariant vector. To do
this, note that the matrix (A2.7) is its own inverse. To keep the index
assignments right we will define

ημν =

⎛⎜⎜⎝
1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

⎞⎟⎟⎠ (A2.17)

so that

ημνηνλ = ηλνηνμ = δμ
λ . (A2.18)

This leads to

Aμ = ημνAν (A2.19)

from (A2.16). A deeper understanding of why the distinction between con-
travariant and covariant 4-vectors is important requires the understanding
of vector spaces and their duals.6

Because the laws of physics are usually expressed in the form of
differential equations it is advantageous to pursue the index nota-
tion for partial derivatives. The set of three partial derivatives
(∂/∂x, ∂/∂y, ∂/∂z) forms the gradient operator ∇ in normal vector cal-
culus. With the addition of (∂/∂x0) = (1/c)(∂/∂t) we obtain a 4-vector
(∂/∂x0, ∂/∂x1, ∂/∂x2, ∂/∂x3) denoted by ∂μ or ∇μ in index notation.
The lower index position indicates that ∇μ = ∂μ is a covariant 4-vector.
This is easy to verify using

∇′
μ =

∂

∂x′μ =
∂xν

∂x′μ
∂

∂xν

=
(
L−1)ν

μ
∂

∂xν
, (A2.20)

6 See Choquet-Bruhat et al. (1977) or Misner et al. (1973) for a comprehensive
treatment.
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where we used the chain rule in the first line, and the inverse of (A2.9)
to obtain the second line. The contravariant components are given by
∇μ = [∂/∂x0,−(∂/∂x1),−(∂/∂x2),− (∂/∂x3)] and follow from (A2.19).
Finally we define

� = ∇μ∇μ = ημν∇μ∇ν

=
1
c2

∂2

∂t2
− ∂2

∂x2 − ∂2

∂y2 − ∂2

∂z2 (A2.21)

which is recognized as the wave operator. � is easily seen to be invariant
under Lorentz transformations.

The last concept we wish to mention is tensors. A tensor is simply a gen-
eralization of a 4-vector to include an object with more than one index. For
example Tμν is called a tensor if

T ′μν = Lμ
αLν

βTαβ (A2.22)

when the coordinates undergo the transformation (A2.9). The rank of
the tensor is the number of factors of Lμ

ν which occur in the transfor-
mation law. In the case of (A2.22) the rank is 2. Indices may be raised
and lowered on tensors exactly as on 4-vectors in (A2.16) and (A2.19).
An example of a second-rank tensor is the electromagnetic field strength
tensor Fμν.



Appendix 3
Interaction picture

Suppose that the Hamiltonian H is expressed as

H = H0 + V (t), (A3.1)

where the operator H0 has no explicit time dependence.1 Let |α, t〉S be
the state vector in the Schrödinger picture with |α, t = t0〉S = |α〉S the
initial state. The time development operator U(t, t0) was defined in (3.16)
and satisfies the Schrödinger equation (3.20) with the boundary condition
U(t0, t0) = I. The Heisenberg picture also makes use of U(t, t0) to give
the time development of the operators representing observables. In some
cases, such as the simple harmonic oscillator, it may be possible to eval-
uate U(t, t0) exactly, or equivalently to solve the Heisenberg equations of
motion. However, in general this will not be possible. In such cases other
methods must be resorted to. It may be that V (t) can be treated as a
small perturbation. An approach for dealing with this was originated by
Dirac (1926, 1927). The utility of this method in quantum field theory
was shown by Tomonaga (1946) and Schwinger (1949).

Suppose that V (t) is only non-zero for t− ≤ t ≤ t+ for some times t−
and t+. Then for t ≤ t− the state vector obeys the Schrödinger equation
with the Hamiltonian H0. If we choose t0 < t−, then

U(t, t0) = exp
[
− i

�
(t − t0)H0

]
gives the time development operator for times t ≤ t−. If V (t) was identi-
cally equal to zero then this would describe the time development for all

1 We are in the Schrödinger picture here.

469
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time. The key idea behind the interaction picture is to define a new state
vector |α, t〉I by

|α, t〉I = exp
[

i

�
(t − t−)H0

]
|α, t〉S. (A3.2)

The interaction picture and Schrödinger state vectors are chosen to coin-
cide at the time t− when V (t) becomes non-zero. It should be noted that
the time development of the state defined in (A3.2) is opposite to the
time development of the state in the Schrödinger picture. This means
that if V (t) was identically zero, the state |α, t〉I would be independent
of time. This suggests that in the case where V (t) is not identically zero,
the time development of the state is governed by V (t) rather than the
full Hamiltonian. Since |α, t〉S obeys the Schrödinger equation with the
full Hamiltonian H in (A3.1), it is easy to show that

i�
∂

∂t
|α, t〉I = VI(t)|α, t〉I , (A3.3)

where2

VI(t) = exp
[

i

�
(t − t−)H0

]
VS(t) exp

[
− i

�
(t − t−)H0

]
. (A3.4)

The result in (A3.3) shows that V (t) governs the dynamics in the inter-
action picture.

We can define a time development operator UI(t, t0) in the interaction
picture by

|α, t′〉I = UI(t′, t)|α, t〉I (A3.5)

with t′ > t. From (A3.3) it follows that

i�
∂

∂t′
UI(t′, t) = VI(t′)UI(t′, t), (A3.6)

with the boundary condition

UI(t, t) = I. (A3.7)

We can relate UI(t, t0) to U(t, t0) defined earlier. First of all, from (3.16)
we know that

|α, t〉S = U(t, t0)|α, t0〉S.

2 We have appended the subscript S to V (t) which occurs in (A3.1) to clarify that it
is taken in the Schrödinger picture.
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Equation (A3.2) gives

|α, t〉I = exp
[

i

�
(t − t−)H0

]
U(t, t0)|α, t0〉S. (A3.8)

From (A3.5),

|α, t〉I = UI(t, t0)|α, t0〉I

= UI(t, t0) exp
[
− i

�
(t− − t0)H0

]
|α, t0〉S (A3.9)

using (A3.2) with t = t0. Comparing (A3.8) with (A3.9) results in the
identification

U(t, t0) = exp
[
− i

�
(t − t−)H0

]
UI(t, t0) exp

[
− i

�
(t− − t0)H0

]
. (A3.10)

We can obtain a solution to (A3.6) in the same way as we did for
U(t, t0) in Section 3.1.2. First of all we can convert (A3.6) into the integral
equation

UI(t, t0) = I − i

�

∫ t

t0

dt′ UI(t′, t0)VI(t′). (A3.11)

The solution now follows as

UI(t, t0) = I +
∞∑

n=1

1
n!

(
− i

�

)n
∫ t

t0

dt1

∫ t

t0

dt2 · · ·
∫ t

t0

dtnT [VI(t1) · · ·VI(tn)]

(A3.12)
where T is the time-ordered product defined in (3.27). As before, this can
be written in the shorthand form as

UI(t, t0) = T exp
[
− i

�

∫ t

t0

dt′VI(t′)
]

. (A3.13)

We will now show how the interaction picture can be used to study the
forced harmonic oscillator, and make contact with what we obtained in
Section 7.4 using the Schwinger action principle. From (7.59) we see that
we may choose

VS(t) = −J(t)xS, (A3.14)

with H0 the Hamiltonian operator for the simple harmonic oscillator.
From (A3.4) we have

VI(t) = −J(t) exp
[

i

�
(t − t−)H0

]
xS exp

[
− i

�
(t − t−)H0

]
. (A3.15)
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Let

xI(t) = exp
[

i

�
(t − t−)H0

]
xS exp

[
− i

�
(t − t−)H0

]
. (A3.16)

Then by differentiation of (A3.16) it follows that

i�
d

dt
xI(t) = [xI(t), H0]

= exp
[

i

�
(t − t−)H0

]
[xS, H0] exp

[
− i

�
(t − t−)H0

]
=

i�

m
exp

[
i

�
(t − t−)H0

]
pS exp

[
− i

�
(t − t−)H0

]
,

where pS is the momentum operator in the Schrödinger picture. Define

pI(t) = exp
[

i

�
(t − t−)H0

]
pS exp

[
− i

�
(t − t−)H0

]
(A3.17)

analogously to (A3.16). We then have

d

dt
xI(t) =

1
m

pI(t). (A3.18)

Differentiation of (A3.17) leads to

d

dt
pI(t) = −mω2xI(t). (A3.19)

The operator xI(t) therefore satisfies

d2

dt2
xI(t) + ω2xI(t) = 0, (A3.20)

which is just the equation of motion for the simple harmonic oscillator
with no forcing term.

The general solution to (A3.20) can be written as

xI(t) =
(

�

2mω

)1/2 {
ae−iω(t−t−) + a†eiω(t−t−)

}
(A3.21)

for some constant operators a and a†. From (A3.16) we have

xI(t−) = xS =
(

�

2mω

)1/2 (
a + a†

)
. (A3.22)
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Using (A3.17), (A3.18), and (A3.21) we find

pI(t−) = pS = m

(
�

2mω

)1/2

(−iωa + iωa†). (A3.23)

Using the fact that [xS, pS] = i�, it is easy to show that the operators a
and a† obey

[a, a†] = 1. (A3.24)

It should be clear from our earlier discussion in Section 3.5 that a and
a† may be interpreted as the annihilation and creation operators for the
free (i.e. unforced) simple harmonic oscillator.

If we define

a(t) = ae−iω(t−t−), (A3.25)

a†(t) = a†eiω(t−t−), (A3.26)

then xI(t) in (A3.21) may be written as

xI(t) =
(

�

2mω

)1/2 {
a(t) + a†(t)

}
. (A3.27)

If we borrow the language used in quantum field theory, (A3.27) rep-
resents the decomposition of xI(t) into a sum of positive and negative
frequency parts. For later use we record that

[a(t), a†(t)] = e−iω(t−t−). (A3.28)

This result follows immediately from using (A3.24)–(A3.26). From
(A3.15) and (A3.27) we have

VI(t) = −
(

�

2mω

)1/2

J(t)
{

a(t) + a†(t)
}

, (A3.29)

as the perturbation expressed in the interaction picture.
If the system at the initial time t0 is in the state |α, t0〉I where t0 < t−,

and at some final time tf > t+ is in the state |α, tf〉I , we will define

|α, tf〉I = SI |α, t0〉I , (A3.30)

where SI is called the ‘scattering operator’ in the interaction picture.
Comparison of this result with (A3.5) shows that

SI = UI(tf , t0). (A3.31)
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(Normally in quantum field theory, one imagines that the interaction is
turned off in the remote past and the remote future, so that t0 → −∞
and tf → ∞ in (A3.31).) The scattering operator transforms the state
before the interaction is turned on into the state that occurs after the
interaction is turned off. If the system is prepared in the state |α, t0〉I ,
the probability that it is found in the state |β, tf〉I at the final time is
obtained by squaring the modulus of the transformation function

I〈β, tf |α, tf〉I = I〈β, tf |SI |α, t0〉I . (A3.32)

As an example, suppose that we try to evaluate the transformation func-
tion for the transition from an energy eigenstate at time t0 to a different
energy eigenstate at time tf . As in Section 3.5, let

H0|n′〉 = �ωn′ |n′〉 (A3.33)

where ωn′ = (n′ + 1/2)ω. Then if |n′, t0〉S = |n′〉, we have

|n′, t〉I = e−iωn′(t−t0)|n′〉. (A3.34)

The state in the interaction picture has no time dependence in this case,
as in the Heisenberg picture. The transformation function between two
energy eigenstates becomes

I〈n′′, tf |n′, tf〉I = ei(ωn′′−ωn′)(t−−t0)〈n′′|SI |n′〉 (A3.35)

using (A3.32) and (A3.34). We must now use (A3.12) and (A3.31) to
evaluate 〈n′′|SI |n′〉. The simplest case occurs when we concentrate on the
vacuum-to-vacuum transition amplitude. Then

I〈0, tf |0, tf〉I = 〈0|SI |0〉 (A3.36)

= 1 +
∞∑

n=1

1
n!

(
− i

�

)n

×
∫ t+

t−

dt1 · · ·
∫ t+

t−

dtn〈0|T
[
VI(t1) · · ·VI(tn)

]
|0〉. (A3.37)

Note that because V (t) = 0 if t < t− or t > t+, we can take the integra-
tion limits in (A3.12) as shown, or equivalently replace t− with −∞ and
t+ with +∞.

There are several ways to evaluate 〈0|SI |0〉. The most widely used
method makes use of Wick’s theorem. Instead of using this method, which
involves some complicated combinatorics, we will make use of a method
developed by Schwinger (1949). Following Schwinger, define

|α, t〉 = e(i/�)F(t)|α, t〉I , (A3.38)
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for some operator F (t). Because the interaction picture state satisfies the
equation (A3.3), if we substitute for |α, t〉I from (A3.38) we have

i�
∂

∂t
|α, t〉 = e(i/�)F(t)

{
VI(t)e−(i/�)F(t) − i�

[
∂

∂t
e−(i/�)F(t)

]}
|α, t〉

(A3.39)
The aim now is to choose F (t) so that the factor enclosed by braces in
(A3.39) becomes a function rather than an operator. This will result in
the transformed state |α, t〉 satisfying an ordinary differential equation,
rather than one that has an operator on the right-hand side, and the
solution may be easily obtained.

The factors which occur on the right-hand side of (A3.39) can be
evaluated using the following identity,

exp(A + B) = exp
(1

2
[A, B]

)
exp(B) exp(A), (A3.40)

that is true provided [A, [A, B]] = 0 and [B, [A, B]] = 0. In order to prove
this, define

G(λ) = exp [λ(A + B)] exp(−λA) exp(−λB). (A3.41)

By differentiation of G(λ) with respect to λ it is easy to show that

G′(λ) = AG(λ) + [B,G(λ)] − G(λ) exp(λB)A exp(−λB). (A3.42)

The last term on the right-hand side may be simplified by using the
identity (3.165) resulting in

G′(λ) = [A + B,G(λ)] + λG(λ)[A, B]. (A3.43)

It is now straightforward to show that the first term on the right-hand
side vanishes.3 We end up with

G′(λ) = λ[A, B]G(λ). (A3.44)

This can be regarded as a differential equation for G(λ) that is easily
solved using the boundary condition G(0) = I following from (A3.41).
The solution to (A3.44) with this boundary condition is

G(λ) = exp
(1

2
λ2[A, B]

)
I,

proving (A3.40).

3 The identity (3.165) is useful here.
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We must be extremely careful about computing (∂/∂t)e−(i/�)F(t). It is
not true in general that (∂/∂t)e−(i/�)F(t) = −(i/�)Ḟ (t)e−(i/�)F(t) when
F (t) is an operator. This result only holds in the special case that [F, Ḟ ] =
0. In order to compute (∂/∂t)e−(i/�)F(t) correctly, we must use the basic
definition of the derivative:

∂

∂t
e−(i/�)F(t) = lim

ε→0

1
ε

{
e−(i/�)F(t+ε) − e−(i/�)F(t)

}
. (A3.45)

We now need an expansion of the quantity enclosed in braces that is cor-
rect to order ε. We can use the first two terms of the Taylor expansion of
F (t + ε) about ε = 0 to obtain

∂

∂t
e−(i/�)F(t) = lim

ε→0

1
ε

{
e−(i/�)F(t)−(i/�)εḞ(t) − e−(i/�)F(t)

}
. (A3.46)

If we now make the assumption that [F, Ḟ ] is a function, rather than an
operator, then we can use the identity (A3.40) to obtain

∂

∂t
e−(i/�)F(t) = lim

ε→0

1
ε

{
e−(ε/2�

2)[F(t),Ḟ(t)]e−(i/�)εḞ(t) − 1
}

e−(i/�)F(t).

(A3.47)
Expanding the exponentials on the right-hand side, and taking the limit
ε → 0 results in

∂

∂t
e−(i/�)F(t) =

{
− i

�
Ḟ (t) − 1

2�2 [F (t), Ḟ (t)]
}

e−(i/�)F(t). (A3.48)

It is important to note that this result was derived under the assumption
that [F, Ḟ ] was a function and therefore commuted with F and Ḟ . If this
is not true, then the result is much more complicated. It can be seen in
the simplest possible case where [F, Ḟ ] = 0, the result that one would
naively write down if F (t) was an ordinary function is correct.

We will now choose

F (t) =
∫ t

t−

dt′VI(t′), (A3.49)

so that

Ḟ (t) = VI(t). (A3.50)

Using (A3.28) and (A3.29) we have

[VI(t), VI(t′)] = − i�

mω
J(t)J(t′) sinω(t − t′). (A3.51)
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For F (t) chosen as in (A3.49) we find

[F (t), Ḟ (t)] =
i�

mω

∫ t

t−

dt′J(t)J(t′) sinω(t − t′), (A3.52)

which is just a function as assumed in our derivation above.
We can now return to simplify (A3.39). It is easily shown that

e(i/�)F(t)VI(t)e−(i/�)F(t) = VI(t) − 1
mω

∫ t

t−

dt′J(t)J(t′) sinω(t − t′)

(A3.53)
and

e(i/�)F(t)
[
i�

∂

∂t
e−(i/�)F(t)

]
= VI(t) − 1

2mω

∫ t

t−

dt′J(t)J(t′) sinω(t − t′).

(A3.54)
It is again necessary to use the fact that [F, Ḟ ] is a function, not an
operator here. (A3.39) then becomes

i�
∂

∂t
|α, t−; t〉 = − 1

2mω

∫ t

t−

dt′J(t)J(t′) sinω(t − t′) |α, t−; t〉. (A3.55)

The solution to this equation is

|α, t−; t〉 = exp
{ i

2�mω

∫ t

t−

dt′
∫ t′

t−

dt′′J(t′)J(t′′) sinω(t′ − t′′)
}

×|α, t−; t−〉. (A3.56)

Returning to (A3.38), and using the definition of UI(t, t−) which follows
from (A3.6), we have

UI(t, t−) = exp
{

− i

�

∫ t

t−

dt′VI(t′)

+
i

2�mω

∫ t

t−

dt′
∫ t′

t−

dt′′J(t′)J(t′′) sinω(t′ − t′′)
}

. (A3.57)

This form is noteworthy because no time-ordering operation occurs. Mak-
ing use of (A3.31) we find

〈0|SI |0〉 = exp
{ i

2�mω

∫ t+

t−

dt′
∫ t′

t−

dt′′J(t′)J(t′′) sinω(t′ − t′′)
}

×〈0| exp

[
− i

�

∫ t+

t−

dt′VI(t′)

]
|0〉. (A3.58)
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The remaining matrix element in (A3.58) can be easily evaluated if we
note the expression (A3.29) for VI(t), and make use of the identity

eλa−λ∗a†
= e−(1/2)|λ|2e−λ∗a†

eλa, (A3.59)

which follows from (A3.40) with [a, a†] = 1.4 From (A3.59) we find (using
a|0〉 = 0 = 〈0|a†)

〈0|eλa−λ∗a† |0〉 = e−(1/2)|λ|2 . (A3.60)

The net result for 〈0|SI |0〉 now becomes

〈0|SI |0〉 = exp
{ i

2�mω

∫ t+

t−

dt

∫ t

t−

dt′J(t)J(t′) sinω(t − t′)
}

× exp
{

− 1
4�mω

∫ t+

t−

dt

∫ t+

t−

dt′J(t)J(t′) cos ω(t − t′)
}

.

(A3.61)

This can be written in a simpler form by noting first of all that due to
the symmetry of the integrand,∫ t+

t−

dt

∫ t

t−

dt′J(t)J(t′) sinω(t−t′) =
1
2

∫ t+

t−

dt

∫ t+

t−

dt′J(t)J(t′) sinω|t−t′|.

Because cos ω(t− t′) = cos ω|t− t′|, we find the more symmetrical looking
expression

〈0|SI |0〉 = exp
{

− 1
4�mω

∫ t+

t−

dt

∫ t+

t−

dt′J(t)J(t′)e−iω|t−t′|
}

. (A3.62)

This result was first given in this form by Feynman (1950).

4 λ is any complex number in (A3.59).
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Index

Γ-function, 447–450
duplication formula, 449
half integer values, 449
integral definition, 447
Laurent expansion, 448
logarithmic derivative, 450
recursion relation, 447
reflection formula, 449

δ function, see Dirac delta distribution
γ-matrices, see Dirac γ-matrices
λφ4 theory

two-loop counterterms, 415
ζ-function, see Riemann ζ-function
ζ-function regularization

defined, 173
local ζ-function, 204

iε prescription
advanced propagator, 342
Feynman Green’s function, 352
retarded propagator, 342

q-potential, 211
non-relativistic condensate

contribution, 239
simple harmonic oscillator, 213

4-momentum, 35
4-velocity, 35

a-type variables, 354
action functional

classical particle, 5
continuous systems, 44
definition, 5
Dirac field, 151
electromagnetism, 53
Hamiltonian form, 10

field theory, 45
relativistic form, 47

vibrating membrane, 43
vibrating string, 42

advanced propagator, 339
differential equation for, 340

angular momentum
electromagnetic field, 75
tensor, 36, 38, 73

annihilation operator
complex scalar field, 140
Dirac field, 156
Maxwell field, 167
real scalar field, 137
Schrödinger field, 145
simple harmonic oscillator, 125, 128

anti-commutation relations
Dirac field, 153
reason for in Dirac field, 157
Schrödinger field, 147

anti-commutator bracket, 146
anti-commuting coordinates, 354
anti-particle, 144

contribution suppressed in
non-relativistic limit, 229

anti-particles
suppressed in non-relativistic limit, 230

background field, 372
bare coupling constants expanded in

terms of renormalized ones, 393
Bernoulli numbers, 452
Bernoulli polynomials, 451
blackbody radiation, 236
Boltzmann constant, 211
Bose–Einstein condensation

as build-up of particles in ground
state, 252

CJT approach, 433–446

486
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for D = 1, 2, 244
for no phase transition, 248
non-zero condensate, 290
physical picture, 244

Bose-Einstein statistics, 146
boundary, 62
boundary condiitons

periodic up to a gauge transformation,
187

boundary conditions
complex scalar field in non-simply

connected space, 183–184
Dirichlet, 178
periodic, 174, 183

bras, 101
bulk approximation

defined, 259

c-type variables, 354
calculus of variations, 6
canonical anti-commutation relations

Dirac field, 153
Schrödinger field, 147

canonical commutation relations
Maxwell field, 162–165
quantum mechanics

from Schwinger action principle, 119
real scalar field, 132
Schrödinger field, 146

canonical momentum
classical particle, 8
complex scalar field, 50
definition for field, 45, 58
Dirac field, 96
Maxwell field, 158, 166
real scalar field, 49, 137
relativistic field, 47
Schrödinger field, 51
Schrödinger field, 145
vibrating string, 46

canonical transformation, 19
definition, 12
infinitesimal, 14
quantum version, 114, 117

Casimir effect, 178–181
energy density, 206
local, 203–207

centre of energy, 38, 73
centre of mass, 31
charge

condensate contribution for charged
relativistic scalar field, 292, 293

contribution from condensate, 241

magnetized Bose gas, 270
statistical average for scalar field, 223

charge density, 52
ground state for relativistic interacting

Bose gas, 298
interacting relativistic Bose gas, 297

charge operator
complex scalar field, 143
Schrödinger field, 151

charged scalar field, see complex scalar
field

chemical potential
critical value, 240

magnetized Bose gas, 267
critical value for charged relativistic

field, 291, 292
critical value for harmonic oscillator

potential, 248
critical value not reached for D = 1, 2,

244
definition, 210
restrictions for charged scalar field, 223
trapped Fermi gas, leading order, 311
trapped Fermi gas, step-like behaviour,

316
chronological product, see time ordered

product
CJT effective action, 425–432
commutator, gauge covariant derivatives,

79, 81
completeness relation, 102
complex scalar field, 49–50

expansion in creation and annihilation
operators, 141

gauge invariance, 141
real and imaginary parts, 49
statistical mechanics, 221–228

condensate
contribution to charge, 241
definition, 239
equation for interacting non-relativistic

Bose gas, 281
non-interacting relativistic charged

scalar field, 293
non-relativistic Bose gas, 243

condensed notation, 368–369
conserved quantities, 26

angular momentum, 30
charge, 54
energy, 28
field theory, 66
momentum, 29

constant of the motion, 26
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constraint equation, 158, 163
contravariant vector, 466
counterterms, 393

dimensional regularization, 395
in terms of momentum space cut-off,

393
pole expressions in dimensional

regularization, 397
covariant vector, 466
creation operator

complex scalar field, 140
Dirac field, 156
Maxwell field, 167
real scalar field, 137
Schrödinger field, 145
simple harmonic oscillator, 125, 129

critical temperature
anisotropic trapping potential, 266
interacting relativistic Bose gas, 298
non-interacting relativistic charged

scalar field, 292
non-relativistic Bose gas, 243
trapped Bose gas, 254–255

current density
3-vector, 52
4-vector, 52
induced by quantum effects, 275

cut-off, momentum space, 391

d’Alembertian, 49
de Haas-van Alphen effect, 309
delta function, see Dirac delta

distribution
density of states method, 261–263

for anisotropic harmonic oscillator
potential, 263–266

density of states,defined, 261
density operator, 209

grand canonical ensemble, 210
derivative expansion

Green’s function, 398–401
dimensional regularization

defined, 394–395
dimensionless variables

anisoptropic harmonic oscillator, 265
for trapped Bose gas, 249
magnetized Bose gas, 267

Dirac γ-matrices, 92
Dirac delta distribution, 54–55

representation as an integral, 55
representation for, 328

Dirac delta function, see Dirac delta
distribution

Dirac equation, 88
adjoint, 92
coupled to electromagnetism, 97
covariant form, 91
spin 1/2, 97

Dirac field
expansion in creation and annihilation

operators, 155
Dirac matrices, 88–91
dual space, 101
dummy indices, 465

effective action
λφ4 theory, two-loop counterterm

contribution, 414
λφ4 theory, two-loop pole part, 412,

414
as sum of zero-point energies, 172
CJT approach, 425–432
CJT, two-loop order, 432
computed using Feynman diagrams,

384–387
defined, 170
expanded in powers of �, 376
for free scalar field, 373
general definition, 375
in terms of energy ζ-function, 173
one-loop order, 376
relation to Green’s function, 390
two-loop expression, 382

effective field theory, 199
effective lagrangian, 170
effective potential

λφ4 theory, 200–202
renormalized, 201

charged scalar field in constant
magnetic field background,
195–196

complex scalar field in constant gauge
field background, 185

defined, 170
for Casimir effect, 180
interacting scalar field theory, 197

effective potential density, 174
eigenvalue

Hermitian operator, 103
eigenvector

momentum, 123
position, 121

Einstein summation convention, 4, 464
electric field, 52, 53
electromagnetic field, see Maxwell

field
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energy
conservation, see conserved quantities,

energy
relativistic, 32

energy ζ-function
Casimir effect, 179–180
complex scalar field in constant gauge

field background, 185
constant magnetic field background,

192–195
defined, 173
interacting non-relativistic Bose gas,

283–284
local, 204
real scalar field, 175–176

energy density
Casimir effect, 206

energy eigenstate
simple harmonic oscillator, 128

energy eigenvalues
as poles in the retarded propagator,

341
complex scalar field in non-simply

connected space, 184
Dirac field, 154
free particle

from propagator, 343
real scalar field, 136
simple harmonic oscillator, 126

from propagator, 344
energy transfer to forced harmonic

oscillator, 337
energy, non-relativistic particle, 2
energy-momentum tensor, see

stress-energy-momentum tensor
ensemble, 208
ensemble average, see statistical

average
entropy

defined, 211
in terms of thermodynamic

potential, 213
Euler’s theorem, 387
Euler-Lagrange equations

classical particle, 3
complex scalar field, 50
continuous systems, 45
field theory, 58
real scalar field, 48
relativistic field, 47

excitation energies
interacting relativistic

Bose gas, 295

excitation energy
interacting non-relativistic Bose gas,

279–280

Fermi energy, 312
Fermi-Dirac distribution

function, 299
Fermi-Dirac statistics, 146
Feynman diagrams, 383–387

closed loops, 383
internal lines, 387
loops, 384
number of loops, 387
one-particle irreducible, 384
two-particle irreducible, 425
vertices, 383

Feynman Green function
used in perturbation theory, 378

Feynman Green’s function
contour for, 352
defined for forced harmonic oscillator,

351
for scalar field, 369
forced harmonic oscillator, 351
forced harmonic oscillator, Fourier

transform, 351
in terms of time-ordered product, 371
interacting scalar field, 389
interacting scalar field theory, 378

Feynman parameters, 406, 408
field renormalization factor, 195
field strength tensor

D dimensions, 53
electromagnetism, 52
in terms of gauge covariant

derivatives, 79
non-Abelian, 82

forced harmonic oscillator
interaction picture, 471–478

Fourier series, 313
Fourier transform, 55
free particle

non-relativistic, 27–31
relativistic, 32–38

fugacity, 263
functional

definition, 5
differentiation, 56–57

Galilean transformation, 30
Galilean transformations, 463
gauge covariant derivative, 78

non-Abelian, 81
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gauge invariance
complex scalar field, 141

gauge symmetry
local, 75

gauge transformation
electromagnetism, 53, 54
local, 75
non-Abelian infinitesimal, 82
non-simply connected space, 183
rigid, 75

generating function
classical mechanics, 13
identity transformation, 14

generator
time evolution, classical mechanics, 15

generators
Lie group, 80
Lorentz transformations, 85
Lorentz transformations, Dirac

equation, 94
translations of quantum state, 122

grand canonical ensemble
definition, 210
physical interpretation, 211

grand partition function
charged scalar field, 221
definition, 211

Grassmann algebra, 147
Green function

periodicity in imaginary time, 419
singular and non-singular parts, 404
thermal, see thermal Green function

Green functions
combining denominators, 406, 408

Green’s function, 337
boundary conditions, 350
Euclidean, 389–390
forced harmonic oscillator, 348,

350–352
related to W [J ], 349

ground state
complex scalar field in constant gauge

field background, 186
condensed Bose gas, 243
Dirac field, 157
real scalar field, 140
simple harmonic oscillator, 126

ground state energy
Maxwell field, 167

ground state energy density
interacting non-relativistic Bose gas

low temperature expansion, 286

ground state particle number
harmonic oscillator potential

bulk approximation, 259

Hamilton’s equations
and functional derivatives, 59
classical particle, 9
continuous systems, 46
Poisson brackets, 11
vibrating string, 46

Hamilton’s principal function, 17
Hamilton’s principle, 6, 8, 10

continuous systems, 45
for effective action, 170
functional form, 58
vibrating string, 42

Hamilton-Jacobi equation, 16
Hamilton-Jacobi equations

operator versions, 325
Hamiltonian

classical particle, 9
Dirac, 88
Dirac field, 97
field theory, 58
non-relativistic particle, 10
Schrödinger field, 51
simple harmonic oscillator, 125

Hamiltonian density
complex scalar field, 50
definition, 45
Dirac field, 97
real scalar field, 49
relativistic field, 47
Schrödinger field, 51
vibrating string, 46

Hamiltonian operator
complex scalar field, 141
Dirac field, 156
Maxwell field, 167
real scalar field, 138–140
Schrödinger field, 151

heat, 211
Heaviside distribution, 339

defined, 261
derivative related to Dirac

δ-function, 340
Heisenberg equation of motion

from Schwinger action principle, 119
Heisenberg picture, 107

operator equation of motion, 109
relation to operator in Schrödinger

picture, 108
simple harmonic oscillator, 129–131
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Helmholtz free energy
defined, 212
importance, 212

Helmholtz’s theorem, 163
Hurwitz ζ-function, 450–455

at negative integers, 451
contour integral representation,

454–455
definition as sum, 450
expansion for large parameters, 453
expansion for small parameters, 453
integral definition, 451
pole, 451

imaginary time, for Bose gas, 436
index notation

special relativity, 464
index raising and lowering, 466
inertial observers, 462
infra-red divergences, 202
interaction picture, 469–478
interaction term, 374
interactions

physical motivation for including, 278
internal energy, 211

blackbody radiation, 236
free Bose gas with condensate, 246
magnetized Bose gas, 270
of non-relativistic Bose gas, 245
simple harmonic oscillator, 213, 214
trapped Bose gas

defined, 255
trapped Fermi gas, 316

internal symmetry, 80
inverse metric, 9

kets, 101
kinetic energy

vibrating string, 41, 42
kinetic energy, non-relativistic particle, 2
Klein-Gordon equation, 49
Klein-Gordon field, see real scalar field
Kronecker delta, 4

Lagrangian
canonical, 19
classical particle, 3
field theory, 58
relativistic particle, 32
vibrating string, 42

Lagrangian density
complex scalar field, 50
definition, 43, 47

Dirac field, 96
gauge invariant, 81
non-Abelian gauge field, 83
real scalar field, 48
Schrödinger field, 51
vibrating string, 44

Lagrangian operator, 115
Laplace transform, 262, 299

inversion formula, 262, 299
Laplacian

eigenfunctions, 133
eigenvalues, 133

Legendre transformation, 45, 212
classical mechanics, 8
for effective action, 372

length contraction, 463
Lie algebra, 80

Lorentz group, 87
line element, 463
loop expansion

defined, 384
equivalent to � expansion, 387–388

Lorentz transformation, 35
infinitesimal, 36
inhomogeneous, 83

Lorentz transformations, 463
Lorentz transformations, general form,

465
Lorentz transformations, inverse, 466

magnetic field, 52, 53
distinction between external and

internal fields, 276
magnetic flux quantization, 188
magnetization

at T0 for charged Bose gas, 278
charged Fermi gas, 308

oscillatory behaviour, 309
defined, 276
expansion for charged Bose

gas, 277
for charged Bose gas, 276

Matsubara frequencies, 420
Maxwell equations

covariant form, 53
vector form, 52

Maxwell field, 52–54
expansion in creation and annihilation

operators, 166
mean field

defined, 169
equation for interacting non-relativistic

Bose gas, 281



492 Index

mean field (cont.)
equation for non-interacting relativistic

charged scalar field, 291
mean field equation

interacting relativistic Bose gas, 297
measurement

classical, 100
quantum, 100

Meissner-Ochsenfeld effect, 274
critical field, 277
quantum effects in, 278

Mellin-Barnes representation, 218
metric tensor, 4

spacetime, 48
Minkowski metric tensor, 464
momentum

relativistic, 32

negative energy solutions
Dirac field, 155

Newton’s equations
classical particle, 1, 2

Noether charges, 66
for complex scalar field, 143
from Lorentz invariance, 71–73

Noether’s theorem, 26
for complex scalar field, 142
for field theory, 60–66

non-local pole terms, cancelled to
two-loop order, 414

non-relativistic limit, 210, 228–230
chemical potential, 229
for energy, 229
Hamiltonian, 230
of Dirac field, 235

non-singular system, 8
normal ordering, 143, 178
number operator

simple harmonic oscillator, 129

observables, 101, 103
mutually compatible, 101

one-loop effective action
derivative expansion, 403

one-loop effective potential
defined from effective action, 392
dimensional regularization, 396
in terms of cut-off, 392

one-particle irreducible, 384
one-particle reducible, 384
operator equations of motion

quantum mechanics, 116

outgoing wave condition
relation to FeynmanGreen function, 351

particle creation, 210
particle number

anisotropic harmonic oscillator, 266
harmonic oscillator potential

excited state contribution, 254
excited states contribution, 258

in terms of thermodynamic potential,
213

isotropic harmonic oscillator potential
defined, 250
ground state, 251

non-relativistic Bose gas, 243
simple harmonic oscillator, 214
trapped Fermi gas, 311–312

Pauli matrices, 90
Peirels variation, 358
phase space, 17
point transformation, 14
Poisson brackets

classical particle, 11, 19
definition, field theory, 59–60
fundamental, field theory, 60
fundamental, particle, 11

Poisson summation formula, 313–314
pole part of products of Green functions,

406
polylogarithm function, 459–461

definition, 231
definition as sum, 459
expansion, 460
integral definition, 460
recursive definition, 459

positive energy solutions
Dirac field, 154

potential energy, non-relativistic
particle, 2

Poynting vector, 75
pressure

defined, 212
in terms of thermodynamic potential,

213
interacting non-relativistic Bose gas,

286–289
low temperature expansion, 289
zero temperature, 288

probability current, 76
probability density, 76
propagator

advanced, 339
definition, 325
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for free particle, 328
in terms of time evolution operator,

338
retarded, 339
satisfies Schrödinger equation, 338
simple harmonic oscillator, 331

proper time, 33

radiation gauge, 164, 183, 186
real scalar field, 48–49

expansion in creation and annihilation
operators, 136

statistical mechanics, 217–220
renormalizability

criterion for, 199
reason for, 199

renormalizable scalar field theory, 198
renormalization

λφ4 theory, two-loop order, 403–415
of magnetic field, 195

renormalization conditions, 177–178, 196
λφ4 theory, 200
massless scalar field, 202

renormalization counterterms, 196, 197
renormalization group equations, 201
renormalization length, 173, 201
retarded propagator, 339

differential equation for, 340
Fourier transform, 341

Riemann ζ-function, 450–455
in terms of Hurwitz ζ-function, 450
reflection formula, 452

scalar field
definition, 48

scalar potential, 52
scattering length, 286
scattering operator, 473
Schrödinger equation

for quantum state, 105
for Schrödinger field, 51

Schrödinger field, 51–52
anti-commutation relations, 147
expansion in creation operators, 144

Schrödinger picture, 107
relation to operator in Heisenberg

picture, 108
Schwinger action principle

applied to Dirac field, 152–153
applied to real scalar field, 132
applied to Schrödinger field, 147–151
applied to the Maxwell field, 159–165
defined, 112

for vacuum persistence amplitude, 349
integration of, 324
variation of the Lagrangian, 344–347

simple harmonic oscillator
statistical mechanics, 213–217

singular system, 8
Sommerfeld expansion, 306
source, external, 348
spacetime coordinates, 47
special relativity, 462–468

two postulates, 462
Specific heat

free Bose gas
discontinuous for D ≥ 5, 247

specific heat
bulk approximation

discontinuous behaviour, 260
definition, 246
for fixed particle number, 318
free Bose gas

D = 3, 248
harmonic oscillator potential, 256–258

bulk approximation, 259–261
magnetized Bose gas, 270, 273
non-relativistic Bose gas, 246–247
trapped Fermi gas

low temperature behaviour, 319
specific heat maximum

identiifed with Bose-Einstein
condensation, 257

spinor, 95
state, 208

quantum, 101
stationary action, see Hamilton’s

principle
statistical average, 209

annihilation operator, 215
creation operator, 216

step function, see Heaviside distribution,
339

stress tensor, see
stress-energy-momentum tensor

stress-energy-momentum tensor
conserved, 67
defined, 66
Maxwell field, 74
scalar field, 73
symmetric, 71

structure constants, 80
summation of series, 455–459
symmetry

defined generally, 61
internal, 80
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symmetry (cont.)
rotational, 30
transformation, 23
translational, 29

symmetry breaking
by condensate, 241
by non-zero condensate

interacting relativistic Bose gas, 297
relativistic Bose gas, 293

symplectic
matrix, 21
transformation, 21

tensors, 468
thermal average, see statistical average
thermal Green function, 416

charged scalar field, 422
Fourier decomposition, 420
Fourier decomposition, charged scalar

field, 424
periodicity in imaginary time, 418
periodicity in imaginary time, charged

scalar field, 423
thermodynamic equilibrium, 212
thermodynamic limit, see bulk

approximation
thermodynamic potential

anisotropic harmonic oscillator, 265
charged relativistic Bose gas, 291
charged scalar field

definition, 222
high temperature expansion,

223–228
charged scalar field (D = 3), 228
condensate contribution for relativistic

charged field, 291
defined, 212
Dirac field, 234
Fermi gas in a magnetic field, 298
harmonic oscillator potential

excited state contribution, 253
ground state contribution, 253

interacting non-relativistic Bose gas
zero temperature, 284

interacting relativistic Bose gas, 295
high temperature expansion, 296

isotropic harmonic oscillator potential
defined, 249–250

magnetized Bose gas, 270
Maxwell field, defined, 235
Maxwell field, evaluated, 236
non-relativistic bosons, 231–232

non-relativistic condensate
contribution, 240

non-relativistic fermions, 232–233
non-relativistic with condensate, 240
oscillatory behaviour for magnetized

Fermi gas, 307
real scalar field, 218

high temperature expansion, 220
high temperature expansion

(D = 3), 220
simple harmonic oscillator, 214
trapped Fermi gas, 309–311

thermodynamic relations, 211–213
time development

classical mechanics, 15
quantum, 104

time development operator
interaction picture, 470
relation to that in interaction picture,

471
time dilation, 463
time evolution

Hamiltonian as generator, 105
time evolution operator, 104

as time ordered exponential, 107
time independent Hamiltonians, 105

time ordered product, 106
transformation

Galilean, 30
Lorentz, 35

transformation function, 102
basic properties, 111
between position and momentum, 123
relation to propagator, 325

transition amplitude
expressed as a time-ordered

exponential, 347
transverse delta function, 164
trapped Fermi gas

internal energy, 316
trapping potential, 247
two-loop effective action

λφ4 theory, two-loop order, 403
two-particle irreducible, 425

ultraviolet divergences, 202
unit of length

dimensional regularization, 395
unitary matrix, 103
units

� = 1, 51
Boltzmann constant

k = 1, 211
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Heaviside-Lorentz, 52
relativity, 47

vacuum diagrams, 383
vacuum energy

for Casimir effect, 180
vacuum persistence amplitude

in terms of W [J ], 349
variables of the first kind, see c-type

variables
variables of the second kind, see a-type

variables
vector potential, 52

4-vector, 52
vibrating string, 40–43

kinetic energy, 41
potential energy, 42

wave equation
D-dimensional, 43
one-dimensional, 43

wave operator, see d’Alembertian
well-ordered

action for free particle, 327, 328
action operator for forced harmonic

oscillator, 336

action operator for simple harmonic
oscillator, 331

definition, 323
form of action operator, 324
Hamiltonian operator for simple

harmonic oscillator, 330
Wick rotation, 391, 418, 423
Wick’s theorem, 381
work

done on classical particle, 2
done on system, 211

zero-point energy
absent for Schrödinger field, 151
Dirac field, 157
electromagnetic field, 167
local density, 204
real scalar field, 140
simple harmonic oscillator, 129


